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INTRODUCTION

In 1975 a new venture in education by and for the chemical engineering community was
initiated. Prepared by the CACHE Corporation (Computer Aids for Chemical Engineering
Education) and under the sponsorship of the National Science Foundation (Grant HES 75-
03911), a series of small self-study fundamental concept modules for various areas of
chemical engineering were commissioned, Chemical Engineering Modular Instruction,
CHEMI.

It has been found in recent studies that modular study is more effective than traditional
instruction in both university and continuing education settings. This is due in large mea-
sure to the discrete focus of each module, which allows the student to tailor the speed and
order of his or her study. In addition, since the modules have different authors, each writing
in his or her area of special expertise, they can be produced more quickly, and students may
be asured of timely information. Finally, these modules have been tested in the classroom
prior to their publication.

The educational effect of modular study is to reduce, in general, the number of hours
required to teach a given subject; it is expected that the decreased time and expense in-
volved in engineering education, when aided by modular instruction, will attract a larger
number of students to engineering, including those who have not traditionally chosen engi-
neering. For the practicing engineer, the modules are intended to enhance or broaden the
skills he or she has already acquired, and to make available new fields of expertise.

The modules were designed with a variety of applications in mind. They may be pursued
in a number of contexts: as outside study, special projects, entire university courses (credit
or non-credit), review courses, or correspondence courses; and they may be studied in a
variety of modes: as supplements to course work, as independent study, in continuing
education programs, and in the traditional student/teacher mode.

A module was defined as a self-contained set of learning materials tat covers one or more
topics. It should be sufficiently detailed that an outside evaluation could identify its educa-
tional objectives and determine a student’s achievement of these objectives. A module
should have the educational equivalent of a one to three hour lecture.

The CHEMI Project Staff included:

E. J. Henley, University of Houston, Director
W. Heenan, Texas A & I University, Assistant Director
Steering Committee:
L. B. Evans, Massachusetts Institute of Technology
G. J. Powers, Carnegie-Mellon University
E. J. Henley, University of Houston
D. M. Himmelblau, University of Texas at Austin
D. A. Mellichamp, University of California at Santa Barbara
R. E. C. Weaver, Tulane University
Editors:
Process Control: T. F. Edgar, University of Texas at Austin
Stagewise and Mass Transfer Operations: E. J. Henley, University of
Houston, J. M. Calo, Brown University
Transport: R. J. Gordon, University of Flordia
Thermodynamics: B. M. Goodwin, Northeastern University
Kinetics: B. L. Crynes, Oklahoma State University
H. S. Fogler, University of Michigan
Material and Energy Balances: D. M. Himmelblau, University of Texas
at Austin
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Curriculum Analysis: E. J. Henley, University of Houston
The second phase of the project, designed to fill in gaps as well as develop new modules,
is under the direction of D. M. Himmelblau, University of Texas at Austin.
Steering Committee:
B. Carnahan, University of Michigan
D. E. Griffith, Oklahoma State University
L. Harrisberger, University of Alabama
D. M. Himmelblau, University of Texas at Austin
V. Slamecka, Georgia Institute of Technology
R. Tinker, Technology Education Research Center
Editors (* indicates a new task force head):
Process Control: T. F. Edgar, University of Texas at Austin
Stagewise and Mass Transfer Operations: J. M. Calo, Brown University
E. J. Henley, University of Houston
Transport: R. J. Gordon, University of Florida
Thermodynamics: G. A. Mansoori*, University of Ilinois at Chicago Circle
Kinetics: B. L. Crynes, Oklahoma State University
H. S. Fogler, University of Michigan
Material and Energy Balances: E. H. Snider*, University of Tulsa
Design of Equipment: J. R. Beckman, Arizona State University
A tentative outline of all volumes to be produced in this series follows:

SERIES B: STAGEWISE AND MASS TRANSFER OPERATIONS

Volume 1. Binary Distillation

Bl1.1 Phase Equilibrium Diagrams in Binary Distillation J. Wisniak

B1.2 Construction of Phase Equilibrium Diagrams in Binary Distillation J. Wisniak

B1.3 Determination of Bubble and Dew Points G. P. Mathur and M. B. Powley
Bl1.4 Flash Distillation R. A. Mischke
Bl1.5 Batch Distillation N. G. McDuffie
Bl.6 McCabe-Thiele Methods I—Simple Columns R. E. Thompson
B1.7 McCabe-Thiele Methods 11—Advanced Topics R. E. Thompson
B1.8 Analytical McCabe-Thiele Method (Smoker’s Equation) E. C. Hohmann
B1.9 Analytical Plate to Plate Calculations by Sorel’s Method H. N. Knickle
B1.10  Ponchon Diagrams R. A. Mischke
Bl.11  Ponchon Methods in Binary Distillation G. R. Cysewski

Volume 2. Multicomponent Distillation

B2.1 Shortcut Design Methods—Total Reflux R. E. Thompson
B2.2 Shortcut Design Methods—Minimum Reflux R. E. Thompson
B2.3 Shortcut Design Methods—Number of Stages and Feed Location R. E. Thompson
B2.4 Graphical Multicomponent Distillation P. C. Wankat
B2.5 Analytic Multicomponent Separations—Underwood’s Group Method L. R. Hile

