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MAURO MESCHIARI

A CLASSIFICATION OF REAL AND
COMPLEX FINITE DIMENSIONAL
JALGEBRAS



PREFACE

The purpose of this paper is to give a complete classification of
real and complex finite dimensional J*-algebras.

First of all we consider real finite dimensional J*-algebras. We
characterize twelve infinite families of real matrix J*-algebras and
prove that any finite dimensional real J*-algebra 1s J*-isomorphic to
a finite direct sum whose summands are chosen 1in the above families.

Next, using the above classification devised for real J*-algebras,
we obtain a complete classification for finite dimensional complex J*-
algebras. To this end we characterize four families of complex matrix
J*-algebras and prove that any finite dimensional complex J*-algebra
is J*-isomorphic (as a complex J*-algebra) to a finite direct sum whose
summands belong to any of the above families.

The classification of finite dimensional complex J*-algebras ob-
tained in this way happens to coincide with the classification given
by S.A. Harris [2], in a completely independent way. At the same time
we solve, negatively, the problem of the existence of a complex J*-
algebra whose associated unitary disc is one of the two exceptional do-
mains in the Cartan classification. This same problem was solved inde-
pendentely by O. Loss and K. McCrimmon [3 ].

For convenience we divide this paper in four parts:

Part one. Definitions and elementary properties are exposed.

We give some relevant properties of some J*-algebras and prove that any
finite dimensional J*-aigebra is the direct sum of finite dimensional
irreducible ones.

Part two. We give some example of matrix J*-algebras and determi-
ne which ones are J*-isomorphic.

Part three. First we classify some particular J*-algebras (J*-
algebras of height 2), then we extend this classification to all finite
dimensional real J*-algebras.

Part four. We study some properties characterizing complex finite

.

dimensional indecomposable J*-algebras (considered as real J*-algebras).



Then, using the above properties, we sort out four finite families of
real matrix J*-algebras which provide all the models for complex fini-
te dimensional indecomposable J*-algebras. Finally we prove that the
existence of a real J*-isomorphism between two complex J*-algebras

implies the existence of a complex J*-isomorphism.

I thank warmly prof. Edoardo Vesentini whose patience in discussing

this paper with me helped me greatly in attaining the solution.



PART 1.

In what follows X will be either the real number field R or
the complex number field €. Moreover, whenever ¢ 1s an Hilbert
vector space on the field K, let <,> K (<, >) denote the inner
product in ¢ and | | the relative norm.

Let V and (W be two Hilbert vector spaces on XK and f : (¢ - (
a bounded XK-linear operator of Y into . f*: W -V will be the
K-linear bounded operator defined by

<f(X),y>IK =<x,f*(y)> whenever x € Yy and y € (-

]I( ¥
A J*-algebra over X, or a K-J*-algebra, is a closed K-linear

subspace § of the space L (V, W, of all bounded K-linear operators

of the K-Hilbert space ! into the XK-Hilbert space ( (endowed with

the operator norm), such that
aa*a € 4, whenever a€ .

From now on, J*-algebra will always mean finite dimensional J*-
algebra, i.e. a J*-algebra of finite dimension as a vector space.
Let ¢ be a complex Hilbert space. V 1is naturally a real Hilbert

space too and the two inner products on |/ are bounded by the identi-

ties:
< > —i(’x > o+ <y,x>)) f all € V;
X, Y R > X, Y s Y T’ or X,y H
<x,y>CE = <x,y>]R + i<x,iy>IR 7 for all x € V.
Hence, whenever f : ¢ = W is a bounded linear operator, we have

<f(x),y>1R = <x,f*(y)>IR , for all x € y and y € W,



and any C-J*-algebra is naturally a R-J*-algebra too.

Let jl and 12

= jz is a K-J*-isomorphism if

be two K-J*-algebras; a bounded K-isomorphism
Li ¢ jl

L(aa*a) = L(a) L(a)* L(a), for all a € jl.
It is trivial to prove that any C-J*-isomorphism of the C-J*-

algebra jl onto the C-J*-algebra jf. is a R-J*-isomorphism of j.

2

onto J. (considered as R-J*-algebras) too.

