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Chapter 1
Introduction

In this chapter we give an introduction to control theory and nonlinear control sys-
tems. In Section 1.1 we briefly review some basic concepts and results for linear
control systems. Section 1.2 describes some basic characteristics of nonlinear dy-
namics. A few typical nonlinear control systems are presented in Section 1.3.

1.1 Linear Control Systems

A control system can be described as a black box in Fig. 1.1 (a), with input (or
control) # and output y. In this sense, a control system is considered as a mapping
from the input space to the output space. Before 1950’s, primarily due to the na-
ture of many electrical and electronic engineering problems then, control problems
were largely treated as filtering problems and in the frequency domain, which is
particularly suitable for single-input and single-output systems.

During 1950’s Rudolf E. Kalman proposed a state space description for control
systems. A set of state variables were introduced to describe the box. Intuitively, the
black box is split into two parts: the first part is a set of differential (or difference)
equations, which are used to describe the dynamics from control u to state variables
x, and then a static equation is used to describe the mapping from state variables x
to output y. See Fig. 1.1'(b).

There are many different state space descriptions that realize the same input-
output mapping. These are called the state space realizations of the input-output
mapping. A realization is minimum if there is no other realization that has less
dimension of the state space.

Feedback is perhaps the most fundamental concept in automatic control and has
a long history. Feedback means that the control strategy relies on the current status
of the system. Depending on what information on the current status is available,
it can be classified as state feedback control, see Fig. 1.1 (c), and output feedback
control, see Fig. 1.1 (d).

A nonlinear control system considered throughout this book is described by
x=F(x,u), xeM,ueclU
(1.1)
{y:h(x)i YEN,

where M, U, and N are manifolds of dimensions n, m, p respectively. F(x,u) and
h(x) are smooth mappings (C mappings unless elsewhere stated). In fact, we con-
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(a) A Control System

(b) State Space Description
el
v I+ _u 5 T, H yﬁ
+
K
(c) State Feedback Control
-
+
v v 2 x H y‘>
+
K

(d) Output Feedback Control
Fig.1.1 A Control System

sider (1.1) as an expression of the system in a coordinate chart, and under the local
coordinates x. In many applications we simply have M = R*, U =R™, and N = R”.

Particularly, when F(x,u) is affine with respect to u, system (1.1) becomes an
affine nonlinear system. It is commonly expressed as

f= £+ S eilu = Fx) +eu, xeM,ueU i
i=1 .

y=h(x), yeN.

System (1.2) becomes a linear control system if f(x) = Ax, h(x) = Cx are linear
and g;(x) are constant. That is
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m

J'c=Ax+2b,~u,-:=Ax+Bu, xCR" ycR™
i=1

y=Cx, yeRP,

1.3)

It is clear that all the definitions and results for (1.1) are also applicable to (1.2)
and (1.3). s

Observing the history of modern control theory, one sees that the theory was
firstly developed for linear systems, and then as the theory for linear control sys-
tems had become considerably mature, theory for nonlinear control systems started
to take off. So in nonlinear control theory, there are many concepts and results that
are originated, inherited, developed, or extended from their linear counterparts. For
the sake of easy reference, we give a brief survey on linear control theory in the fol-
lowing. Most of the proofs are omitted in the survey. We refer to standard references
such as [11, 6, 4] for details of linear control systems.

1.1.1 Controllability, Observability

Definition 1.1. System (1.1) is said to be controllable (on a subset V C M) if for
any two points x,z € M (respectively, x,z € V) there exists a control « such that
under this control the trajectory goes from x{0) = x to x(T") = z for some T > 0 with
x(t) € M (respectively, x(z) € V ), t € [0, T].

Theorem 1.1. For linear system (1.3) the controllable subspace € is
€ = Span{B,AB,--- ,A"'B}. (1.4)
Consequently, the system is controllable, if and only if € = R™.

