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PREFACE

The papers presented in this volume were contributed by participants in
the U.S.-Japan Seminar on Fuzzy Sets and Their Applications, held at the
University of California, Berkeley, in July 1974. These papers cover a broad
spectrum of topics related to the theory of fuzzy sets, ranging from its mathe-
matical aspects to applications in human cognition, communication, decision-
making, and engineering systems analysis.

Basically, a fuzzy set is a class in which there may be a continuum of
grades of membership as, say, in the class of long objects. Such sets underlie
much of our ability to summarize, communicate, and make decisions under
uncertainty or partial information. Indeed, fuzzy sets appear to play an essen-
tial role in human cognition, especially in relation to concept formation, pat-
tern classification, and logical reasoning.

Since its inception about a decade ago, the theory of fuzzy sets has
evolved in many directions, and is finding applications in a wide variety of
fields in which the phenomena under study are too complex or too ill defined
to be analyzed by conventional techniques. Thus, by providing a basis for a
systematic approach to approximate reasoning, the theory of fuzzy sets may
well have a substantial impact on scientific methodology in the years ahead,
particularly in the realms of psychology, economics, law, medicine, decision
analysis, information retrieval, and artificial intelligence.

The U.S.-Japan Seminar on Fuzzy Sets was sponsored by the U.S.-Japan
Cooperative Science Program, with the joint support of the National Science
Foundation and the Japan Society for the Promotion of Science. In organizing
the seminar, the co-chairmen received considerable help from J.E. O’Connell
and L. Trent of the National Science Foundation; the staff of the Japan Soci-
ety for the Promotion of Science; and D.J. Angelakos and his staff at the
University of California, Berkeley. As co-editors of this volume, we wish also to
express our heartfelt appreciation to Terry Brown for her invaluable assistance
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in the preparation of the manuscript, and to Academic Press for undertaking its
publication.

For the convenience of the reader, a brief introduction to the theory of
fuzzy sets is provided in the Appendix of the first paper in this volume. An
up-to-date bibliography on fuzzy sets and their applications is included at the
end of the volume.
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CALCULUS OF FUZZY RESTRICTIONS

L. A. Zadeh*

Department of Electrical Engineering
and Computer Sciences
University of California
Berkeley, California 94720

ABSTRACT

A fuzzy restriction may be visualized as an elastic con-
straint on the values that may be assigned to a variable. In
terms of such restrictions, the meaning of a proposition of
the form ''x is P,' where x is the name of an object and P is
a fuzzy set, may be expressed as a relational assignment
equation of the form R(A(x)) = P, where A(x) is an implied
attribute of x, R is a fuzzy restriction on x, and P is the
unary fuzzy relation which is assigned to R. For example,
"'Stella is young,' where young is a fuzzy subset of the real
line, translates into R(Age(Stella))= young.

The calculus of fuzzy restrictions is concerned, in the
main, with (a) translation of propositions of various types
into relational assignment equations, and (b) the study of
transformations of fuzzy restrictions which are induced by
linguistic modifiers, truth-functional modifiers, composi-
tions, projections and other operations. An important appli-
cation of the calculus of fuzzy restrictions relates to what

might be called approximate reasoning, that is, a type of

reasoning which is neither very exact nor very inexact. The

*This work was supported in part by the Naval Electronics
Systems Command, Contract N00039-75-0034, The Army Research
0ffice, Grant DAHCO4-75-G-0056, 6and the National Science
Foundation, Grant GK-43024X.
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main ideas behind this application are outlined and illustra-

ted by examples.

I. INTRODUCTION

During the past decade, the theory of fuzzy sets has
developed in a variety of directions, finding applications in
such diverse fields as taxonomy, topology, linguistics, auto-
mata theory, logic, control theory, game theory, information
theory, psychology, pattern recognition, medicine, law, deci-
sion analysis, system theory and information retrieval.

