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Introduction

Imagine the best of all possible worlds, for us the motivic world. We consider
the category V of varieties over some ground field k (@ say). For any variety
V there is an abelian category MM (V') of motivic sheaves (“sheaves of
motives”). Further there is a triangulated category Daqa(v) equipped with
a t-structure with heart MM(V). It is easiest to think of the derived
category of MM (V) but even the best of all worlds might not be that nice.
There is a formalism of six Grothendieck functors i.e. a tensor product on
Daim(vy, a notion of duals and for a morphism f : V. — V' of varieties
functors

Rf* Rf* Rf. Rf

between the triangulated categories. Motivic sheaves should have further
good properties: Any object M of Daaqv) has a canonical filtration W, by
subobjects, characterized by the property that the graded parts Gr (M)
are pure of weight n (where “pure sheaf of weight n” has some intrinsic
meaning). The functors as well as the weight filtration fulfill a set of prop-
erties that I do not want to give in detail. Motivic sheaves would be the
universal theory fulfilling this formalism. The category

MM := MM Spec(k))

in particular is called the category of mixed motives. Its subcategory of
objects whose weight filtration splits should agree with Grothendieck’s cat-
egory of pure motives.

The best of all worlds comes with two special cohomology theories, the
geometric and the absolute motivic cohomology. By geometric cohomology
I mean the system of objects

_fMM(V) = RY \8.(ly)  in Ob(MM),

where s is the structural morphism of the variety V, and 1y = s*1 the
constant sheaf for the unit object in the Tannaka category of pure motives.
We might call 1y the local system Q on V. Usually the higher direct image is
called the i-motive of the variety V. However, it is important to understand
motives as an analogue of sheaves, not of groups. The other cohomology
theory, whose definition one might have thought of first, is given by

Hy (V) := RT(V,1y) (an abelian group).

I want to call it the absolute motivic cohomology. By a conjecture of Beilin-
son et. al. [4], absolute motivic cohomology should agree with the Adams
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eigen-spaces of algebraic K-theory. The global section functor is defined as
usual by
L(V, - ) = Hompm)(Tv, ) -

Having a nice formalism of functors, we are going to use it. We have

(1) RT(V,1y) = Ext'(ly,1y)

(2) Yg‘ HOmDMM(V) (nVa 11V [1‘])
(3) = Homp,,,,,(s"1, Ly [3])
(4) A Homp,,,, (1, Rs.1y[i])
(5) = Ext'(1,Rs.1y)

(6) = RT(1,Rs.1y) .

The classical expression for this computation in derived categories is the
Leray spectral sequence

(7) EP? = RPT(Spec(k), R%s.1y) = RPHT(V,1y) .

Let us go back to the real world. Unfortunately, there is no definition of
motivic sheaves. What we do have are their realizations.

The theory of l-adic sheaves has all properties of our motivic world (the
t-structure being the perverse one), save universality, of course. What is
usually called l-adic cohomology i.e.

Hi_...(V x Spec(k), Q)

has an additional operation of the absolute Galois group and should rather
be interpreted as the sheaf

R‘s.(Q,)

on the variety Spec(k). The correspondihg absolute cohomology, defined
as derived functor of the global section functor, is precisely the continuous
étale cohomology of Jannsen [38].

The second example are Saito’s Hodge modules [55], [56]. The category
of “Hodge sheaves” on Spec(k) is given by the category of mixed Hodge
structures. The geometric cohomology of a variety is its De Rham coho-
mology, equipped with a Hodge structure following Deligne [11], [12]. The
absolute cohomology is Deligne cohomology, also called absolute Hodge co-
homology (cf. Beilinson [3]).

These two examples are not independent of each other, but there are
strong comparison theorems. In fact, their agreement gives evidence for the
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existence of the motivic world. And vice versa the belief in the motivic
objects leads to definitions and theorems for which surprising parallels hold.

At this stage there seems to be no satisfactory definition of MM. A
definition of the subcategory of pure objects is due to Grothendieck, but
even in this case important conjectures are open. Progress has been made
by Jannsen [41], though. There are also heuristic ideas as to which con-
structions of algebraic geometry should give non-trivial extensions of pure
motives. There are recent important attempts to construct the category
of mixed motives by Levine, Lichtenbaum, Voedvodsky, Suslin and others.
However, the properties of these categories depend on the open conjectures
on algebraic cycles. The smaller category of mixed Tate motives is ap-
proached by Bloch and Goncharov. This subcategory seems to be more
manageable.

Jannsen and Deligne proposed to make do with an approximation of
the category MM. As mixed motives should be a universal (geometric)
cohomology theory, we can construct a category MR of mixed realizations
from the known cohomological data by means of linear algebra. The category
has the advantage of being well defined and allows a calculus as expected
from the category of true motives. The somewhat vague question what
an extension in the unknown category of motives might be, becomes the
concrete one, whether a given extension of mixed realizations is “motivic”.
The great hope is of course to find conditions such that the subcategory
given by them is isomorphic to the category of true motives.

In [39] Jannsen not only gives a precise definition of the category MR,
he also constructs the realizations H',(V,1) of a variety. In the above
vocabulary these are the geometric cohomology objects. In fact, it is rather
the other way round: the definition of the category is made to suit the
intended definition of the functor.