Proof. Define the following matrix
1
D(to,1) = / At BRTA (=T qr ¢4, (1.5)
o

We claim that ¢ has full rank, if and only if @ (to,t) is nonsingular. If rank(¢) < n,
there exists 0 # X € R” such that

xTA*B=0, k=0,1,---,n—1.
It follows from Taylor expansion and Cayley-Hamilton’s theorem that
xTeAl-Ig =0,

So @(to,1) is singular. Conversely, if ®(zo,¢t) is singular, then there exists 0 £ X € R”
such that

/ XA g2dr = .
o

Hence,
xTeAl-IB=0, <<,
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Differentiate it with respect to 7 for k times, and set T =7, we have
XTA*B=0, k=0,1,---,n—1.

The claim is proved.
For system (1.3), the trajectory can be expressed as

x(t) = eAlt—n)x + /teA(t_r)B"(T)dT- (L.6)
1)

Now if rank(%’) < n, and assume the system is controllable. Let 0 # X € R", such -
that XTA*B=0,k=0,1,--- ,n— 1. Set xp = X and x(¢) = 0, then by controllability,
(1.6) yields

1
X =— / A7 By(1)dr.
i/

0
Multiply both sides by X yields

Ix? =0,

which is absurd.
Next, assume rank(%’) = n. For any xo and x;, we can choose u as

u(t) = BTeA =7y, (1.7)

Then (1.6) yields
X = Al xy 4 Py,

Using the claim, @ is invertible. So
V=& (x —eAl)x). (1.8)
That is, the control (1.7) with v as in (1.8) drives xp to x3. a

‘We gave the proof here since the above theorem is fundamental and the proof is
constructive.

Remark 1.1. 1. Throughout this book we assume the set of admissible controls is
the set of measurable functions, unless elsewhere stated.
2. Let x(0) = xp and u = u(¢). Then the solution of (1.3) is

'3
x(t) = Mo+ /0 A= Bu(r)dr. (1.9)
3. System (1.3) is controllable, if and only if
N ArppT.—AT
W(to,t1)=/ e “*BB'e ™ "dr (1.10)
0

is nonsingular for #; > . Moreover, in this case the control x, which drives x
from xp at £ to x; at £y is:
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u(t) = BTe_AT’W_I(to,h) [e—Atlxl _ e—AtOXO] . (1.11)

Definition 1.2. System (1.1) is said to be observable (on a subset V C M) if for any
two points x,z € M (respectively, x,z € V) there exists a control u such that under
this control the output y(z,u,x) # y(¢,u,z) for some ¢ > 0.

Theorem 1.2. For linear system (1.3) the observable subspace € is
€ = Span{CT,ATCT,... (AT)*"1CT}. (1.12)
Consequently, the system is observable, if and only if & = R".

Remark 1.2. 1. From Theorem 1.2 one sees that for linear systems the observability
is independent of the inputs. However, this is in general not true for nonlinear
systems.

2. System (1.3) is observable, if and only if

O(to,11) = / " AT oo dr (1.13)

o
is nonsingular for t; > #;.

Spliting the state space into fourparts as: ¥N &, €NOL, €L NG, €L N L, and
choosing coordinates x = (x!,x2,2%,x*) in such a way that each block of state vari-
ables corresponds to the above four subspaces, then we have the following Kalman
decomposition;

Theorem 1.3. (Kalman Decomposition) The system (1.3) can be expressed as
( Ji'l- A11 0 A13 0 xl Bl
2 Az Az A3 Ags| (A2 B,
#

"o 04502 |0l

V1#] Lo 0 Asaul [#] |o (1.14)
y=[ci0G0].
\ L
Moreover,
z=A B
b4 112+ Bu (1.15)
y=Cz

is a minimum realization of the system (1.3).

From the above argument it is clear that a linear system is a minimum realization,
if and only if it is controllable and observable.

