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Preface

The outline of this book evolved from lecture notes and materials, which
were used in one-semester courses in applied statistics in the School of Engi-
neering and Applied Science, and in several biostatistics courses in the School
of Medicine at Washington University, St. Louis, Missouri.

It is designed to be a text in elementary applied statistics for students in
science, mainly engineering and biomedical fields, and a compact reference
text for the applied statistician and researcher. As a textbook it can be covered
in a single semester if Sec. 9.6-9.10, Chap. 10, together with about eight
additional sections, at the discretion of instructors, are omitted. Chap. 9 and
10 deal with relatively more complex topics, and are presented primarily for
additional reading and reference. The prerequisite of this book is a standard
algebra course and some of the basic ideas of calculus. Those readers without
an introduction to calculus can omit the parts where calculus is used without
loss of continuity.

In writing this book, an attempt was made to motivate the readers with
the applicability and usefulness of statistical methods in the real world.
Throughout the book, the methods are illustrated with real or realistic exam-
ples. Some slant toward medical examples perhaps reflects the author’s
interest and the availability of data. In addition, special sets of problems,
many of them based on real data, follow each of the first nine chapters. It is
hoped that those materials most frequently required or useful in applications
are included here, though to some extent the importance of the materials
depends on the field of applications. Although it is an applied statistics text,
some effort is made to give those interested readers the rationality of the
methods wherever possible.

It is suggested that the starred sections and starred problems be omitted
for a shorter term course or for a strictly application-oriented course. In addi-
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x Preface

tion, the following alternative sequences come to mind for even shorter
courses or for readers with different backgrounds and different interests.

(a) Chapter 1 (1.1 through 1.4), Chap. 3, Chap. 5 (5.1, 5.5, 5.6, 5.8),
Chap. 6 through Chap. 9.

(b) Chapter 4, Sec. 3.6, Chap. 5 (5.1, 5.5, 5.6, 5.8), Chap. 6 through
Chap. 9.

(c) Chapter 5 (5.1, 5.5, 5.6, 5.8), Chap. 6 through Chap. 9.

The author is indebted to various publishers for permission to reproduce
and adopt tables and figures as acknowledged in each table and figure. He is
grateful to the Literary Executor of the late Sir Ronald A. Fisher, F.R.S., to
Dr. Frank Yates, F.R.S., and to Longman Group Ltd., London, for permis-
sion to reprint Table III from their book, Statistical Tables for Biological,
Agricultural and Medical Research, (6th edition, 1974).

He also wishes to express his appreciation to Sara Sanders for preparing
the manuscript, and to many unnamed individuals, but particularly to
Barbara Hixon for making helpful comments and suggestions. Finally, the
author would like to thank the editorial staff of Prentice-Hall, Inc. for their
friendly cooperation in the production of this book.

St. Louis, Missouri Suna C. CHol
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Introduction

Statistics is the scientific method of collecting information in a form of
numerical data and drawing conclusions by analyzing the information. Con-
sider, for example, the following problems:

1. deciding whether or not a certain game is fair;

. estimating the number of fish in a lake;

. determining the unemployment rate;

. deciding whether or not a drug is effective;

. comparing mileage obtained using several different brands of gasoline;

. testing the possible relation between the length of the “life-line” on
the hand and life expectancy;

. deciding whether or not cigarette smoking causes cancer; or

8. estimating the yield of wheat for different amounts of a standard

fertilizer applied.

[= N, T N S S ]

[

In each of the above problems, the only practical scientific approach is to
perform some sort of experiment or survey and base the solution on the
information obtained. But what kind of information and how much? And
after we have the information, what do we do with it to solve the problem?
Statistics deals with answering these kinds of questions by specific techniques.

Statistics usually consists of four broad processes, although there are not
always clear boundaries between them: collection, organization, analysis of
numerical data, and the decision process.

Collecting data is the process of obtaining measurements or counts after
some sort of experiment or survey is conducted. Valid conclusions can result
only from properly collected data.

Organization of data is the process of preparing and presenting the col-
lected data in a form suitable for description as well as for further analysis.
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2 Introduction

Analysis of data is the process of performing certain calculations and
evaluations in order to extract relevant and pertinent information buried in
the data.