2
In the following we shall omit the prefixes K-, IR- and C-
whenever possible.

Given a,b, and c¢ in any J*-algebra f, then
1
{abc} = g(ab*c + cb*a + ac*b + bc*a + ba*c + ca*b)
is in 4.

LEMMA 1. Let 4§ Dbe a finite dimensional J*-algebra of bounded linear
operators of the Hilbert space V into the Hilbert space W. For any
a € § there exist an orthonormal basis B of V and an orthonormal
basis R of W such that for any u € B, a(u) 1is proportional to an

element of B .

PROOF. Let Ip(a*a) denote the point spectrum of the bounded endomor-

phism a*a : U >V, 1i.e.

Ip(a*a) ={ AN: N € K such that a*a - 7\lV is not injective }.

We shall prove that:
i) I (a*a) C IR;
p

1 #
ii) U>\ = Ker(a*a - 7\lv) = Im(a*a - 7\1V) # {0}, whenever A\ € Ip(a*a);

(1f U is a subspace of V,U is the orthogonal complement of U in

V)

1di) V)\ and V“ are orthogonal (V, 1 V#) whene'ver A,u € Ip(a*a)

A
with N # u;



iv) 7] =E>\V7\ A € Ip(a*a)).

Let A € Ip(a*a) and x € Ker(a*a - )xlU) - {0}; we have
2 = 2
Ax]T =<Ax,x>=<a*a(x),x>=<x,a*a(x)> =<x,Ax> = Al|x]|

and hence 1i).

Let AN € Ip(a*a), x € Ker(a*a - )\lv), y € Im(a*a - )\lV)l and
z € . We have
0 =<(a*a - klv)(x),z>= <x,(a*a - )\lv)(z)>
and
0 =<y, (a*a - 7\lv)(z)> = <{(a*a - 7\lv)(y),2>.
Then ii) follows trivially.
Let A, u EIp(a*a), with N # 4, x € Ker(a*a - )\lv) and
y € Ker(a*a —ylv). We have

A <x,y>=xXAx,y>=<a*a(x),y>= <x,a*a(y)> = <x,uy> = p<x,y>

and hence

(AN-u ¥Xx,y>= 0.

which proves iii).

Assume now that M = (ZI)\U)‘)l # {0} (N E Ip(a*a)) and let
x€EM - {0}, p = a*a - 2|a*a|lV. Clearly p : V = V has a bounded
inverse p_ since the spectral radius of a*a, p(a*a), is |a*al .
Now let us consider the set 1 = {pm(x) :m€ Z}. We have

<pm(x),y>=<x,pm(y)> = (A - 2la*a|)m<x,y> = 0,

whenever A € Ip(a*a), y € U)\ and m € 7Z, and hence 1 C M.

Since 4§ 1is finite dimensional, there exist a natural number

n



and n scalar A_,.-.,A such that
0 n-1
a(a*a)n = A.a + A.ala*a) + ... + A a(a*a)n-l
0 1 n—-1
and hence
s ntl _ * o 52 PP ol
(a*a) xo(a a) + xl(a a) + ... + xn_l(a a) .
Therefore we obtain
(p + 2la*all )™ = A (p+ 2la*all ) + ... + A .(p + 2la*all )"
v 0 v n-1 v

and this implies that 7 generates a finite dimensional invariant
(for a*a) subspace 7 of ¢y . Since lp(a*a/z) is a finite subset

of Ip(a*a) and 7= Ekvkrlz (@ e;lp(a*a)/z)) we have the contradic-

tion vy EEZAVA (N € 1p(a*a)). Thus iv) is proved.
Now let Bx denote and arbitrary orthogonal basis of Vk'
A € 1_(a*a), and
P
= U (= * .
B 7\B)\ \ Ip(a a))
Whenever x,Yy€ B with x # y, we have
<a(x),a(y)> =<x,a*aly)>= k<x,y>= 0
(y 1is supposed to be an element of Vk). It follows that a(B) 1is a

subset of () whose elements are mutually orthogonal. Then there exists

an orthogonal basis of (y, R, such that

RD{lgl :u €aR) - {0}}.

COROLLARY 1. For any element a of the J*-algebra j, the norm |al

is given by:

lal = Vp(a*a)



