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Arto Salomaa



Preface

This Festschrift celebrates the 70th birthday of Arto Kustaa Salomaa (born
in Turku, Finland on June 6, 1934), one of the most influential researchers in
theoretical computer science.

Most of his research concerns theory — he is one of the founding fathers of formal
language and automata theory, but he has also made important contributions
to cryptography and natural computing. His approach to research in theoretical
computer science is exemplary and inspirational for his students, collaborators,
and the readers of his papers and books. For him, the role of theory (in computer
science) is to discover general rules of information processing that hold within
computer science and in the world around us. One should not waste time on
research concerning passing artifacts (or fashionable topics of the moment) in
computer science — theory should be permanently predictive, insightful, and
inspiring. That’s why we chose the title “Theory is Forever”.

The main source of his influence on theoretical computer science is his publica-
tions. Arto is a born writer — his papers and books are always most elegant. He
has a unique gift for identifying the real essence of a research problem, and then
presenting it in an incisive and eloquent way. He can write about a very involved
formal topic and yet avoid a (much too common) overformalization. Many of
his writings are genuine jewels and belong to the classics of theoretical computer
science. They have inspired generations of students and researchers. Indeed, even
computers as well as computer science have learned a lot from Arto’s publica-
tions — this is nicely illustrated by DADARA on the cover of this volume. His
writing talent extends beyond science — he writes beautiful and engaging sto-
ries, and his close friends very much enjoy receiving his long, entertaining and
informative letters.

There is much other information that could be cited in this preface, such as the
fact that he is one of the most celebrated computer scientists (e.g., he holds
eight honorary degrees), or that he has been very instrumental in providing the
organizational infrastructure for theoretical computer science in Europe (e.g.,
he is the past President of the European Association for Theoretical Computer
Science), or that he is an absolute authority on the Finnish sauna (including
both theory and practice). However, all of these accomplishments have been
documented already in many places (e.g., in the companion book “Jewels are
Forever”! published on the occasion of Arto’s 65th birthday). Thus we have
restricted ourselves to reflections on his research and writings.

We are indebted to all the contributors for their tribute to Arto through this
book. We ourselves have benefited enormously through many years of collabo-

! J. Karhumiki, H. Maurer, G. Piun, G. Rozenberg, Jewels are Forever, Contributions
on Theoretical Computer Science in Honor of Arto Salomaa, Springer-Verlag, 1999.



VIII Preface

ration with Arto from his guidance and friendship — editing this volume is just
a token of our gratitude. We are also indebted to Mrs. Ingeborg Mayer from
Springer-Verlag for the pleasant and efficient collaboration in producing this
volume. As a matter of fact this collaboration is quite symbolic, as Arto has
worked very closely with Springer-Verlag, especially with Mrs. Ingeborg Mayer
and Dr. Hans Wéssner, on many projects over many years. Finally, our special
thanks go to T. Harju, M. Hirvensalo, A. Lepisto, and Kalle Saari for their work
on this book.

April 2004 Juhani Karhumaki
Hermann Maurer

Gheorghe Paun

Grzegorz Rozenberg
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Duality for Three: Ternary Symmetry in Process
Spaces

Janusz Brzozowski! and Radu Negulescu?®

1 School of Computer Science, University of Waterloo,
Waterloo, ON, Canada N2L 3G1
brzozoQuwaterloo.ca, http://maveric.uwaterloo.ca
2 Department of Electrical and Computer Engineering
McGill University, Montreal, Québec, Canada H3A 2A7
radu@macs.ece.mcgill.ca

Abstract. Ternary algebra has been used for detection of hazards in
logic circuits since 1948. Process spaces have been introduced in 1995
as abstract models of concurrent processes. Surprisingly, process spaces
turned out to be special ternary algebras. We study symmetry in process
spaces; this symmetry is analoguous to duality, but holds among three
algebras. An important role is played here by the uncertainty partial
order, which has been used since 1972 in algebras dealing with ambiguity.
We prove that each process space consists of three isomorphic Boolean
algebras and elements related to partitions of a set into three blocks.

1 Introduction

The concept of duality is well known in mathematics. In this paper we study a
similar concept, but one that applies to three objects instead of two. The road
that led to the discovery of these properties deserves to be briefly mentioned,
because several diverse topics come together in this work.

The usual tool for the analysis and design of digital circuits is Boolean al-
gebra, based on two values. As early as 1948, however, it was recognized that
three values are useful for describing certain phenomena in logic circuits [10]. We
provide more information about the use of ternary algebra for hazard detection
in Section 2.

Ternary algebra is closely related to ternary logic [11]. This type of logic,
allowing a third, ambiguous value in addition to true and false, was studied
by Mukaidono in 1972 [12], who introduced the uncertainty partial order, in
addition to the usual lattice partial order. This partial order turned out to be
very useful; see, for example, (3, 6]. It also plays an important role in the ternary
symmetry we are about to describe.