The decision process is the task of interpreting and reaching valid con-
clusions based on the analysis of the data and the mathematical theory of
probability. The analysis of data and the decision process form the main
portion of this book.



Random Variables and Probability

1.1 Introduction

In many scientific studies, we deal with experiments that are repetitive
in nature or that can be conceived as being repetitive. For example, if we
toss a coin ten times, we may want to know the chance that no head will
appear, one head will appear, two heads will appear, and so on. If a sample
of 100 electronic tubes is selected from a shipment and each tube is tested, it
may be desirable to estimate the proportion of defective tubes in the lot. In
a medical investigation, if the survival time of a group of sick mice receiving
a placebo and a second group receiving a certain medication is recorded, we
may want to examine the effectiveness of the treatment in terms of survival
time. These are illustrations of experiments that can be carried out actually
or conceptually. In the study of probability, we are concerned with the deriva-
tion of the laws and rules of chance related to the outcomes of experiments.

1.2 Sample Space, Random Variable, and Probability

Consider an experiment of tossing a coin. In the experiment, there are
only two possible outcomes, a head or a tail. It is convenient to represent
head and tail by certain letters, for example, H for head and T for tail,
although such letters can be arbitrary. For an experiment of rolling a die,
there are six possible outcomes, most conveniently represented as 1, 2, . . ., 6.

A point representing a possible outcome of a given experiment is called
a sample point, and the set of all sample points is called the sample space.
A numerically defined variable on a sample space is called a random variable.
To be precise, a random variable is a numerical function defined on each
element of the sample space. In practice, however, a random variable shall
be conceived as a numerical value assigned to each element.

3



4 Random Variables and Probability Ch.1

To be precise, let S = {e,, e,, . . ., e,} denote the sample space, with each
e, representing a sample point. A random variable X is defined by assigning
a real number x, to each element e, of S. Thus, we may write

X(e) = x,.

In practice, the random variable defined by an investigator depends on the
nature and purpose of the study and the criterion used, and it is usually
denoted simply by X instead of X(e,). Also, it is often called the variable for
the sake of simplicity.

Example 1.1 Consider the experiment of rolling a die. The sample points
can be conveniently represented by 1,2,...,6, and the sample space is
given by a set {1,2, ..., 6}. A random variable X can be defined as

X)=1XQ2)=2,..., X(6) = 6.

The relationship between the outcome and the random variable defined here
is clearly illustrated in Fig. 1.1.

Outcome of
experiment Value of random variable X
. X=1
. -
N X=2
o
o X=3
o 0
X=4
* e
.o. X=5
oo
$é xes

Fig. 1.1 Relationship between outcome and random variable

Alternatively, X can be defined as follows if one is concerned only as to
the outcome being an odd or an even number.
X(1)=X(3) = X(5) =0, and X(2) = X(4) = X(6) = 1,

or in many other ways. A



Sec. 1.2 Sample Space, Random Variable, and Probability 5

Example 1.2 As the second example, a random variable might be defined
as the number of heads appearing when two coins are tossed. Then, § =
{HH, HT, TH, TT}, and

X(H,H)=2, X(H,T) = X(T,H) =1, and X(T,T)=0. A

Example 1.3 Consider the survival time of mice with a certain disease.
The survival time can be any positive real number as is the sample point. The
sample space is continuous and is given by a set {t|0 < ¢ < T}, where T'is a
large real number. A random variable X can be defined as the survival time
of the animal itself; that is,

X)) =1t

Alternatively, it can be defined as
X(@) =0if 0 < ¢ < 5 days,
X(@) = 1if 5 <r< 18 days,
X(2) = 2if ¢t > 18 days,

and again in many other ways. A

Note that each outcome always determines one and only one value of
the random variable X, but a given value of X may correspond to more than
one outcome, although often assigned to only one outcome. Indeed, in many
situations, the outcome of the experiment is already in the numerical form
that we want to record and use as a random variable.

Returning to the sample space of an experiment, any subset of the sam-
ple space is called an event. The events shall be noted by capital letters, for
example, A4, B, etc. Suppose that the experiment related to the event A is
performed. Every sample point belongs to either A4 or not to the event A.
Only if the sample point belongs to A4, can the event A then be said to have
occurred. For example, for the experiment of rolling a die, let the event be
defined as 4 = {2, 4, 6}. Then, we say that the event 4 has occurred when
each roll of the die results in one of the three numbers, namely, 2, 4, and 6.

