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Preface

Classical multiple-view geometry studies the reconstruction of a static scene ob-
served by a rigidly moving camera. However, in many real-world applications
the scene may undergo much more complex dynamical changes. For instance,
the scene may consist of multiple moving objects (e.g., a traffic scene) or articu-
lated motions (e.g., a walking human) or even non-rigid dynamics (e.g., smoke,
fire, or a waterfall). In addition, some applications may require interaction with
the scene through a dynamical system (e.g., vision-guided robot navigation and
coordination).

To study the problem of reconstructing dynamical scenes, many new alge-
braic, geometric, statistical, and computational tools have recently emerged in
computer vision, computer graphics, image processing, and vision-based con-
trol. The goal of the International Workshop on Dynamical Vision (WDV) is to
converge different aspects of the research on dynamical vision and to identify
common mathematical problems, models, and methods for future research in
this emerging and active area.

This book reports 24 contributions presented at the First and Second Interna-
tional Workshops on Dynamical Vision, WDV 2005 and WDV 2006, which were
held in conjunction with the 10th International Conference on Computer Vision
(ICCV 2005) and the 9th European Conference on Computer Vision (ECCV
2006), respectively. These contributions were selected from over 52 submissions
through a rigorous double-blind review process by members of the Program
Committee. The book is structured in six parts, each containing three to five
contributions on six topics of dynamical vision: (1) motion segmentation and
estimation, (2) human motion analysis, tracking and recognition, (3) dynamic
textures, (4) motion tracking, (5) rigid and non-rigid motion analysis, and (6)
motion filtering and vision-based control.

The success of these workshops would not have been possible without the
outstanding quality of reviews by members of the Program Committee, the fi-
nancial support provided by several sponsors, and the technical support provided
by Avinash Ravichandran of The Johns Hopkins University.

October 2006 René Vidal

Anders Heyden
Yi Ma
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The Space of Multibody Fundamental Matrices:
Rank, Geometry and Projection

Xiaodong Fan'! and René Vidal?

! Digital Media Division, Microsoft Corporate,
One Microsoft Way, Redmond, WA, 98052, USA
xiafan@microsoft.com
2 Center for Imaging Science, Department of BME, Johns Hopkins University,
308B Clark Hall, 3400 N. Charles St., Baltimore, MD, 21218, USA
rvidal@jhu.edu

Abstract. We study the rank and geometry of the multibody funda-
mental matrix, a geometric entity characterizing the two-view geometry
of dynamic scenes consisting of multiple rigid-body motions. We derive
an upper bound on the rank of the multibody fundamental matrix that
depends on the number of independent translations. We also derive an al-
gebraic characterization of the SVD of a multibody fundamental matrix
in the case of two or odd number of rigid-body motions with a common
rotation. This characterization allows us to project an arbitrary matrix
onto the space of multibody fundamental matrices using linear algebraic
techniques.

1 Introduction

Given two perspective views of a scene containing multiple rigidly moving ob-
Jects, we consider the problem of estimating the motion of each object relative
to the camera, without knowing which measurements belong to which object.

When the scene is static, i.e., when either the camera or a single object move
rigidly, it is well-known [7] that if 1,2, € P? are two perspective images of a
point in 3-D space, then they must satisfy the epipolar constraint

.’L';—F(Bl :0, (1)

where F € R3*3 is a rank-2 matrix called the fundamental matriz. The epipolar
constraint can be used to estimate F' and the camera motion from a set of point
correspondences using linear techniques such as the eight-point algorithm. In the
case of a calibrated camera, it is also known that F factors as F' = [T« R, where
[T]x € s0(3) is a skew-symmetric matrix associated with the camera translation
T € R® and R € SO(3) is the camera rotation. The space so(3) x SO(3) is known
as the essential manifold and can be characterized as the space of matrices with
singular values {||T'||, |T'[|,0}. Such a characterization is crucial when estimating
F from noisy correspondences, because it allows us to project a noisy linear
estimate of F' onto a geometrically correct essential matriz.