In 1995 Negulescu [13] introduced process spaces as abstract models of con-
current processes. Surprisingly, process spaces turned out to be special types of
ternary algebras. It is in process spaces that “ternary duality” exists. Similar
properties also hold in so-called linear logic, which has been used as another

J. Karhumaki et al. (Eds.): Theory Is Forever (Salomaa Festschrift), LNCS 3113, pp. 1-14, 2004.
© Springer-Verlag Berlin Heidelberg 2004



2 Janusz Brzozowski and Radu Negulescu

framework for representing concurrent processes, and has connections to Petri
nets [17]. This topic is outside the scope of the present paper.

The remainder of the paper is structured as follows. Section 2 illustrates
hazard detection using ternary algebra. We also recall some basic concepts from
lattice theory and summarize the properties of ternary algebras. Process spaces
are defined in Section 3. Ternary symmetry is next discussed in Section 4. In
Section 5 we show that each process space contains three isomorphic Boolean
algebras. Section 6 characterizes elements of a process space that are outside the
Boolean algebras, and Section 7 summarizes our results.

We assume that unary operations have precedence over binary operations.
For example, —z + —y denotes (—z) + (—y). Sequences of unary operations are
written without parentheses; for example, —/—x denotes —(/(—2z)). Set inclusion
is denoted by C and proper inclusion, by C. Proofs that are straightforward and
involve only elementary set theory are omitted.

2 Ternary Algebras

The logic values are 0 and 1, and a third value, denoted here by @, is used to rep-
resent an intermediate or uncertain signal. This idea was used by many authors,
but we mention here only Eichelberger’s 1965 ternary simulation algorithm [8]
and its later characterizations [6]. More information about hazard detection can
be found in a recent survey [4]. The following example illustrates the use of
ternary simulation to detect hazards in logic circuits.

Ezxample 1. Consider the behavior of the circuit of Fig. 1(a) when its input z
changes from 0 to 1. Initially, z = 0, y = 1, and z = 0. After the transition,
z =1,y =0, and z = 0. Thus, z is not supposed to change during this transition.
If the inverter has a sufficiently large delay, however, for a short time both inputs
to the AND gate may be 1, and there may be a short 1-pulse in z. Such a pulse
is undesirable, because it may cause an error in the computation.

In the first part of the ternary simulation, Algorithm A, we change the input
to @, which indicates that the input is first going through an intermediate, un-
certain value. See Fig. 1(b); the first two entries on each line illustrate Algorithm
A. The circuit is then analyzed in ternary algebra to determine which gates will
undergo changes; the outputs of the changing gates become . In our example,
the inverter output becomes uncertain because its input is uncertain. Also, since
one input of the AND gate is 1 and the other uncertain, z becomes .

In the second part, Algorithm B, the input is changed to its final binary
value, and the circuit is again simulated in ternary algebra. Some gate outputs
that became @ in Algorithm A will become binary, while others remain @. In our
example, both y and z become 0; see the last two entries in Fig. 1(b). If a gate
output has the same (binary) value in the initial state and also at the end of
Algorithm B, then that output is not supposed to change during the transition
in question. If, however, that output is & after Algorithm A is applied, then
we have detected a hazard, meaning that an undesired pulse may occur. This
happens to the output z. a
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Fig. 1. Circuit with hazard: (a) binary analysis (b) ternary analysis

We now recall some concepts from algebra. For more information about lat-
tices see [1,7]. We use the following terminology. A semilattice [2] is an algebra
(S,U), where S is a set and U is an idempotent, commutative and associative
binary operation on S. We define the partial order C, on S by

tChyezUy=y.

A bisemilattice is an algebra (S, U, M) in which (S,U) and (S, M) are semilattices,

Table 1. Laws of de Morgan Algebras

Ml zUlz==2x MU zNz==2

M2 zUy=yUz M2 zMNy=yNa

M3 zU(yUz)=(zUy)Uz M3 zN(ynz)=(zNy)Nz

M4 zU(zNy) =z M4 zn(zUy)=2z

M5 zU Ll =2z M5 zMT==z

M6 cUT =T M6 znl=1

M7 zU(yMz)=(zUy)N(zU=z) M7 zN(yUz)=(zNy)U(zMNz)
M8 ——z==z

M9 —(zUy)=—zM—y M9 —(zMNy)=-zU -y

i.e., laws M1-M3, M1’-M3’ of Table 1 hold. A bisemilattice has two partial orders
Cy and Cq, the latter defined by

zcChyszNy=c.

If a bisemilattice satisfies the absorption laws M4 and M4/, then it is a lattice.
The two partial orders T, and T then coincide, and are denoted by C. The
converse of L is denoted by J. The operations LI and M are the join and meet of
the lattice, respectively. A lattice is bounded if it has greatest and least elements
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T (top) and L (bottom) satisfying M5, M6, M5, M6’. A bounded lattice is
represented by (S,U,M, L, T). A lattice satisfying the distributive laws M7 and
MT is distributive.

A de Morgan algebra is an algebra (S,U,M,—, L, T), where (S,uU,M, L, T)
is a bounded distributive lattice, and — is a unary operation, called quasi-
complement, that satisfies M8 and de Morgan’s laws M9 and M9’.

