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Preface

The Transmission Control Protocol (TCP) was introduced in the 1970s to
facilitate reliable file transfer in the Internet. However, there was very lit-
tle in the original TCP to control congestion in the network. If several users
started transferring files over a single bottleneck link at a total rate exceeding
the capacity of the link, then packets had to be dropped. This resulted in
retransmissions of lost packets, which again led to more lost packets. This
phenomenon known as congestion collapse occurred many times in the mid-
1980s, prompting the development of a congestion control mechanism for TCP
by Van Jacobson. By all accounts, this has been a remarkably successful algo-
rithm steering the Internet through an era of unprecedented global expansion.
However, with access speeds to the Internet having grown by several orders
of magnitude over the past decade and round-trip times increasing due to
the global nature of the Internet, there is a need to develop a more scalable
mechanism for Internet congestion control. Loosely speaking, by scalability,
we mean that the protocol should exhibit a provably good behavior which
is unaffected by the number of nodes in the Internet, the capacities of the
links, and the RTTs (round-trip times) involved. The purpose of this book
is to provide an introduction to the significant progress in the mathematical
modelling of congestion control which was initiated by work of Frank Kelly in
the mid-1990s, and further developed by many researchers since then.

The book draws upon results from three widely-used topics to model the
Internet: convex optimization, control theory and probability. It would be
difficult to read this book without a level of knowledge equivalent to that of
a first undergraduate course in each of these three topics. On the other hand,
it does not require much more than a first-level course in these topics to be
able to understand most of the material presented in the book. At the end of
most chapters, a brief appendix is included with the intent of providing some
background material that would be useful in understanding the development
in the main body of the book.

While the mathematical modelling of Internet congestion control is a fairly
recent topic, due to the importance of the topic, it has attracted a large
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number of researchers who have made important contributions to this subject.
From among this vast body of literature, I have chosen to focus in this book
on those approaches which are rooted in the view that congestion control is
a mechanism for resource allocation in a network. Even with this framework,
there is a large body of work and I have primarily chosen to emphasize scalable,
decentralized mechanisms in this book.

Many people have directly or indirectly contributed to my understand-
ing of the topic of mathematical modelling of the Internet. I wish to thank
Frank Kelly whose seminal work was the impetus to all the topics discussed
in the book. I have learned a lot about congestion control both from reading
his papers as well as from interactions with him at conferences and through
email discussions. It is a pleasure to acknowledge and thank Tamer Bagar for
earlier collaboration on the ATM ABR service and more recent collaboration
on the primal-dual algorithm for TCP congestion control. I would also like
to acknowledge the work of many present and past graduate students who
have contributed to many of the results presented in this book. They include
Srisankar Kunniyur, Sanjay Shakkottai, Supratim Deb, Damien Polis, Srini-
vas Shakkottai, Ashvin Lakshmikantha, Julian Shao Liu and Lei Ying. I also
gratefully acknowledge the help of Supratim in generating some of the fig-
ures used in this book and providing comments on Chapter 8, and Julian for
proof-reading the entire manuscript. I would also like to thank Eitan Altman,
Carolyn Beck, Geir Dullerud, Peter Key, A.J. Ganesh, Don Towsley and Chris
Hollot for collaborations that have contributed to my understanding of the
topics in the book. Finally, I thank Bruce Hajek for always being available
to discuss any mathematical problem on any topic. My discussions with him
have greatly shaped the direction of much of my research in general.

Urbana, IL R. Srikant
October 2003
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Introduction

The Internet has evolved from a loose federation of networks used primarily
in academic institutions, to a global entity which has revolutionized commu-
nication, commerce and computing. Early in the evolution, it was recognized
that unrestricted access to the Internet resulted in poor performance in the
form of low network utilization and high packet loss rates. This phenomenon
known as congestion collapse, led to the development of the first congestion
control algorithm for the Internet [39]. The basic idea behind the algorithm
was to detect congestion in the network through packet losses. Upon detecting
a packet loss, the source reduces its transmission rate; otherwise, it increases
the transmission rate. The original algorithm has undergone many minor, but
important changes, but the essential features of the algorithm used for the
increase and decrease phases of the algorithm have not changed through the
various versions of TCP, such as TCP-Tahoe, Reno, NewReno, SACK (17, 54].
An exception to this is the TCP Vegas algorithm which uses queueing delay in
the network as the indicator of congestion, instead of packet loss [14]. One of
the goals of the book is to understand the dynamics of Jacobson’s algorithm
through simple mathematical models, and to develop tools and techniques
that will improve the algorithm and make it scalable for networks with very
large capacities, very large numbers of users, and very large round-trip times.

In parallel with the development of congestion control algorithms for the
Internet, congestion control was studied for other data networks of the time.
A simple, yet popular, mathematical model for allocating resources in a fair
manner between two users sharing a single link was developed by Chiu and
Jain in [16]. This was an early algorithm that recognized the connection be-
tween congestion control and resource allocation. We present the model and
its analysis below.