B2.6 Multicomponent Separations—Lewis-Matheson N. G. McDuffie
B2.7 Multicomponent Separations— Thiele-Geddes D. B. Wilson and R. W. Connors
B2.8 Multicomponent Methods—Matrix Techniques J. W. Tierney
B2.9 Extractive Distillation H. N. Knickle
Volume 3. Extraction and Leaching

B3.1 Phase Equilibria for Liquid-Liquid Extraction D. W. Hubbard
B3.2 Basic Extraction Calculations on Ternary Diagrams P. C. Wankat
B3.3 Advanced Graphical Extraction Calculations P. C. Wankat
B3.4 Computer Methods for Extraction R. L. Porter
B3.5 Choice of Solvent in Extraction A. O. Morgensen
B3.6 Computer and Graphical Methods for Leaching R. L. Porter
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Volume

B4.1
B4.2
B4.3
B4.4
B4.5
B4.6
B4.7

4. Heat and Mass Transfer

Molecular Diffusion in Gases

Estimation of the Diffusivities of Gases Dissolved in Liquids
Thermal Diffusion

Basic Models for Mass Transfer

Wet Bulb Thermometry

Cooling and Humidification

Drying

Volume 5. Chromatography, Percolation, Adsorption and Gas Adsorption

BS5.1
BS5.2
B5.3
B5.4
BS5.S
B5.6
B5.7
BS.8

Volume

B6.1
B6.2
B6.3
B6.4
B6.5
B6.6
B6.7
B6.8
B6.9
B6.10
B6.11

B6.12

Gas Chromatography

Percolation Theory [—Basic Principles

Percolation Theory II—Modeling and Design of Percolation Columns

Ion Exchange

Adsorption

Interphase Mass Transfer: Individual and Overall Mass Transfer Coefficients

Use of K’s, HTU’s and NTU’s in the Design of Gas Absorbers [—Design Considerations
Use of K’s, HTU’s and NTU’s in the Design of Gas Absorbers II—Mass Transfer Aspects

6. Separation Processes

Degrees of Freedom by Description Rule

Degrees of Freedom by the Design Variable Method
Selection of Separation Processes

Ideal Stages and Stage Arrangements

Ideal Cascade Calculations

Introduction to Crystallization

Continuous Crystallization

Dialysis

Reverse Osmosis and Ultrafiltration

Flotation

Cyclic Separations: Parametric Pumping, Pressure Swing Adsorption and Cycling Zone
Adsorption

Zone Melting—Fractional Solidification

. M. Calo

. M. Himmelblau
. S. Willis

. C. Merchuk
. L.
: Es

o H

O

Porter
Tunison
Ibrahim

nig

. Rodrigues
. Rodrigues
. Rodrigues

Hile
Calo
Lee
. A. Mischke

L. Borowitz and D. Wolf

. M. Schierholz and S. M. Gwynn
. M. Schierholz and S. M. Gwynn
. L. Vilker

. L. Vilker

. K. Prud’homme

. C. Wankat

. R.
.M.
.-L.

okl o

TA<<T V=X

W. R. Wilcox

Publication and dissemination of these modules is under the direction of Harold I. Abramson, Staff Director, Educational
Activities, AIChE. Technical Editor is Lori S. Roth. Chemical engineers in industry or academia who are interested in
submitting modules for publication should direct them to H. I. Abramson, Staff Director, Educational Activities, American
Institute of Chemical Engineers, 345 East 47th Street, New York, N.Y. 10017.
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Module B6.1

Degrees of Freedom by Description Rule
L. R. Hile

California State University, Long Beach
Long Beach, California

OBJECTIVES

At the completion of this module, the student

should be able to:

1. Determine the number of variables needed to
properly define multistage separation opera-
tions.

2. Test separation problem statements for im-
proper definition and and modify them ac-
cordingly.

3. Construct problem definitions appropriate to
practical goals, such as designing or operat-
ing a distillation column.

4. Distinguish dependent from independent vari-
ables in formulating a separation problem.

5. Explain the purpose of the elements used in
separation operations, such as valves, heat
exchangers, pumps, and stages.

6. Construct and interpret flow chart sketches of
separation operations.

PREREQUISITE MATHEMATICAL SKILLS
1. None

PREREQUISITE ENGINEERING AND
SCIENCE SKILLS

Familiarity with:

1. General types of separation operations and
process equipment (absorbers, distillation
columns, reboilers, heat exchangers, etc.).

2. Terminology related to separation calculations
(minimum stages, reflux, equilibrium stage,
saturated, subcooled, relative volatility, etc.).

3. How pertinent variables influence separation
operations (composition, flow rate, pressure,
temperature, etc.).

INTRODUCTION

How much information is enough to solve a problem?
Students generally don’t give this question much thought,
since teachers always seem to provide just enough data to
solve homework problems. However, in the industrial
world, data sheets are likely to be blank! That is, engi-
neers may be required to identify the pertinent data
needed to solve the problem. In a converse situation,
management may have a whole list of desired specifica-
tions for a process the engineer is to design. The ques-
tion then becomes: Is foo much data supplied?

This module will explain how to determine the correct
number of variables (‘‘degrees of freedom’’) which
uniquely define a multistage process problem. Students
will also gain practice in seleeting which variables may
be specified for some typical problems, such as design of
a new distillation column or operation of an existing unit.
Additionally the method used (description rule) gives a
feeling for the physical, real-world side of separation
processes such as absorption, stripping, distillation, ex-
traction, etc.

