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Preface

Constraint programming is a very successful fifth-generation software technol-
ogy with a wide range of applications. It has attracted a large community of
researchers that is particularly strong in Europe.

In particular, constraint programming is the focus of the Working Group on
Constraints of the European Research Consortium for Informatics and Mathe-
matics (ERCIM) as well as a major interest of the European Network on Com-
putational Logic (CoLogNET). These groups jointly sponsored a workshop on
Constraint Satisfaction and Constraint Logic Programming (CSCLP 2004) held
June 23-25 at the Ecole Polytechnique Fédérale de Lausanne (EPFL) in Switzer-
land. It was hosted by the Artificial Intelligence Laboratory of the EPFL, which
is also a member of both groups.

This book presents a collection of papers that are either revised and extended
versions of papers accepted at the workshop, or were submitted in response to
the open call for papers that followed. The 15 papers in this volume were selected
from 30 submissions by rigorous peer review.

The editors would like to take the opportunity to thank all authors and
reviewers for the hard work they contributed to producing this volume. We also
thank ERCIM and CoLogNET for their support of the workshop and the field
of constraint programming in general. We hope the reader will find this volume
helpful for advancing their understanding of issues in constraint programming.

December 2004 Boi Faltings
Adrian Petcu

Francois Fages

Francesca Rossi
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Group on Constraints, coordinated by Francois Fages, and the 2nd Annual Work-
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GCC-Like Restrictions on the Same Constraint

Nicolas Beldiceanu!, Irit Katriel?, and Sven Thiel?

I LINA FRE CNRS 2729, Ecole des Mines de Nantes, FR-44307 Nantes Cedex 3, France
Nicolas.Beldiceanu@Qemn.fr
2 Max-Planck-Institut fiir Informatik, Stuhlsatzenhausweg 85, 66123 Saarbriicken, Germany
{irit,sthiel}@mpi-sb.mpg.de

Abstract. The Same constraint takes two sets of variables X and Z such that
|X| = |Z| and assigns values to them such that the multiset of values assigned to
the variables in X is equal to the multiset of values assigned to the variables in
Z. In this paper we extend the Same constraint in a GCC-like manner by adding
cardinality requirements on the values. That is, for each value we have a lower
and upper bound on the number of variables that can be assigned this value. We
show an algorithm that achieves arc-consistency for this constraint and a faster
algorithm that achieves bound-consistency for a restricted case of it.

1 Introduction

The Same(X = {x1,...,x1},Z={z1,...,2n}) constraint [2] is defined on two sets X and
Z of distinct variables such that |X| = |Z| and each a € X UZ has a finite domain D(a).
A solution is an assignment of values to the variables such that the value assigned to
each variable belongs to its domain and the multiset of values assigned to the variables
of X is identical to the multiset of values assigned to the variables of Z.

This constraint can be used to model simple scheduling problems such as the one
described in [2]: The organization Doctors Without Borders [11] has a list of doctors
and a list of nurses, each of whom volunteered to go on one rescue mission in the next
year. Each volunteer specifies a list of possible dates and each mission should include
one doctor and one nurse. The task is to produce a list of pairs such that each pair
includes a doctor and a nurse who are available on the same date and each volunteer
appears in exactly one pair.

In the setting described above, the number of potential rescue missions on each day
is infinite, so we do not care how the doctor-nurse pairs are distributed between the
dates. This paper deals with a variant of Same which we call Same With Cardinalities
(SWC) and which allows us to model the doctor-nurse problem when for each date
there is a minimum number of missions that must be staffed and a maximum number
of missions that are possible. The reader should be reminded of the Global Cardinality
Constraint (GCC) [5,7, 8, 10], which is defined on one set of variables and specifies for
each value the minimum and maximum number of variables that are to be assigned this
value.

Formally, the SWC(X = {x1,...,x,},Z={z1,...,22},C = {c,. - ,Cv,, }) constraint
is specified on two sets X and Z, each containing n assignment variables, and a third set
C of n’ count variables. With each assignment variable a € X UZ we associate a domain

B. Faltings et al. (Eds.): CSCLP 2004, LNAI 3419, pp. 1-11, 2005.
(© Springer-Verlag Berlin Heidelberg 2005



2 Nicolas Beldiceanu, Irit Katriel, and Sven Thiel

D(a) € D = {vy,...,vy}. The count variable c,, refers to v; € D and its domain is an
interval D(cy,) = [L;,U;]. A solution to the SWC constraint is an assignment of values
to the variables in X U Z such that:

- Each a € XUZ is assigned a value in its domain D(a).