A controllable linear system can be expressed into a canonical form, called the
Brunovsky canonical form.
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Theorem 1.4. (Brunovsky Canonical Form) Assume system (1.3) is controllable.
Then its state equations can be expressed as

(=4
=1 1
xnl -1 xnl

(1.16)

=1 = X,
m

m
i o= 2 Z x’J-I-EBl”'u,
i=1

\ i=1j=1

Remark 1.3. It is a common assumption that the columns of B are linearly indepen-
dent, otherwise some input channel(s) will be redundant. In this case, if we use a
state feedback

_1 ’-ii & * J- |

Ky ﬁl . ﬁm Vi i=1j=1

u;,, ﬁ”‘ Vim )
)y Z ofrx;

| i=1j=1

then the system (1.16) has a very neat form, called the feedback Brunovsky canoni-
cal form as

=

) (1.17)
& =

"k (3

-ijr:kzvh k=1,2,.--,m

1.1.2 Invariant Subspaces

Definition 1.3. 1. For linear system (1.3), a subspace V is called an (A, B)-invariant
subspace if there exists an m X n matrix F such that

(A+BF)V CV. (1.18)
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V is called an A-invariant subspace if
AV CV. (1.19)

2. The matrix F satisfying (1.18) is said to be a friend to V. The set of matrices
that are friends to V, is denoted by

F(V)={F|(A+BF)V CV}.
Proposition 1.1. (Quaker Lemma) V is an (A, B)-invariant subspace, if and only
if
AV CV +Im(B). (1.20)

If we denote by (A|W) the smallest subspace that contains W and is A-invariant,
then the controllable subspace of system (1.3) can be expressed as ¥ = (A |Im(B)).
Based on this observation, we define the reachability subspace as follows: A sub-
space V is called a reachability subspace if there exist matrices F and G with proper
dimensions such that

V = (A+ BF|Im(BG)).

It is obvious that a reachability subspace is an (A, B)-invariant subspace.

Proposition 1.2. A subspace V is a reachability subspace, if and only if there exists
F such that

V=(A+BF|Im(B)NV). (1.2

Now let Z C R” be a subspace. Then we have

1. There exists a maximal (A, B)-invariant subspace §* C Z, denoted by $*(Z). That
is, for any § C Z being (A, B)-invariant, S C S*.
2. There exists a maximal reachability subspace R* C Z.
3. Let F € #(S*), then
R* = (A+BF |Im(B)NS*). (1.22)
As an application, we consider the following example.

Example 1.1. Consider a system

i = Bu+E
{x Ax+ Bu-+ Ew (1.23)

y=Cx,
where w is disturbance. The disturbance decoupling problem is to find a control
u=Fx,

such that for the closed-loop system the disturbance w does not affect y. It is easy to
prove that the disturbance decoupling problem is solvable, if and only if
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Im(E) C S*(Ker(C)). (1.24)

1.1.3 Zeros, Poles, Observers

Consider a single-input single-output (SISO) system, namely system (1.3) with m =
p=1.Then

W(s):=c(sI—A)"'b (1.25)

is called the transfer function of system (1.3). The transfer function can be expressed
as a proper rational fraction of polynomials as
4(s)
W(s) =—=,

9= 26)
where p(s) and ¢(s) are polynomials with deg(p(s)) > deg(g(s)). The zeros of g(s)
and p(s) are called the zeros and the poles of the system respectively. It is easy to
see that the poles are the eigenvalues of A.

Proposition 1.3. Consider the system (1.3). The followings are equivalent:

e Itis a minimum realization;
e It is controllable and observable;
o lts transfer function has no zero/pole cancellation.

If there is no zero/pole cancellation, it is the presence of zeros on the transfer
function W (s) that makes $*(Ker(C)) nontrivial. Hence for a SISO system it follows
that

dim(8*(Ker(C))) = Number of{zeros of W(s)}. (1.26)

While the zeros can not be changed by the state feedback control, the poles may.
In fact, pole (eigenvalue) assignment is very important for control design.

Theorem 1.5. Given a set of n numbers A = {A,++ , Ay }.

1. Assume (1.3) is controllable (briefly, (A,B) is a controllable pair), there exists
an F, such that
0(A+BF)=A.

2. Assume (1.3) is observable (briefly, (C,A) is an observabie pair), there exists an
L, such that
gA+LC)=A."

When the system state is not completely measurable, an observer can be designed
to estimate the state. A full-dimensional observer has the following form

£=A2+Bu+L(y—C%). (1.27)

Then the error e ;= x — £ satisfies
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¢=(A—LC)e. (1.28)

As long as the system is observable, Theorem 1.5 assures that there exists L such
that A — LC is a Hurwitz matrix. Hence

,11,‘2"(‘) =0.