WHAT ARE "‘DEGREES OF FREEDOM?"’

The problem: Solve for unknowns x and y, given the in-
formation x + y = 10. Clearly there is not enough in-
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formation to solve this uniquely. The problem is ‘‘under-
specified.”” There are an infinite number of possible
solutions. If one more piece of information was supplied
about x and/or y, then the problem would be ‘‘uniquely
specified.”” The number of additional pieces of informa-
tion needed to uniquely specify a problem is termed by
various authors as the ‘‘design variables’” or ‘‘degrees of
freedom’’ of the problem. In general, the following
holds:

number of
unknowns
in problem
as stated

number
degrees of | =
freedom

number of
independent
— | equations )
relating
unknowns

If there are more unknowns than equations relating them,
there would be only two ways to solve the problem—{find
some more equations or arbitrarily assign values to some
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of the unknowns. The former choice is rarely possible in
real problems, since the ‘‘equations’” are expressions of
physical laws, such as material balances, etc. Thus, engi-
neers are left with some ‘‘freedom’’ to choose variables,
which is really what ‘‘design’’ is all about—hence the
terminology.

Let’s look at another, but related situation. Find x and
y given:

x+y=10
x—y=6
x=3y=4

It is generally not possible to solve a problem with more
equations than unknowns (if all equations are truly inde-
pendent). Such a problem is termed ‘‘over-specified.”’

Now, one might say: ‘“All that’s perfectly obvious. I'd
never waste my time trying to solve such underspecified
or overspecified problems.’’ Yet, problems in separation
processes become much more complicated than these
simple examples. It becomes extremely useful to have a
tool which guarantees that there is a solution to the prob-
lem being worked on. Whether or not one can find that
solution is another question!

COUNTING DIRECTLY CONTROLLABLE
VARIABLES — THE DESCRIPTION RULE

Clearly it would be extremely tedious if every time an
engineer was faced with a separation problem, he or she
had to count up all the equations (material balances, heat
balances, composition restrictions, relations of enthalpy
to temperature, equilibrium relations, etc.) and all the
unknowns (compositions, flow rates, pressures, tempera-
tures, heat flows, numbers of stages, etc.) and take the
difference, as in Equation 1, to find the degrees of free-
dom needing specification, in order to define the prob-
lem. Alternate methods have been developed which are
simpler. One of these is the Kwauk or design variable
method, described in the next module. One very different
approach, which is lesser known, but has advantages in
that it is simple, quick and develops physical insight, is
one formulated by D. N. Hanson (/). Hanson shifts the
viewpoint from the abstraction of equations and un-
knowns to the actual physically operating separation
process (or at least our mental picture of it). For exam-
ple, imagine operating a distillation column. To achieve a
desired separation, there are certain things one can con-
trol by operation or construction. Appropriate valves can
be turned adjusting flow rates of process streams or heat-
ing exchangers, streams can be pressurized, and/or more
trays or stages can be built. These constitute all the inde-
pendent variables characterizing the process.

Hanson’s ‘‘description rule’’ states:

The number of degrees of freedom = The number
of independent variables affecting separation that
can be arbitrarily set by construction or operation
(directly controllable variables)

The use of the rule is quite simple, but some of the terms
(independent variables, affecting separation, arbitrarily

2

set, directly controllable) need further clarification, best
accomplished by some detailed examples.

EXAMPLE: ABSORPTION COLUMN

How many variables must be set to completely de-
scribe the operation in Figure 1? Visualize operating this
column and count up what factors can be controlled. Let
C, and C, be the number of components in each feed,
respectively, and let N be the number of stages:

controllable variables #

. Feed flow rates 2
. Feed compositions c -1+
. Feed temperatures 2
. Feed pressures 2

Stage pressures N
. Heat loss from stages N
Number of stages 1

.\]O\Lll-bwl\)'—'

C+GC +2N+5

TOTAL

Thus, according to the description rule, in order to com-
pletely define this separation process, one must specify
(C, + C, + 2N + 5) independent variables. Note that
there is a free choice as to which variables will be set for
a desired problem definition. The description rule tells us
only sow many variables must be set.

This example probably requires additional explanation
to make the method clear. Item (1) presumes there is a
valve on each of the entering streams and that altering
these flow rates will, in fact, affect the separation. Ac-
cepting this latter point requires developing some physi-
cal insight or intuition, which is probably the most de-
manding requirement of this method. Can you see how
changing any of the seven items would alter the separa-
tions achieved? Note that our analysis did not consider
that there also might be valves on the outlet streams,
since they could not be arbitrarily controlled. What
would happen if an outlet valve were closed?

Item (2) presumes direct control of the compositions of
each feed, noting that only (C — 1) composition varia-
bles are independent in a mixture of C components. A
simpler, alternate way to count the first two items is to
lump them as ‘‘feed flow and composition,’” for a total
of (C; + C,) variables. This is like visualizing a mani-
fold of pipes, each carrying pure component, mixing to-
gether to form the feed. Note each pipe in the manifold
can have a valve, which may be arbitrarily turned to ad-
just flow rate (Figure 2).