R. Vidal, A. Heyden, and Y. Ma (Eds.): WDV 2005/2006, LNCS 4358, pp. 1-17, 2007.
© Springer-Verlag Berlin Heidelberg 2007



2 X. Fan and R. Vidal

The work of [14] proposes a generalization of the eight-point algorithm to the
more general and challenging case of dynamic scenes in which both the camera
and an unknown number of objects with unknown 3-D structure move indepen-
dently. The paper shows that applying a polynomial embedding to the image
points leads to the so-called multibody epipolar constraint and its associated
multibody fundamental matriz F. The method computes the number of motions
from a rank constraint on the image measurements, estimates the multibody fun-
damental matrix using least squares, and the individual fundamental matrices
using multivariate polynomial factorization or differentiation.

Unfortunately, the method is not yet reliable in the presence of noise, because
of the following reasons:

1. The polynomial embedding is not invariant with respect to rotations or trans-
lations of the image data, which makes it difficult to characterize the space of
multibody fundamental matrices. Such a characterization is crucial for im-
proving the performance of linear algorithms in the presence of noisy data.

2. The multibody fundamental matrix F is computed linearly, without taking
into account nonlinear constraints dictated by its rank and geometry. There-
fore, the estimate of F may not be geometrically correct in the presence of
noise, meaning that it may not perfectly factor into the multiple fundamental
matrices associated with each one of the rigid-body motions.

In this paper, we show how to overcome these difficulties by exploiting the
rank and geometry of the multibody fundamental matrix. More specifically,

1. Rank: we show that the rank of F depends on the number of independent
translational motions and on the number of times they are repeated. Our
results complete the analysis in [14], which deals with the particular case of
one repeated translational motion.

2. Geometry: we show that in the case of n rigid-body motions with common
rotation, F factors as the product of a symmetric (n even) or skew-symmetric
(n odd) matrix times a rotation matrix. When the number of motions is two
or odd, this leads to a characterization of the SVD of F. This characteriza-
tion is possible thanks to a slightly new definition of the polynomial embed-
ding that makes the singular values of the multibody fundamental matrix
invariant with respect to rotations of the image data.

3. Projection: we show that the characterization of the SVD of F can be
used to project an arbitrary matrix estimated from noisy correspondences
onto the space of multibody fundamental matrices using linear algebraic
techniques.

To the best of our knowledge, there is no prior work studying the geome-
try and projection onto the space of multibody fundamental matrices. In fact,
finding a linear algebraic characterization of this space is an extremely chal-
lenging problem. Therefore, although the case of two or odd number of motions
with common rotations may appear to be restrictive, we believe this case is an
important step toward solving the general case.
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Previous work. Most prior work on dynamic scene reconstruction proceeds
by first segmenting image measurements into various motion models, and then
estimating a single motion model for each group of measurements, or else in an
iterative manner with the aid of the EM algorithm. The number of models can
also be estimated in a probabilistic framework using model selection techniques
such as [10,6]. However, the convergence of iterative/probabilistic methods to
the global optimum depends strongly on correct initialization [10,9]. This has
motivated the recent development of geometric approaches to dynamic scene
reconstruction which do not require initialization. Algebraic approaches include
methods for multiple moving objects seen by an orthographic camera [1,5,17,11],
self-calibration from multiple motions [2], multiple points moving in planes 8],
segmentation of two [16] and multiple [14,15] rigid-body motions from two or
three [4] perspective views.

2 Multibody Epipolar Geometry
Given a set of point correspondences {(:1:{,:1:]2) §V=1 generated from n indepen-
dently and rigidly moving objects, our goal is to estimate their associated fun-
damental matrices { F;}7; and the object to which each image pair belongs.
To this end, let (x1,22) be an arbitrary image pair associated with any of
the n moving objects. Then, there exists a fundamental matrix F; € R3*3 such
that the epipolar constraint x4 Fyz, = 0 is satisfied. Therefore, regardless of the
object associated with the image pair, the following multibody epipolar constraint
[14] must be satisfied by the fundamental matrices {F;}? , and the image pair