Given any event 4, it is natural to consider the event that 4 does not
occur, denoted by 4. Such an event is called the complement of A and con-
sists of all elements in the sample space which are not in A. For example, if
A = {2, 4, 6} in the experiment of rolling a die, then 4 = {1, 3, 5}.

As has been stated, the random variable, or simply the variable, is a
number assigned to the outcome of an experiment and, as might be expected,
there is a relation between the variable and an event. In brief, the variable can
define an event. Thus, sample points determined by {a < X <C b}, where X
is a variable and @ and b are real numbers, always constitute an event. For
example, {X = 2} in Example 1.2 determines the event that both coins show
heads, and {0 << X < 1} the event characterized by “at most one head.” In



6 Random Variables and Probability Ch.1

Example 1.3, if the variable X is defined by X = ¢, then {X > 3} defines the
event that the survival time of the animal is greater than three days, if day
was the time scale. In statistical analyses, we shall deal with the observed
values of X or the event defined by X. The main reason for, and advantage
in, defining the random variable should be clear to the reader: it is much more
convenient to work with a set of given numbers precisely defined on the out-
come of an experiment or observation than to work with the outcome itself.

Example 1.4 Consider the weight of couples. Let X and Y denote the
weights of a husband and wife, respectively. Each sample point is given by
(X, Y), X >0, Y >0, although in reality X and Y are bound by certain
values, and the sample space can be represented by the first quadrant of the
X, Y-plane. The event A, “wife is heavier than husband,” for example, is
given by the shaded region of Fig. 1.2.

Y

X

Fig. 1.2 Event A “Wife is heavier than husband”: X is weight of
husband and Y the weight of wife

Many random variables can be defined; for instance, the random vari-
able W can be the sum of a couple’s weights, that is, W = X + Y. Next,
the random variable D can be defined as the absolute difference between the
weights, | X — Y|. It is also true that both X and Y are random variables.
As a final example, let Z=1if X< Yand Z=0if X > Y. Then, Z is
clearly a random variable, and {Z = 1} is characterized by the event 4 of
Fig. 1.2. A

A basic and intuitive meaning of probability is most easily given when
the sample space consists of a finite number of sample points, and when each
sample point is equally likely to occur in a repetitive experiment. Suppose
we are interestsd in a certain event A as to the likelihood that the event will
occur in a single trial. The classical definition states: the probability of an
event A is the ratio of the number of sample points in 4 to the total number
of sample points. Thus, if P(4) denotes the probability of the event A4, and if



Sec. 1.3 Addition Theorem 7

n, and n denote the number of sample points in A and the total number of
sample points respectively, then

N4
P(A)z—n—- (1.1)

For example, consider again the experiment of rolling a fair die with the event
A defined as 4 = {2, 4, 6}. Since each of six numbers is equally likely to
appear in the experiment, P(4) = 3 = 1. Note that if a random variable is
defined as X(1) =1, X(2) =2,..., X(6) = 6, then P(4) = P(X = 2,4, or 6).
On the other hand, if it is defined as X (1) = X(3) = X(5) = 0 and X(2)
= X(4) = X(6) = 1, then P(4) = P(X = 1).

If the total number of sample points is infinite, the definition given by
(1.1) is, of course, not appropriate. More generally, we may define the prob-
ability of the event A as the relative chance or likelihood that 4 occurs in a
given experiment. This means roughly that the probability is the fraction of
times the event A occurs if the experiment is repeated a large number of times
under essentially identical conditions. This definition is somewhat ambigu-
ous, but the more exact and broad meaning of the probability will become
clear in the next chapter,

1.3 Addition Theorem

Suppose we have two events 4 and B. The event consisting of all sample
points contained in 4 or B, or both, is called the union of 4 and B: it is
written as

AU B.

The event consisting of all points contained in both 4 and B is called the
intersection of A and B: it is written

AN B.

In Fig. 1.3 the event 4 U B is represented by the unshaded plus the
shaded regions of 4 and B, while the event 4 N B is given by the shaded
region only. Such a figure is known as a Venn diagram.

Fig. 1.3 Two events 4 and B within sample space S