— Each ¢, is assigned a value in the interval D(c,,).

— The multiset of values assigned to the variables of X is equal to the multiset of
values assigned to the variables of Z.

The number of variables in X (and hence also in Z) which are assigned the value v;
is equal to the number assigned to c,,.

In other words, for a tuple ¢ € D" and a value v € D, let occ(v,t) be the number of
occurrences of the value v in ¢. Then the set S of all solutions to the constraint is:

S={(u1,....un; Wi,...,Wn; 01,...,00) |
Vj uj€D(x;) N V;wjeD(zj) A

Vi occ(vi, (u1,...,un)) = occ(vi, (w,...,wp)) = 0; € D(cy,)}.

1.1  Arc-Consistency and Bound-Consistency

Given a constraint with domains for the variables, the first question is whether S #0,
which means that there is at least one assignment of values to the variables that satisfies
the constraint. The second question is whether there are efficient filtering algorithms for
this constraint. That is, algorithms that shrink the domains of the variables by removing
values that cannot participate in any solution. The arc-consistency problem is to reduce
the domain of each variable a such that D(a) is the projection of S onto the component
that corresponds to a. That is, a value v remains in D(a) iff there is a solution to the con-
straint in which a is assigned the value v. In the bound-consistency problem we assume
that the values are linearly arranged, i.e., v <+ < v,y and foreacha € X UZ, D(a)isa
contiguous interval of values, i.e., D(a) = [D(a),D(a)]. The problem is to shrink the in-
tervals to the minimum sizes such that S C D(x;) X -+ X D(xz) X D(z1) X - -- X D(z,) X
D(cy,) % ---x D(cy,, ). Le., the domain of the kth variable is bound-consistent iff S con-
tains at least one tuple whose kth component equals the smallest (largest) value in it.

1.2 SWC=2xGCC?

The SWC constraint can be modeled by two Global Cardinality constraints [5,7, 8, 10],
one on the set X and the other on the set Z, where count variables which are associated
with the same value are not duplicated. We show here that consistency for all of the
variables of the GCC constraints (including assignment and count variables) does not
imply consistency for the SWC constraint.

In our example, |X| = |Z| = 2 and |[Y| = 4. The domains of the assignment variables
are: D(x1) = {1,2}, D(x;) = {3,4}, D(z1) = {1,2,3,4} and D(z2) = {3,4} and the
domain of each count variable is {0, 1}. By examining the variable-value graphs! shown
in Figure 1, one can easily see that all values are consistent with respect to the two GCC

! This construction will be formally defined in Section 2.
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Fig. 1. Example showing that consistency of the two GCC’s does not imply consistency of the
SWC constraint (even when all cardinalities are in [0,1]).

constraints GCC({x1,x2},{cv,,Cv;,Cv3,¢v,}) and GCC({z1,22},{cv; vy, 05,60, }), but
that an arc-consistency or bound-consistency computation for the SWC constraint would
remove 3 and 4 from the domain of z;: If z; is assigned 3 or 4, then 1 and 2 cannot both
be assigned to the same number of variables from X and Z because one of them must
be assigned to x; and neither can be assigned to z;.

1.3 Filtering with Flows/Matchings

Network flows were used to design filtering algorithms for several globals constraints.
These algorithms follow a general scheme: the constraint is modeled as a network such
that there is a correspondence between feasible integral flows in the network and solu-
tions to the constraint. The algorithm finds a feasible flow in this network, constructs
the residual graph with respect to this flow and computes the strongly connected com-
ponents (SCCs) of the residual graph. Then, it is shown how to use the flow and the
SCCs to reduce the domains of the variables to arc-consistency or bound-consistency.