(931,1132)
n

MEC(z1, x2) = H (w3 Fixq) = 0. (2)
i=1
The multibody epipolar constraint (MEC) is a homogeneous polynomial of
degree n in each of &, or 5. Therefore, if we let &, = [z1,y1,21]7, equation (2)
viewed as a function of #; can be written as a linear combination of the following
M, = (n + 1)(n + 2)/2 independent monomials {7,z y;, 2" 21, ..., 23k
After collecting all these monomials into a vector

Vn(®1) = [ Yngna s 20017 27°, . ] T € RM, ®3)

where Ynimnsmy = ,/#Z!!ns! with 0 < ny,n9,n3 < n, ny + ny + n3 = n, the
MEC can be written as the following a bilinear expression in v, (1) and v, (x5)
(see [14]):

Un(x2) T Fup (1) = 0. (4)

The matrix F € RM»*Mn ig called the multibody fundamental matriz, and is
a natural generalization of the fundamental matrix F € R3*3 to the case of n
moving objects. The embedding v, : R® — RM» is known in algebraic geometry
as the Veronese map of degree n [3].
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Remark 1 (Rotation invariant). Notice that our definition of the Veronese map
is slightly different from the one in [14], as we deliberately multiply the monomial
z1y[?2]"® by the coefficient v, n, ng- As we will show in Theorem 2, this new
definition of the Veronese map makes it rotation invariant, a property that will
be shown to be crucial for characterizing the space of multibody fundamental
matrices.

Thanks to the Veronese map, we can write the epipolar constraint for all N point
correspondences as

Vo = [Vn(@h) ®vn(@h) - va(@d ) @vn ()] 'F=0, (5)

where f € RM: is the stack of the rows of F and ® represents the Kronecker
product. Given F, which can be computed as the least squares solution of (5),
the individual fundamental matrices {F;}?, are obtained by factorizing the
bi-homogeneous polynomial

n

Un(2) T Fup(x,) = H (w;Flml) =0. (6)

i=1

into a product of bilinear forms [14], or from the second order derivatives of the
MEC [12].

Notice that the multibody fundamental matrix F is determined by the fun-
damental matrices of the individual rigid motions {F;}™ ;. Since these funda-
mental matrices are of rank two and/or belong to the essential manifold, the
multibody fundamental matrix is not an arbitrary matrix in RM»*M» byt must
satisfy some nonlinear constraints, such as rank constraints and/or geometric
constraints. Such constraints are clearly not exploited by the linear algorithm of
[14]. Therefore, the linear estimate of the multibody fundamental matrix may
not be geometrically correct in the presence of noise, meaning that its associated
MEC may not perfectly factor as a product of epipolar constraints.

Such problems motivate our development in the rest of this paper.

3 Rank of the Multibody Fundamental Matrix

It is well-known [7] that the rank of a fundamental matrix F' is two. The vector
e in its left null space is called the epipole and satisfies the following relationship
e F=0.
In the case of n rigid-body motions, there exist n epipoles {e;}"_; such that
e F; = 0. This implies that
(e] Fiz) (e Fox) - - (&) Frx) = vnles) T Frn(z) =0, (1)
for all = € P2. Since the vector Vn(x) spans all of RM» when x ranges over P2}
we immediately have [14]
vn(€)TF =0 for i=1,...,n. (8)

! This is simply because the M,, monomials in v, (x) are linearly independent.
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Therefore, the multibody fundamental matrix F is also rank deficient, because
the n embedded epipoles {v,(e;)}?, lie in its left null space. Notice, however,
that the dimension of the null space of F need not be n, because the embedded
epipoles may not be linearly independent. For instance, if two different rigid-
body motions have the same translation, but different rotation, then they have
the same epipole, hence the same embedded epipole.

The purpose of this section is to characterize the null space of F as a function
of the number of motions n, the number of different epipoles n. < n (different
up to a scale factor) and the number of times {k;}7<,, with > "<, k; = n, that
each epipole is repeated.? More specifically, we prove the following theorem.

Theorem 1 (Null space of F). Let F be the multibody fundamental matriz
generated by n fundamental matrices. Let ne be the number of different epipoles
and k;, i = 1,...,n,, be the number of times each different epipole is repeated.
The rank of the multibody fundamental matriz is bounded by

Ne
rank(F) < M, — ZMki—l < M, —n, 9)

=1

where the inequality on the right hand side is true regardless of whether the
epipoles are repeated or not.