Item (3) presumes there are heat exchangers on the en-
tering feeds. There would not normally be heat exchang-
ers on the outlet streams. The ‘‘equilibrium stage’” con-
cept tells us that the two streams leaving any stage are
“‘saturated,’’ i.e., in equilibrium with each other. Thus,

—

.F__

Figure 1.
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species A —Hg—
species B —M—
¢ ——>» mixture of A, B, C, D
species C —PHg—i
species D —PHg——

(4 valves; therefore 4 controllable variables)
Figure 2.

the outlet stream temperature is not directly controllable.
It is a dependent, rather then independent, variable. It is
vital that engineers develop a feel for what can be di-
rectly controlled by operation or construction, since the
description rule only counts independent variables. If
operating this column, how could one indirectly change
the outlet stream temperature?

Item (4) presumes that the feed pressures can be al-
tered, for example, by manipulating the pressure drop
across the feed valves with pumps.

Item (5) similarly presumes one may pressurize each
stage separately. Normally columns are designed to mini-
mize pressure drop throughout. In such cases, a column
pressure is specified, which sets all N of these pressure
variables.

Item (6) essentially presumes a heat exchanger at each
stage. In a typical column, heat losses might be con-
trolled by adding or removing insulation. One usually
wants to design a column with no heat losses (adiabatic),
which specifies all N of the heat loss variables as being
zero. Or one might design an isothermal column, which
is another way to specify these N variables.

Item (7) is the first variable considered here that is as-
sociated with construction, all the others being related to
operation. Note that drawing a picture of the column is
tantamount to constructing it. There is only one construc-
tion variable here which affects separation: the number of
equilibrium stages built. Students may say ‘‘Wait a min-
ute! I have a lot of construction choices, such as column
diameter, spacing between stages, column wall thickness,
construction material, stage design, etc.”’ The crucial
question is: Do these affect separation? Column diame-
ter and spacing between stages will only affect column
capacity, i.e., what flows it can handle, but not what sep-
aration is achieved. While wall thickness or construction
material may have some affect on separation in terms of
altering column heat losses, note that column heat losses
have already been counted as directly controllable and
cannot be counted again. One must be on guard to avoid
such redundant or double-counting when applying the de-
scription rule. The stage design does not enter as a varia-
ble, since this module will only consider equilibrium
stages. The correction for non-ideal stages (stage effi-
ciencies) is normally added after the ideal case is solved.

It is helpful to modify the drawing of the process to
provide a record of the presumptions made in counting
controllable variables as shown in Figure 3.

SELECTING REPLACEMENT VARIABLES:
PROBLEM DEFINITION

The exercise in Figure 3 is meaningless until the
results obtained are applied. How many variables must

Modular Instruction Series
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with the following symbol meanings

N valve
heat exchanger

@ pressure control

Figure 3.

be set is now known, but there is a free choice as to
what independent variables will be set to define the prob-
lem. A practical limitation forces us to select those varia-
bles which make the problem solution less difficult. Nor-
mally, the variables describing the feeds (flow rate,
composition, temperature, pressure), the column pressure
and the heat loss must be set. Note that this sets all but
one of the available number of variables.

If the problem at hand is a ‘‘design problem,”’ the
number of stages required to effect the desired separation
need to be calculated. The description rule tells us that
only one separation variable may be set independently.
In essence, this is replacing a variable in the controllable
variable list with another independent variable. This
might be a percent recovery, a composition in a stream,
etc. Once this value is chosen, the problem is completely
defined, and it is possible (not necessarily easy!) to solve
for all the dependent variables or unknowns.

Conversely, an ‘‘existing column problem”’ requires
determining the separation achieved in a given column.
In this case, the one remaining variable is set by stating
the number of stages in the column. Here our replace-
ment variables happen to be the same as the list of con-
trollable variables; however, do not confuse the control-
lable list with the replacement list, the former is just a
tool to assure the latter properly defines a problem.

Another possible problem might ask for the minimum
flow ratio of feeds. Let us tabulate a replacement varia-
ble list for such a problem:

replacement variables #

Feed compositions

€ -D+(G -1
Feed temperatures 2

Feed and column pressure 2+ N
Column heat loss N
Number of stages 1
Separation desired 1
Flow rate of one feed 1

TOTAL C,+C +2N+5

Note that minimum flow implies the number of stages
needed to effect the separation is infinite, which sets this
variable. Can you formulate another problem definition
and construct the appropriate replacement variable list for
the absorption column example?



EXAMPLE: DISTILLATION COLUMN

Is the following problem properly defined?

The ordinary distillation column shown in Figure 4 has
30 stages total, with 10 above the feed. The feed compo-
sition is 10% A, 30% B, 40% C and 20% D. The feed
enters subcooled by 10°C at the column pressure of 3
MPa. It is desired to recover in the top product 90% of
the B fed. What reflux ratio is required?

Do not solve this problem, but see if there is a solu-
tion. Let us apply the description rule:

controllable variables #

1. Feed composition 3
2. Valves (feed, reflux) 2
3. Heat exchangers (feed, condenser, reboiler, stages) 33
4. Pressures (feed, stages) 31
5. Stages (top and bottom sections) 2

TOTAL 71

(Indicate on Figure 4 what presumptions were made
here.)

Let us compare this with the variable list set by the
problem statement:

replacement variables #

. Feed composition

. Pressures (feed, stages)

. Thermal condition of feed

. Total number of stages and feed location
. Separation specification

wm AW —
w‘ w
©| =N = =W

TOTAL

What’s wrong?