Régin was the first to use this approach when he designed an arc-consistency al-
gorithm for the AllDifferent constraint [9], which he later generalized for the Global
Cardinality Constraint [10]. Mehlhorn and Thiel [6] showed that this scheme gives rise
to a faster bound-consistency algorithm for AllDifferent. They noticed that in the bound-
consistency problem, the network on which the flow and SCC computations need to be
performed has a certain structure, convexity, which can be exploited in order to perform
these computations more efficiently. Katriel and Thiel [S] showed how to exploit con-
vexity to achieve a fast bound-consistency algorithm for GCC. Later, the authors [2]
defined the Same and UsedBy constraints and designed arc-consistency and bound-
consistency algorithms for them, which also follow the flow-based paradigm. The net-
works that model the Same and UsedBy constraints are more complex than the ones
used for AllDifferent and GCC, a fact that also complicates the filtering algorithms,
in particular the efficient bound-consistency algorithms. In this paper we show how to
model the SWC constraint. The network we use resembles the one that was used for
the Same constraint, but the capacity requirements for the values add a new twist: until
now, all networks consisted of a bipartite graph with a node for each value on one side
and a node for each variable on the other side, plus two special nodes. The network we
use for SWC breaks away from this line: each value is modeled by two nodes that are
connected by an edge. This structure complicates things even further, in particular in
the bound-consistency computation.

1.4 Filtering for the SWC Constraint

In the next section we present filtering algorithms for the assignment variables of the
SWC constraint. The first algorithm achieves arc-consistency and runs in time O(n?n’).
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The second algorithm achieves bound-consistency in the restricted case of SWC in
which D(cy,;) = [0, 1] forall 1 <i < n'. It runs in time O(nn’ ). As we have noted above,
SWC is a GCC-like restriction of the Same constraint. Similarly, the case in which
D(cy,) = [0,1] for all i is analogous to the AllDifferent constraint [6,9, 12] which is the
special case of GCC in which the capacities for all variables are [0,1].

2 An Arc-Consistency Algorithm for SWC

We represent the SWC constraint as a flow problem in a directed graph G = (V, E) which
we call the variable-value graph. The nodes of G are V = {X UZ UY;, UY,,, U {s,t}}
where Y, = {y'",... ¥} and Yoy = {7, ...¥%}. In other words, there is a node a for
each variable a € X UZ, there are two nodes y™,y?“ for each value v; where 1 < i < n’

and there are two additional nodes s and ¢. The edges of G are:

— Foreachx; € X and i € D(x;), (x;,y™) € E with capacities [0,1].
— Foreachzj € Zand i € D(z;), (y?“,z;) € E with capacities [0,1].
Foreach 1 <i<n/, (yi",y?) € E with capacities (L, U)).

For each 1 < j <n, (s,x;) € E with capacities [1,1].

- Foreach 1 < j <n, (zj,t) € E with capacities [1,1].

(t,5) € E with capacities [n,n].

Table 1. Domains of the variables for our ex- Table 2. Domains of the count variables for
ample. our example.
U][DG)[D())] i 12374576
111[1,2] [[2,3] L, Ui][[10,1]]11,21][0,31][1,41[[0,2][[0,1]
2|([3,4] |[4,5]
3|([4,6] |[4,5]

[0,1] (1.2 03] [1.4] [0.2]
- - - 3 =

[0,1]
—=>0
i=6

[0.1]

s B3] T

Fig. 2. The variable-value graph for the example in Tables 1 and 2.

Figure 2 shows the graph G for the following input. |X| = |Z| =3 and |Y| = 6.
The domains of the variables of X UZ are as in Table 1 and the domains of the count
variables are as in Table 2.

The following definition comes from flow theory. See Figure 3 for an example of a
feasible flow.



GCC-Like Restrictions on the Same Constraint 5
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S 33) T

Fig. 3. An integral feasible flow in the graph of Figure 2. The solid edges carry flow and the
dashed edges do not.

Definition 1. Given a directed graph G (V.E ) with lower and upper capacities l,,u,
for each edge e € E, a feasible flow in G is a function f : E — R such that

1. Flow Conservation: For each nodev € V,

Y fhw= X fw)

{ul(vu)eE} {w|(wyv)eE}
2. Capacities: For eache € E, I, < f(e) < u,.
An integral feasible flow is a feasible flow such that for all e € E f (e) is an integer.