In fact, y is a part of the state that is already available. Thus, it may suffice to
construct just a reduced-dimensional observer. Choosing R such that

-

is a nonsingular matrix. Let z = Tx. Then (1.3) becomes

Y TAT- 174 TBu:= AunAn z+ By u
2 Az1 Az B, (1.29)
y=1.
Let
v:=Ay+Bau, w:=y—Any—Bu,
we have

2 = Agazy +
{ZZ _~2222 14 (1'30)

w=A22.
As long as (C,A) is observable, it is easy to prove that (;12,/;22) is observable [4].

So we can choose an L such that As; — LA is Hurwitz. Then we can construct an
observer for z; from (1.30) as

4 = (An—LAp)H+Lw+v

TR o (1.31)
= (An —LA)2 +L(y — A1y — Biwe) + (Ay1y + Baw).
This equation contains the derivative of y. It can be eliminated by defining
E=2%—-Ly (1.32)

Then the observer becomes

& =(Ap —LAp)E + [(A22 — LAp)L+ (A ~LA1)] y+ (B> ;Lﬂ)u. (1.33)

Finally, the estimator is

f=T7"1 [Ii’ In:] [é] . (1.34)
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1.1.4 Normal Form and Zero Dynamics

Next, we consider the zeros and zero dynamics of a linear control system. For a
SISO system, assume its transfer function is expressed as

Wis) =28 _ 2"+ 4t gm)

1.35
p(s) s +pstl4+pa (1.35)

The roots of g(x)-the zeros of the system, are also called the transmission zeros of
the system. The relative degree p is defined as

p = deg(p(s)) — deg(q(s)) = n —m. (1.36)
Assume g{(s) and p(s) are coprime, then a minimum state space realization is
([0 1 0 - 0 0
|t D len il
0 0 0 -1 0 (1.37)
| —Pn =Pn—1 —Pn—2 '+ —P1 o
\y:_qm...qllo...o]x_

The problem is: Find, if possible, a control # and a set Z* of initial conditions xq,
such that y(t) = 0, Vz > 0. If such Z* exists, the restriction of (1.37) on Z* is called
the zero dynamics.

Calculating the derivatives of the outputs, yi, = 0,1,---, one sees that

cA'b=0,i=0,1,---,p0—2; cAP"p£0. (1.38)
That is
-1 = cA-ly, i=1,m,p;
i o (1.39)
WP = cAPx+ cAP ' bu.
It is easy to see that cA”™!,i = 1,...,p are linearly independent. So we can choose
a new coordinate frame by letting
Eii=cA™l, i=1,-,p;
14
Zii=x, i=1,---,m (1.40)
Then the system becomes
(2 =Nz+M&
&L=6&
¢ &o1=§ (1.41)

& =Rz+SE+ au,

=&
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where
0 1 0o - 0] 0]
N=| " - : ) M=l (1.42)
0 O 0 -+ 1 0
| —~@m —Gm-1 —qGm~2 =+ —q1 | 1]

In order to keep y(t) = 0, we must have

and
1
=——(Rz+S&).
u a( z+S&)
It follows that the zero dynamics is defined on the subspace
Z* = {x|cA’x=0,i=0,---,p~ 1},

and represented by
=Nz

The eigenvalues of N are the zeros of g(s).

Next, we consider multiple input-multiple output (MIMO) systems. Similar to
the SISO case, we define the transfer function matrix as

C(sI~A)"'B.
The relative degree vector, denoted by p = (p1,--- ,Pp), is defined as

cA*B=0,k=0,---,0,—2; cAPTIB£0,

i=1,--,p. (1.43)
Denote the decoupling matrix
ClApl_lB
D= : . (1.44)
cpAPr—1B

Define . ,
Ei=cA'x, i=1,,p,j=1,-,p;

It is easy to prove that if D has full row rank (which implies that p < m), then
L::{clAJ—lllz 1, ’p;]_:],,pt}
p
are linearly independent. Choosing {z = pixlp: € L‘L} (there are n — z P linearly

. i=1
independent py). Using (&!,z;) as coordinates, the system (1.3) can be converted to