The formal proof of the theorem is organized as follows. In Section 3.1, we show
that if an epipole e; is repeated k; times, then all the derivatives of v,, of order
less than k; evaluated at e; lie in the left null space of F. In Section 3.2, we
show that only My, 1 of these derivatives are linearly independent, thus each
different epipole contributes with an Mj, ;-dimensional subspace to null(F).
In Section 3.3 we show that these n. subspaces are independent, meaning that
they intersect only at 0. Therefore, the dimensionality of the null space of F is
at least Y ;<) My,_1 > n.

3.1 Partial Derivatives at Repeated Epipoles

In this subsection, we show that when an epipole e; is repeated k; times, not
only vy, (e;) is in the null space of F, as shown by equation (8), but also the
derivatives of v, (x) of order less than k; at e;. Before proving this, we need the
following technical lemma, which allows us to express the derivatives of the nth
order MEC as a linear combination of MECs of lower order.

Lemma 1. Let F(™ be the multibody fundamental matriz generatedby F1, ..., F,.
LetF, ;"_l) be a multibody fundamental matriz generated by a choice of n—1 out of the
n fundamental matrices forj =1, ..., (7) . ThenV(ly,1a,13), such thatly +1ly+13 =
L,Vz=[z,y,2]", Yy eP?, we have

2 The particular case in which one epipole is repeated k times, and the other n — k
epipoles are different can be found in [14].
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(1)
8l(Vn(m)T-7:(n)Vn(y)) T ~(n—1)
9zl dyl2 9215 = jzz:laj’/n—l(z) fj Vn—1(Y), (10)

where the coefficient a; € R depends on F™ and y, but is independent of @.

We are now ready to show that the derivatives of v, at a repeated epipole lie in
the left null space of F.

Lemma 2. If e; € P? is an epipole that is repeated k; times, and ® = [z,y, 2],
then V(ly,12,13), such that Iy +1la +13 =1 < k; — 1, we have

vy (x) 7

—_axll 6y128213 . F=0. (11)

Proof. Since e; is repeated k; times, there are k; fundamental matrices whose
left null space is e;. Then any choice of n—[ fundamental matrices with I < k; —1
will contain at least one fundamental matrix whose left null space is e;. From (8)
we have that e; is an epipole for each one of the multibody fundamental matrices
f;"_l) with I < k; — 1, i.e., un_l(ei)T]-'J("_l) = 0. This, together with Lemma 1,
implies that for all y € P? and for all (I4,1s,13) such that Iy +lo+13 =1 < k; — 1

o vn(z) T
————| Frn(y) =0.
dxl dyl2025 |, vn(y)
Since this is true for all y € P2, the claim follows.

3.2 Dimension of the Subspaces Spanned by the Partial Derivatives

In this subsection, we show that an epipole repeated k; times contributes to
the null space of F with a subspace of dimension at least My, 1. The result
is a consequence of the following facts: 1) the subspace spanned by the partial
derivatives of order [ is included in any of the subspaces spanned by higher
order partial derivatives; and 2) the dimension of the subspace spanned by the
derivatives of order [ is M.
First, notice that each entry of v, (x) is of the form v, n,n, 2™ y™2 2™ with
n1 + n2 + n3 = n. After some simple algebraic calculations, we can show that
vy () oy, (x) Mt ly,(x) "ty (x)

(n=1) Ozl Oyl2925 [8zll+18ylzazl3 T Oxh Oyl t19z1s 7 Gl ylaHzls+1

Jz. (12)

Therefore, if we let A;(x) be the span of the I-th order partial derivatives of
vn(x), then (12) implies that A;(x) C A;41(z) for all 0 < I < n. By simple
induction we have that if e; is an epipole that is repeated k; times, then

Ao(e;) € Ar(e;) C--- C Ag,—1(e:)- (13)

As a consequence of (13), studying the dimension of the subspace spanned by
all the partial derivatives at a repeated epipole up to a certain order, boils down