It is typical in problems of this type that certain things
are tacitly understood. Presuming that the column was
intended to be well insulated, this sets thirty more varia-
bles, namely the heat loss on each stage is zero. This still
apparently leaves us short three variables (71 — 68). Ac-
tually, the fact that the problem asks only for a flow ra-
tio (reflux/top product) means that an arbitrary flow
rate can be chosen. For example, a top product rate of
unity could be picked. (Note: without setting this flow
information, the problem is not completely defined in the

condenser
1 top product

reflux

Feed — ¥

reboiler

bottom product
Figure 4.

sense that nothing is known about the column capacity.)
So, there are still two missing variables and this problem
is underspecified. What else would be reasonable to set?

While the problem only asks for reflux ratio, note that
if it can be solved then all other unknowns can be found
also. For example, suppose one wanted to know the con-
denser and reboiler duties. (Note this would actually be a
ratio based on the arbitrary flow rate chosen earlier, e.g.
heat duty per unit top product.) Since there is a partial
reboiler (both vapor and liquid leave), the thermal condi-
tion of the bottom product is known to be saturated. But
what about the top product? Is it saturated or subcooled
leaving the ‘‘total condenser’’ (only liquid leaves)?
Clearly, it would be impossible to find the condenser
duty without information on the thermal condition of the
top product and so this variable must be set.

This leaves one final variable to be defined. This
might be another variable defining the separation, such as
recovery of C in the bottom product, the composition of
B there, etc. The main caution is that it must be an inde-
pendent variable. Could one set the recovery of B in the
bottom product? Also, the value set must lie within the
limiting range of physical possibility. For example, if A
is more volatile than B, the recovery of A in the top
product cannot be set as less than the recovery of B
there. With these cautions, the properly defined problem
is summarized:

replacement variables #

1. Composition of feed 3
2. Pressures (feed, stages) 31
3. Thermal condition of feed 1
4. Total number of stages and feed location 2
5. Insulated column 30
6. Distillate flow rate 1
7. Thermal condition of top product 1
8. Separation specifications 2

TOTAL 71

Note the important fact that in designing an ordinary dis-
tillation column only two separation specifications may
be arbitrarily chosen.

A final hint: it is extremely useful to put the controlla-
ble and replacement lists side by side. This helps one to
ensure the same assumptions are used to assign the varia-
bles as were to count them.

LITERATURE CITED

1. Hanson, D. N., J. H. Duffin and G. F. Somerville, ‘‘Computa-
tion of Multistage Separation Processes,’’ Chapter 1, Reinhold,
NY (1962).

2. C. J. King, ‘“‘Separation Processes,”” Chapters 2 and 4, McGraw-
Hill, NY (1971).

STUDY PROBLEMS

1. In the absorption column example, why is the number
of stages counted as a controllable variable, but not
the number of components in each feed or their identi-
ties?
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Table 1.

controllable variables

design problem replacement variables

1) Feed composition Cc -1 1) Feed composition C -1
2) Valves (feed, reflux) 2 2) Flow rates (feed, reflux, side draw) 3
3) Heat exchangers (feed, condenser, reboiler) 3 3) Thermal conditions (feed and reflux) 2
4) Pressures (feed, column) 2 4) Pressures (feed, column). 2
5) Number of stages in each section 3 5) Feed and side draw location 2
6) Feed and side draw location 2 6) Recovery in overhead and bottom 2
7) Side draw composition 1
C+ 11 E‘ + 11
2. In the distillation column example: b) List the variables which need to be set to design
a) Why are only three replacement variables listed for this columq. '
feed composition when four values are given in the ¢) List the variables which need to be set to deter-
problem statement? mine the separation in an existing column.
b) Is it possible to consider a valve on the bottom 2. Compare the information needed in McCabe-Thicle
product stream in counting controllable variables? i . .
. : analysis with the degrees of freedom for an ordinary
¢) Comment on changing Item (5) in the controllable P B
. . distillation column.
variable list to: number of total stages and feed lo-
cation, 3. List the variables which must be set to calculate the
d) Comment on changing Item (7) in the replacement minimum stage requirement of an ordinary distillation
variable list to: condenser duty. column. Compare your list with the information
e) Comment on adding to the replacement variable needed in the Fenske minimum stages equation.
list: relative volatilities of components. o
Bl 15 atie _comp ; - 4. Repeat Homework Problem 3 for the case of mini-
3. Contrast the difficulty of designing an ordinary distil- mum reflux and the Underwood minimum reflux
lation column for a binary (two-component) feed ver- ;
. equation.
sus for a multicomponent feed.
; ; 5. The Gilliland correlation referred to in
4. Identify the errors in Table 1, a degrees of freedom s 4 11 Pny (exts an
analysis for the column shown in Fieure 5 distillation (e.g. Reference 2) relates the number of
y g ' stages /N in an ordinary distillation column to the val-
HOMEWORK PROBLEMS ues of the actual and minimum reflux ratio, R and R,
respectively, and to the minimum number of stages
1. a) How many degrees of freedom are there for the N,, for the desired separation: N = f(R, R,,, N,).
process indicated in Figure 6? Can such a correlation be generally valid?
6. Is the following the correct amount of information

condenser
vapor overhead

reflux
Assume:

feed — insulated column

— side draw

liquid
L_¢ bottom

Figure 5.

!