Consider two sources accessing a link that can serve packets at the rate ¢
packets per sec. Let x; be the rate at which source i is injecting packets into
the network. Suppose that the link provides feedback to the source indicating
whether the total arrival rate at the link (z; + ;) is greater than the link
capacity or not. Thus, the feedback is I, 4z,>¢, the indicator function of
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the event x; + z2 > c. The sources respond to this congestion indication
by adjusting their rates as follows: for each i, z; evolves according to the
differential equation

Ti= r1422<¢c — ﬁxil:zl+::2>c- (11)

To see how this system behaves, define y = z; — 2. Then, y(t) evolves ac-
cording the differential equation

y == —ﬂyI$]+12>c'

When z; + z3 < ¢, then clearly y does not change with time, thus, z; — z;
remains a constant. However, from (1.1), z; and z5 increase. To consider the
behavior of z; and x, when x; + x5 > ¢, let V(y) = y2. Then,

V=-2yy = —2y’L;, 4z, >c.

Thus, when z; + 22 > ¢, V < 0 unless y = 0. When z; + z5 < 0, it can
be seen from (1.1) that both z; and z3 increase, while z; — z2 remains a
constant. Thus, with a little bit more work, one can conclude that, as t — oo,
T + 9 — ¢, and y — 0. In other words, in steady-state, the link is shared
equally between the two sources and the link is fully utilized. The Chiu-Jain
algorithm identifies several features of congestion management which are of
interest to us:

e Congestion control: The sources control their rates ; and x5 depending
on the level of congestion in the network. If the arrival rate at the link is
too large, then the sources decrease their transmission rates and if it is too
small, then the sources increase their rates.

e Congestion feedback: The network (in this case, a single link) participates
in the congestion management process by providing feedback in the form of
I, 4+2,>c. Note that the amount of feedback required is minimal; it requires
only one bit of information from the link: whether the arrival rate exceeds
the capacity at the link or not. The link does not even have to actively
participate in the feedback process. If we assume that packets are dropped
when the arrival rate exceeds capacity, then the receivers can detect lost
packets and inform the source that there is congestion in the network.

e Fairness in resource allocation: The goal of the congestion control algo-
rithm can be viewed as driving the system towards a fair operating point,
which in this case corresponds to each user getting half of the available
bandwidth.

e Utilization: The link is fully utilized, i.e., at equilibrium, the arrival rate
is equal to the available capacity.

e Decentralization: The congestion controllers are decentralized. Each con-
troller needs only one bit of information from the network, but requires
no communication with the other controller(s).
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The discrete-time version of (1.1) is given by

zi(k + 1) = (k) + 0L, (k) 42a k) <e — By (k) +z2(k) >0

for some small § > 0. For c=1, § = 0.05 and 8 = 1/2, a plot of the evolution
of the user rates is shown in Figure 1.1 starting from the initial condition
z; = 0.3 and 2z, = 0.1.

06 .

05}

x2(k]
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01 1 1 1 1
0.1 0.2 0.3 0.4 05 0.6
x1[k]

Fig. 1.1. Rate evolution using the Chiu-Jain algorithm. Starting from the point
(0.3,0.1), the system moves towards the point (0.5,0.5)

Next, let us consider the system shown in Figure 1.2. In this system, again
there are two sources accessing a single link. However, a packet from source
i takes dy (i) time units to reach the link and it takes dy() time units for the
feedback from the link to reach source i. Thus, the dynamics of the source i
are given by

T; = z(t—da(i))<ec — ﬁ-’rilx(t—dz(i))>ca
where z(t) is the total arrival rate at the link at time ¢ and is given by
z(t) = z1(t — d1(1)) + z2(t — d1(2)).
Following [13], let us consider the evolution of source i’s rate at some time
t+d(7)) :
it +d2(2)) = Lzy (t-dy () +22(t—ds (2))<e
—Bi(t + da(8)) Loy (a1 (1)) 422 (1= (2))>¢1
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Source 1
d,(1)

d,(1)

dy(1

Source 2 d,(2)

Fig. 1.2. A link with sources having delays in the forward and reverse paths

and define
y = z1(t +da(1)) - za(t + d2(2)).
If V(y) = y?, then

Y = = 2By, (e a; (1)) +x2 (t- &1 (2))>c »

from which we can conclude as in the delay-free case that y » Oast» o .
In the presence of delay, note that even in steady-state, the rate allocation is
not fair at every time instant, but is fair if one compares time-shifted versions
of the two rates. In other words, on average, each user gets its fair share of
the bandwidth. A discrete version of the algorithm with time step § = 0.005,
B = 0.5, di1(1) = do(1) = 2 discrete time steps, d;(2) = da(2) = 5 time steps
was simulated and the results are shown in Figure 1.3.

It is difficult to generalize this algorithm and to establish its convergence
for more general topology networks. Further, it is not immediately clear if
this simple notion of fairness can be generalized to networks with more than
one link. However, this algorithm was historically influential in providing the
motivation for the congestion control mechanism in [39] which will be studied
in detail in a later chapter. The one-bit feedback mechanism proposed by Chiu
and Jain and the work reported in [87] are also precursors to the later one-bit
feedback schemes such as RED [27].

After the introduction of the congestion control algorithm for TCP, several
researchers developed simple mathematical models that led to a better under-
standing of the dynamics of this algorithm (see, for example, [65, 73, 56]).
Building on a resource allocation model by Kelly [48], the seminal paper by
Kelly, Mauloo and Tan [52] presented the first mathematical model and anal-
ysis of the behavior of congestion control algorithms for general topology net-
works. Since then, there have been significant developments in the modelling
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Fig. 1.3. Simulation results of the Chiu-Jain algorithm with feedback delays

of Internet congestion control using tools from operations research and control
theory. The goal of this book is to provide a comprehensive introduction to

this remarkable progress in the development of an Internet congestion control
theory.
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