A Boolean algebra is a de Morgan algebra (S,U,M, —, L, T), which also sat-
isfies the complement laws:

zU—x=T cMN—x=_1

A ternary algebra (S,U,M, —, L, ®,T) is a de Morgan algebra (S,U,M, —, 1, T)
with an additional constant @ satisfying

Tl - ¢=9
T2 (zU—2)UP=zU -z T2 (zN—-z)N®=zN—=z
For more information about ternary algebras the reader is referred to [5,6,

9,12]. Here, we mention only the uncertainty partial order and the subset-pair
representation of ternary algebras.

Figure 2(a) shows the lattice order C of the 3-element ternary algebra T3 =
({L,2,T},u,N,—, L,® T), and Fig. 2(b), its uncertainty partial order < [6,
12], where @ represents the unknown or uncertain value, and 1 and T are the
known or certain values.

L (b)

Fig. 2. Partial orders in Ts: (a) C (b) <

For any z,y € T3, the least upper bound of {z,y} in the partial order < can
be expressed as (zMy)U ((z Uy) MP) [6]. We extend this to any ternary algebra
(S,u,MN,—, L,®,T) by defining the binary operation V [3] as

zVy=(zNy)U((zUy)Nd).
It is easily verified that (S, V) is a semilattice. The semilattice partial order is

ryeSzVy=1y.



Duality for Three: Ternary Symmetry in Process Spaces 5

Let & be a nonempty set, and P, a collection of ordered pairs (X, X’) of
subsets of & such that X U X’ = &. For (X, X’),(Y,Y’) € P, let

(X, XU, Y)=(XnY,X'UY’), (1)
(X, X"Yny,Y)=(XUuY,X'nY’), (2)
—(XaXI) = (Xl,X) (3)

Let L =(&,0),®=(&8&),and T = (0, ). Then (P,U,MN,—, L, P, T) is a subset-
pair algebra [5] if P is closed under L, M, and —, and contains the constants L,
&, and T. The following result was shown in [5,9]:

Theorem 1. Every subset-pair algebra is a ternary algebra, and every ternary
algebra is isomorphic to a subset-pair algebra.

It is easy to verify that

(X,X)CT (YY) X DY, and X' C Y/, (4)
(X, X")V(Y,Y')=(XUY,X'UY), (5)
(X,X) < (Y,Y)& X CY and X' CY". (6)

3 Process Spaces

The material in this section is based on [14, 15]. The discussion of applications
of process spaces is beyond the scope of this paper, and we treat process spaces
only as mathematical objects. However, we do give a simple example to motivate
the reader.

Let € be any nonempty set; a process = over € is an ordered pair z = (X, X’)
of subsets of & such that X U X' = €.

We refer to € as a set of executions. Several different examples of execution
sets have been used [14,15]. For the purposes of this paper, however, we may
think of € as the set of all sequences of actions from some action universe U; thus
€ = U*. A process z = (X, X') represents a contract between a device and its
environment: the device guarantees that only executions from X occur, and the
environment guarantees that only executions from X’ occur. Thus, X = £\ X
is the set of executions in which the device violates the contract. Similarly, for
executions in X', the environment violates the contract. The condition X UX’ =
&, or equivalently X N'Y = (), means that the blame for violating the contract
can be assigned to either the device or the environment, but not both. The set
X is called the set of accessible executions of x, and X' is the set of acceptable
executions.
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Ezample 2. Figure 3 (a) shows a symbol for a buffer, and Fig. 3 (b) shows a
sequential machine describing its behavior. The buffer starts in the state marked
by an incoming arrow. If it receives a signal on its input a, it moves to a new state.
It is expected to respond by producing a signal on its output b and returning
to the original state. Thus, the normal operation of the buffer consists of an
alternating sequence of a’s and b’s starting with a. The two states involved in
this normal operation are marked g, representing the fact that they are the goal

states of the process.
a ——l >——b

(a)

()

Fig. 3. Buffer process: (a) block diagram (b) behavior

It is possible that the environment of the buffer does not behave according to
the specified goal, and produces two consecutive a’s in the initial state. From the
point of view of the buffer, this environment behavior can be rejected as illegal;
hence the state diagram moves to a reject state marked r, and remains in that
state thereafter. It is also possible that the buffer malfunctions by producing b in
the initial state. This is a violation of the contract by the buffer, and the process
moves to the state labelled e; such executions have been called the escapes of
the process.

Let Ly be the set of all words taking the machine of Fig. 3 (b) to a state
marked g, and let L. and L, be defined similarly. One verifies that L, = (ab)*(e
U a), where € is the empty word, L, = (ab)*b(a U b)*, and L, = (ab)*aa(a Ub)*.
The buffer process is (X, X’) = (LgU Le, Lg U Ly). O

The process space over € is denoted by Pe, and it is the set of all processes
over €. Note that each set & defines a unique process space.

In constructing P¢ we must put each element of € in X or X’ or both. Hence,
if € has cardinality n, then P¢ has cardinality 3™. The smallest process space has
three elements. If € = {1}, say, then the three processes are: ({1}, 0), ({1},{1}),
and (0, {1}).

In every process space we identify three special elements: bottomn, L = (&,0),
void, & = (&, &), and top, T = (0, &).