Figure 6.
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at uniform pressure

provided to solve the system in Figure 7? If not, indi-
cate how it should be modified. The columns in Fig-
ure 7 operate adiabatically at 100 MPa. The first
column contains seven ideal stages. The vapor feed is

=

Figure 7.



at 100 MPa and is 20°C superheated with analysis:

species nC, iC, nCs

mol/min 50 70 40

80% of the iCy is to be recovered in the overhead vapor.

The feeds to the second column are located optimally.
Reflux in the second column is 10% greater than mini-
mum and is 5°C subcooled. The saturated vapor feed to

the second column is at 100 MPa with analysis:

species C; nC, iCs

mol/min 30 60 20

90% of the nCs is to be recovered in the bottoms and
90% of the iCs in the top. 40 mol/min of side draw va-
por is to be removed, containing 25% C;. Find the re-
flux rate in column 1 and the number of stages and side
draw location in column 2.

American Institute of Chemical Engineers



Module B6.2

Degrees of Freedom by the Design Variable
Method

Joseph M. Calo

Brown University
Providence, Rhode Island

OBJECTIVES

Upon completing this module, the student should

have a clear understanding of the relationship

between design and degrees of freedom of staged
separation processes, and be able to determine

the latter by the design variable method. As a

result of this knowledge, the student should be

able to:

1. Define and identify:

a) degrees of freedom

b) variable (design, intensive, extensive, rep-
etition)

¢) restriction (energy balance, material bal-
ance, inherent, and additional due to com-
bination of elements)

d) elements

e) units

2. Determine the degrees of freedom of simple
process elements from first principles.

3. Resolve process units into constitutive ele-
ments and combine the degrees of freedom of
the individual elements to yield the degrees
of freedom of entire units.

PREREQUISITE MATHEMATICAL SKILLS
1. Elementary algebra.

PREREQUISITE ENGINEERING AND
SCIENCE SKILLS

1. Material and energy balances.

2. The Gibbs phase rule.

INTRODUCTION

The purpose of this module is to teach readers the de-
sign variable method for determining the degrees of free-
dom of staged separation processes, and perhaps of more
fundamental importance, the translation of degrees of
freedom into appropriate specifications of design varia-
bles to completely define a process design. At the com-
pletion of this material, students should be able to enu-
merate the variables and restrictions of simple process
elements from first principles. They should also be able
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to resolve a complex process into simple process ele-
ments and combine the degrees of freedom of the constit-
uent elements to calculate the degrees of freedom of the
entire unit.

DESIGN AND DEGREES OF FREEDOM

Consider the design of a storage tank for an ideal gas.
If the givens are the quantity of gas and the temperature
and pressure at which the gas is to be stored, then the
volume of the tank is uniquely determined by the ideal
gas law; i.e., the system is said to have no degrees of
freedom. On the other hand, if the pressure is not given,
the system is said to have one degree of freedom and one
independent variable (the storage pressure) must be speci-
fied in order to determine the tank volume.

Although this is completely obvious in the case of the
simple tank, consider the design of a multicomponent dis-
tillation column. How many variables must be specified
such that a particular yield and purity of distillate is ob-
tained? One cannot independently specify all the varia-
bles, even if one could successfully identify them all, be-
cause some are interrelated via mass and energy balances
and equilibrium phase relations. And if too few are speci-
fied, an undesired product yield and purity may result. In
this case, the correct number of variables which must be
specified cannot be intuitively determined, as in the stor-
age tank.

Fortunately, however, the exact same procedure can be
used to determine the degrees of freedom for the storage
tank and the multicomponent distillation column, as well
as for any equilibrium stage process. This procedure,
simply stated, is:

a) Count the system variables.

b) Count the restricting relationships.

¢) The difference between (a) and (b) is the degrees of
freedom.

For extremely simple systems, such as the storage tank,
this procedure is almost intuitive, while for more com-
plex systems, a self-consistent systematic procedure must
be followed to insure that all the variables and restric-
tions have been properly accounted for. One such proce-
dure is the design variable method.



PRINCIPLES OF THE METHOD

The design variable method is simply a self-consistent
system of classifying and accounting for variables and
restrictions based upon the Gibbs phase rule, the first law
of thermodynamics, and the law of conservation of mass.
The difference between the number of variables and re-
strictions represents the degrees of freedom or the num-
ber of independent variables of the system, /NV;. This
statement may be represented mathematically as

Ni=N,—=N, (1)

where N, is the total number of system variables and N,
is the total number of restrictions. What are these varia-
bles and restrictions?

Variables

The Gibbs phase rule gives the degrees of freedom of
any system in thermodynamic equilibrium:

N°=C+2—-P )

where N¢ is the degrees of freedom of an equilibrium
system, C is the number of components, and P is the
number of phases present at equilibrium. N? also repre-
sents the number of intensive variables such as concentra-
tion, temperature, pressure, etc., determined solely by
the state of the system and completely independent of the
absolute or relative quantity of material. Quantity-depen-
dent variables are termed extensive variables, e.g., the
flow rates of material and energy streams. The sum of
the intensive and extensive variables represents the total
number of variables of the system, V.

Since the phase rule is based on thermodynamic equi-
librium, the design variable method, as presented here, is
strictly applicable only to equilibrium systems, staged
equilibrium processes, or systems reducible to staged
equilibrium processes.