In this book, I am going to construct the absolute cohomology for these
mixed realizations. The global section functor is defined as in the other
theories by

' I'mr = Hommr (1, +)
where 1 is the unit object in the Tannakian category of mixed realizations.
Again geometric and absolute cohomology are to be linked by a Leray spec-
tral sequence. In contrast to the étale situation, I do not have a theory
of sheaves at hand, everything only behaves as if there was one. My ap-
proach is modelled after the paper [3] and uses the Leray spectral sequence
as definition.

This means: First we construct a triangulated category D=, which
is going to take the role of a derived category of MR. Then we define a



INTRODUCTION ix

functor
Rmn : {Varieties} — Dyr -

R = (V) represents the complex Rs,(1y) i.e. the complex which computes
the higher direct images of the local system 1y, under the structure map.
Note: we are not considering MR-sheaves, only their shadows in the form
of the complexes Ryr.

As a first test of whether the construction is reasonable, we check that
the i-th cohomology object of Rz (V') (an object of MR) agrees with what
was known already as the i-th mixed realization of V.. To agree with equation
(4) the absolute cohomology has to be defined by

mr(V,0) := Homp,,, (1, Rm=(V)[i]) -

The theory is universal in the same sense that Jannsen’s mixed motives are,
i.e. universal for the (absolute) cohomology theories used in the construc-
tion.

The Bloch-Ogus-axioms hold for the absolute cohomology of mixed re-
alizations - in particular cohomology with compact support, homology, cup-
and cap-product are defined. Further Chern classes from higher K-theory
exist. All these are “universal” in the above sense. Where constructions are
possible in one of the realizations, one expects them to be possible in the
others and moreover compatible under the comparison morphisms. The ab-
solute cohomology of mixed realizations gives a machine for checking these
properties easily. The tedious technical problems are already contained in
the definition of the cohomology.

Beilinson’s conjectures ([2]) relate the regulators from Deligne cohomol-
ogy with special values of L-functions. Scholl has reformulated these con-
jectures in terms of extensions of mixed motives ([59]). Hence we wish to
find elements in K-theory whose images under the Chern class maps can be
calculated. The Abel-Jacobi map treated in [39] attaches motivic extensions
to cycles which are homologically equivalent to zero. We generalize this to
higher algebraic K-theory:

Theorem: If k is an element of K,(X.) (where X, is a simplicial variety)
such that the induced map under the Chern class c}

1(~j) — Hiw (X))
vanishes, then a motivic element of the Yoneda group
Exther (1(—3), Hia ™ (X.))

1s 1nduced.
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Scholl has constructed similar extensions starting from Bloch’s higher
Chow groups instead of K-theory ([60]).

The heart of the book is the construction of the category used as a
replacement of the derived category of mixed realizations. As it is very
technical, I want to sketch the main ideas. We use singular, étale and de
Rham cohomology. In each of these theories there are not only isolated
cohomology objects but whole complexes to compute them. For example
in the case of singular cohomology we might use the complex of singular
cochains, and in the l-adic one the complex of l-adic sheaves Rsy.Q;. There
are comparison isomorphisms between the complexes in the derived category.
An object of the triangulated category D r consists of a tuple of complexes
(all coming from different categories) rigidified by comparison morphisms.
It is constructed such that it is in a natural way the range of a functor on
the category of varieties.

As we want to have natural weight filtrations on our objects, we work
consistently with filtered complexes. The weight filtration on the realization
of a smooth variety comes from the Leray spectral sequence of a smooth
compactification. To deal with the singular case, we use the method of
Deligne in [12]. A singular variety behaves for cohomological questions as
a certain smooth but simplicial variety does. We make sure that all our
constructions are functorial on the level of filtered complexes. This allows
to take the total complex of the cosimplicial complex attached to a simplicial
variety. So we get a functor on the category of smooth simplicial varieties.
This theory already includes the theory for all simplicial varieties. Working
with simplicial varieties has advantages in the sequel. Many question usually
treated with sheaf theoretic methods can also dealt with using simplicial
techniques. This is the case when checking the Bloch-Ogus axioms but also
when treating algebraic K-theory.

Overview

The book assumes knowledge of simplicial techniques and of derived
categories.

Part I deals with questions from homological algebra. Most of it should
only be used as a reference. The short §1 fixes the terminology for the
whole book. §3 is the technical heart of the construction of the triangulated
category Dux.

In part IT we go through the well known constructions of different coho-
mology theories. We make sure that everything is functorial on the level of
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complexes (and not only in the derived category) and construct the filtra-
tions. Those who only want to get the general idea should restrict to the
paragraphs 6 and 11.

Part III is treating the Bloch-Ogus axioms. Everything works out as one
might expect it to do. We have to develop at the same time the properties of
the category Dz (homological algebra) and the realization functor Ra%.

In part IV the Chern classes on higher K-theory are constructed. For
this we first study the mixed realization of the classifying scheme B,GI.
In §18 we give a somewhat unusual presentation of algebraic K-theory, in
which techniques using sheaves are replaced by techniques using simplicial
schemes.

The final part V does not rely on parts III and IV. The relation to the
category of mixed motives is studied. We show that the functor Ry can
be extended to a functor on the category of Chow motives. Finally we give
a better approximation of the true category Daqaq by taking polarizability
into account.
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