Lemma 1. There is a one-to-one correspondence between the integral feasible flows in
G and the solutions to the constraint.

Proof. Let f be an integral feasible flow in G. For each x € X, the amount of flow
coming into x (from s) is exactly 1, hence there is exactly one y € Y;, which is connected
to x by an edge that carries non-zero flow. Similarly, the flow out of each z € Z (to 7) is
exactly 1 so there is exactly one y € Yo, which is connected to z by an edge that carries
non-zero flow. For each a € X U Z, let I(a) be the index of this node y. That is, I{a) =i
such that y € {yi",y?“'}.

Then we can construct the solution

SWC{I(x1), ... 1(xn)} {1(21)s - 1 (za) 1 AL O 7), - SO YO D)-
For all a € X UZ, I(a) is well defined. Since the edges (x, yi'('x)) and (y%‘z'),z) carry

flow, they exist in G, which implies that I(a) € D(a) for all a € X UZ. In addition,
by flow conservation and by the choice of capacities for the edges (y, ,y24) we have
L < |{xe X|I(x) =i} = |{z € Z|I(z) = i}| < Uj for all 1 <i < n', so each value is
assigned the same number of times to variables of X and Z, and this number is within
its capacity requirements. Hence, the constraint is satisfied.

On the other hand, any solution SWC({I(x1),...,I(xx)},{I(z1),...,1(zn)},{01,.-.,
oy }) where I(a) is the value assigned to the variable a, allows us to construct an integral
feasible flow f as follows.

- Foreach x € X, f(x,yj,) = 1 and f(x, yi)=0forall j € D(x)\(x)
- Foreachz € Z, f(y"“’ ,z) = 1 and f(y3*,z) =0 forall j € D(z) \ 1(2).
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Foreach 1 <i<n/, f(y,°) = o;.
— Foreachx € X, f(s,x) = 1.
Foreachz € Z, f(z,¢t) = 1.

f(t,s)=n.

Since I(a) € D(a) for all g, all the edges through which we wish to pass positive
flow exist in the graph. In addition, since /(a) is determined for all variables, we have
that f(z,s) is n and f(s,x) = f(z,1) =1 forx € X orz € Z. Since L; < |{x € X|I(x)=
i}| =0i=|{z€ Z|I(z) = i}| < U; forall 1 <i<n', we get that the total amount of flow
into yf” is equal to the total amount of flow out of y?* and to the amount of flow through

(",y?"), and that it is within the capacity range of the edge (yi",y2“). Hence the flow

l
is an integral feasible flow. o

After finding an integral feasible flow f in G, we construct the residual graph Gf =
(V,Ey). The edges in E; are as follows. An edge betweena € XUZ and y € Y, UY,,
appears in E £ in its original orientation iff it carries flow zero and in its reverse direction
iff it carries flow 1. The edge (y}",y?*') exists iff f(y",y?*') < U; and the edge (y?*, )
exists iff f(y",y?“) > L;. There are no edges touching s and ¢. Figure 4 shows the
residual graph for our example, with respect to the flow of Figure 3. The following
lemma states that we can use the residual graph to determine which edges of the graph
are consistent.

Lemma 2. Let e = (u,v) be any edge in G withu € X UZ or v € X UZ. Then flle) =
f(e) for all feasible flows f' in G iff u and v do not belong to the same strongly con-
nected component (SCC) of G £

Proof. Standard flow theory. O

Lemma 3. Anedgee=(u,v) € 6f withu € XUZ orv € XUZ is consistent iff f(e) = 1
or u and v belong to the same SCC.

Proof. If f(e) = 1 then e participates in the solution that corresponds to the flow f and
is therefore consistent. Otherwise, by Lemma 2 we get that there is a flow f’ such that
f'(e) =1 (and hence a solution that uses the assignment represented by e) iff # and v
belong to the same SCC. O

Lemma 3 implies the last step of the filtering algorithm: For each variable a € X,
remove a value i from D(a) if f(a,y") = 0 and a,y™ do not belong to the same SCC

Fig. 4. The residual graph with respect to the flow shown in Figure 3. The dashed edges are not
consistent.