Restrictions

A restriction is defined as a relationship between two
or more variables. Although the enumeration of system
variables is quite straightforward, determination of the
number of restrictions, N,, is more difficult due to ease
of omission or duplication. Thus, it is necessary to fol-
low some arbitrary, but consistent procedures, which will
yield the correct number. For this purpose, restricting
relationships will be classified as energy balance, mate-
rial balance, and inherent restrictions.

Energy Balance Restrictions

The first law of thermodynamics generally states that
the total energy entering a system is equal to that leaving
plus any accumulation within the system. For flow proc-
esses, the first law usually simplifies to an enthalpy or
heat balance. An energy balance is equal to one restric-
tion (N, = 1).

Material Balance Restrictions

A flow system must also be in material balance ac-
cording to the law of conservation of mass. An over-all
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material balance can be written for each of the C compo-
nents present, or one can write one over-all mass balance
and C — 1 independent component balances. In either
case, material balance restrictions represent a total of N,
= C restrictions.

Inherent Restrictions

Certain restrictions are inherent to the particular sys-
tem under consideration. These restrictions usually take
the form of identities between variables. The ideal gas
law may be classified as an inherent restriction in the
storage tank design problem. Equality of variables in en-
tering and exiting streams or in streams joining different
elements is another example; e.g., composition, tempera-
ture, pressure.

Is it important to always classify a restriction in the
same manner? No, A particular restriction can be arbi-
trarily classified as an inherent, material balance, or en-
ergy balance restriction. However, counting must be
performed consistently in order to avoid omission and
redundancy.

In order to understand how the design variable method
is applied, let us consider the storage tank design prob-
lem again. The system variables are pressure, tempera-
ture, quantity of gas, and volume of the tank. These vari-
ables are accounted for as follows: The storage tank is a
single-component (C = 1), single-phase (P = 1), equi-
librium system, and the number of intensive variables is
given by the phase rule: N° = 1 + 2 — 1 = 2. The
two intensive variables are, of course, temperature and
pressure. To these must be added the number of exten-
sive variables, which in this case is two, the quantity of
gas and the volume of the tank. Thus, the total number
of variables in the system is N, = 2 + 2 = 4,

Can all four variables be independently specified? No,
because they are related via the ideal gas law. Thus the
ideal gas law represents an inherent restriction in the sys-
tem and N. = 1. Therefore, the degrees of freedom for
the storage tank are N; = 4 — 1 = 3, and we must in-
dependently specify three variables to completely define
the design.

Normally, however, some variables are previously
specified as a design basis. The difference between the
degrees of freedom of the system, /NV;, and the number of
specified variables, N, is the number of design varia-
bles, N;:

N,=N;— N, 3)

The design variables are the primary ones of interest,
since they represent the number of independent variables
available to the designer for process specifications. For
example, in the storage tank design problem, the quantity
of gas to be stored will probably be the design basis.
Also, the tank pressure may be dictated by safety and
strength of materials constraints. Thus, in this case, N;
=2, N; =3 — 2 =1, and only the temperature can
be independently specified. Furthermore, if the gas is to
be stored at ambient temperature, then Ny = 3 and N,
= 0. Now there are no design variables and the system
is invariant. For the case where there are no specified
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Table 1. Elements

Pump Total Partial
Heater Simple Side Condenser Condenser
Single Stream or Equilibrium  Stream Feed or or Simple Heat
Elements Stream Divider® Mixer Cooler Stage Stage Stage Reboiler  Reboiler  Separator Exchanger
Variables
Single-phase streams:
intensive C+1 2(C+1) I(C+1)  2(C+1)  2(C+1) 2AC+1)  3(C+1)  2(C+1) C+1 4C+1)
extensive 1 3 3 2 2 2 3 2 1 - 4
N¢  Two-phase streams:
intensive --- - -—-- -—-- (e € C ---- C 2C -—--
extensive -- -—-- - - 2 3 2 - 2 4 -ee-
Heat streams = 1 1 1 1 1 1 1 1 1 1
TOTAL €%2 2C+6 3C+7 2C+5 ac+7 3C+8 4C+9 2C+5 2C%5 20+5 4C+9
Restrictions
Material balance -—- C C C [e. [ € C (&, a 269
N¢  Energy balance = 1 1 1 1 1 1 1 1 1 1
Inherent" - - - —--- - - - ---- ---- - -
TOTAL 0 C+1 C+1 C+1 C+1 C+1 Cc+1 C+1 C+1 C+1 2C+1
N¢ = N¢ — N¢ C+2 C+5 2C+6 C+4 2C+6 2C+7 3C+8 C+4 C+4 C+4 2C+8
Typical Specifications
Feed stream €42 C+2 2(C+2) C+2 2(C+2) 2(C+2) 3(C+2) C+2 C#2 G412 2(C+2)
Pressure — 1 | 1 1 1 1 1 1 1 1
Heat stream — 1 1 1 1 1 | 1 1 1 1
Product stream
rate - 1 ---- -—-- - 1 e e ---- ---- ----
Product stream
temperature R wRam i e mene o =em= S - foc |
TOTAL C#2 C+5 2C+6 C+4 2C+6 2C+7 3C+8 C+4 C+4 C+4 2C+38

(1) Inherent restrictions arise more frequently in combining elements.

(2) Simple stream dividers are essentially adiabatic, and the feed stream pressure is generally the same as the divider pressure. If these are listed as inherent restrictions,

N¢ would be reduced to C+ 3.

(3) Since there is no mass exchange between streams, there are C material balances per stream.

variables (N, = 0), the number of design variables’ is
synonymous with the degrees of freedom of the system.

ANALYSIS OF ELEMENTS

The detailed enumeration of all the variables and re-
strictions in a complex equilibrium stage process could
become quite tedious and time-consuming. All such proc-
esses, however, are combinations of a relatively few sim-
ple elements, the degrees of freedom of which can be
easily calculated from first principles and catalogued for
subsequent use. The degrees of freedom of the unit can
then be calculated by combining the degrees of freedom
of all the constituent elements and according to some
simple rules.

The degrees of freedom of a simple element are given
by

Ne=Ne¢—N¢ “

where the superscript e denotes an element. A summary
of the analysis of some simple elements according to
Equation 1 is presented in Table 1. Schematics of the ele-
ments appear in Figure 1. The detailed procedure for de-
termining the degrees of freedom of simple elements
from first principles will be illustrated in this section us-
ing the simple equilibrium stage, the feed stage, and the
side stream stage as examples.

Consider the schematic of the simple equilibrium stage
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in Figure 1, in which two feed streams of C components
are introduced (e.g., a liquid stream and a vapor stream).
The number of intensive variables in each of these
streams is given by the phase rule: N° = C + 2 — 1

" = C + 1; while the mass flow rate contributes one ex-
tensive variable, a total of C + 2 per stream. Since the
two product streams are in equilibrium, the total number
of intensive variables of these two streams together is
given by the phase rule: N° = C + 2 — 2 = C. This
is because the compositions, temperatures and pressures
of the two product streams are not independent, but re-
lated by equilibrium relationships (e.g., Raoult’s or Hen-
ry’s law). The flow rate of each stream, however, is in-
dependent and contributes one extensive variable for each
stream. The rate of heat exchange, or heat stream, be-
tween the stage and surroundings contributes one addi-
tional extensive variable. The total number of indepen-
dent variables for the simple equilibrium stage is thus,

Ne =2(C +2)+(C+2)+1=3C+ 1.
[ ] L ]  — )
two two heat
feed product  stream
streams streams

The restricting relationships consist of C material bal-
ances and one heat balance, or N ¢ = C + 1. The de-

grees of freedom of the simple equilibrium stage are then
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(a) Single Stream

(g) Feed Stage
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Figure 1. Elements.
given by

Ni{=(BC+7)—(C+1)=2C+6.

A complete specification of the simple equilibrium
stage would probably consist of the following:

Specification Ne¢
Composition of each feed stream 2(C -1
Temperature of each feed stream 2 | C + 2per
Pressure of each feed stream 2 feed system
Rate of each feed stream 2
Stage pressure 1
Heat leak (or temperature of
the stage 1
2C + 6

These specifications illustrate two rules which are fol-
lowed in enumerating or specifying variables. First, the
number of variables due to composition are C — 1, and
not C. This is because the Cth composition is provided
by an internal mass balance in each stream; i.e., the Cth
composition is a dependent variable. Second, it will arbi-
trarily be assumed that entering streams have C + 2 var-
iables, which are, in general, independent of the condi-
tions within the element; i.e., the variables are specified
before the streams enter the element. However, streams
exiting the element are at the temperature and pressure of
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the element; i.e., the variables are assigned before the
stream leaves the element and before the occurrence of
pressure or temperature change.

In counting the intensive variables of the two product
streams, it was stated that the temperature and pressure
of these two streams could not be independently as-
signed. However, the temperature and pressure of the
stage can be independently assigned, and by the conven-
tion just cited, these are identical to the temperature and
pressure of the two product streams. Is this a contradic-
tion? No, because now one cannot specify the composi-
tion of either product stream as before, since the com-
plete specification of the feed streams and the
temperature and pressure of the stage fixes the composi-
tions of the product streams by equilibrium and material
balance.

For the feed stage, the number of variables in the sim-
ple equilibrium stage is increased by the total number of
variables of the additional feed stream, C + 2. The re-
strictions remain the same and therefore,

N¢=3C+74(C+2)—(C+1)=3C+8

The feed stage can be specified in the same manner as
the simple equilibrium stage (2C + 6 variables) with the
inclusion of the additional feed stream specification (C +
2 variables).

By this time, students should realize that the calcula-
tion of degrees of freedom is little more than a mechani-
cal exercise. The value of this exercise lies in the under-
standing of the interrelationships between variables and
restrictions, and in translating the resultant design varia-
bles into convenient design specifications. To emphasize
this point, let’s calculate the degrees of freedom of the
side stream stage, using three different methods to show
how variables and restrictions are related and sometimes
even interchangeable.

Method A

The side stream stage is the same as the simple equi-
librium stage, except that an additional product stream is
withdrawn (see Figure 1). The side stream can be viewed
as being identical to one of the other two product streams
and therefore, in equilibrium with the remaining product
stream. Thus, the side stream can be combined with the
other two product streams for the purpose of enumerating
intensive variables, as was done for the simple equilib-
rium stage, N° = C + 2 — 2 = C. The mass flow
rates of the three product streams are independent and
contribute three extensive variables. The heat stream con-
tributes one additional extensive variable. As before, the
two feed streams contribute a total of 2(C + 2) varia-
bles. The total number of variables is then:

N5=(C+3)+2(C+2)+1=3C+8
 E— ] — ] L
three two heat
product feed stream
streams streams

In this method, the number of restrictions is the same as
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