A common thread that runs through most of the applica-
tions of the theory of fuzzy sets relates to the concept of a

fuzzy restriction - that is, a fuzzy relation which acts as an

elastic constraint on the values that may be assigned to a
variable. Such restrictions appear to play an important role
in human cognition, especially in situations involving con-
cept formation, Pattern recognition, and decision-making in
fuzzy or uncertain environments.

As its name implies, the calculus of fuzzy restrictions

is essentially a body of concepts and techniques for dealing
with fuzzy restrictions in a systematic fashion. As such, it
may be viewed as a branch of the theory of fuzzy relations,
in which it plays a role somewhat analogous to that of the
calculus of probabilities in probability theory. However, a
more specific aim of the calculus of fuzzy restrictions is to
furnish a conceptual basis for fuzzy logic and what might be

called approximate reasoning [1], that is, a type of reason-

ing which is neither very exact nor very inexact. Such rea-
soning plays a basic role in human decision-making because it
provides a way of dealing with problems which are too complex

for precise solution. However, approximate reasoning is more
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than a method of last recourse for coping with insurmountable
complexities. It is, also, a way of simplifying the perfor-
mance of tasks in which a high degree of precision is neither
needed nor required. Such tasks pervade much of what we do
on both conscious and subconscious levels.

What is a fuzzy restriction? To illustrate its meaning
in an informal fashion, consider the following proposition

(in which italicized words represent fuzzy concepts):

Tosi is young (1.1)
Ted has gray hair (1.2)
Sakti and Kapali are approximately equal

in height. (1.3)

Starting with (1.1), let Age (Tosl) denote a numerically-
valued variable which ranges over the interval [0,100]. With
this interval regarded as our universe of discourse U, young
may be interpreted as the label of a fuzzy subset! of U which

is characterized by a compatibility function, “xoung’ of the

form shown in Fig. 1.1. Thus, the degree to which a numerical
age, say u = 28, is compatible with the concept of young is
0.7, while the compatibilities of 30 and 35 with young are 0.5
and 0.2, respectively. (The age at which the compatibility
takes the value 0.5 is the crossover point of XEEES:) Equiva-

lently, the function Hyoung May be viewed as the membership
function of the fuzzy set young, with the value of Hyoung 2t
u representing the grade of membership of u in young.

Since young is a fuzzy set with no sharply defined boun-
daries, the conventional interpretation of the proposition
'"Tosi is young,'

young men,'' is not meaningful if membership in a set is

' namely, '"Tosi is a member of the class of

IA summary of the basic properties of fuzzy sets is presented

in the Appendix.
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Figure 1.1 Compatibility Function of young.
interpreted in its usual mathematical sense. To circumvent
this difficulty, we shall view (1.1) as an assertion of a
restriction on the possible values of Tosi's age rather than
as an assertion concerning the membership of Tosi in a class
of individuals. Thus, on denoting the restriction on the
age of Tosi by R(Age(Tosi)), (1.1) may be expressed as an
assignment equation

R(Age(Tosi)) = young (1.4)
in which the fuzzy set young (or, equivalently, the unary
fuzzy relation ZQ&EEQ is assigned to the restriction on the
variable Age(Tosi). In this instance, the restriction

R(Age(Tosi)) is a fuzzy restriction by virtue of the fuzzi-

ness of the set young.
Using the same point of view, (1.2) may be expressed as
R(Color (Hair(Ted))) = gray (1.5)
Thus, in this case, the fuzzy set gray is assigned as a value
to the fuzzy restriction on the variable Color(Hair(Ted)).

In the case of (1.1) and (1.2), the fuzzy restriction
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has the form of a fuzzy set or, equivalently, a unary fuzzy
relation. In the case of (1.3), we have two variables to
consider, namely, Height(Sakti) and Height(Kapali). Thus, in
this instance, the assignment equation takes the form
R(Height(Sakti), Height(Kapali)) = approximately equal
(1.6)

in which approximately equal is a binary fuzzy relation

characterized by a compatibility matrix Mapproximately equal

(u,v) such as shown in Table 1.2.

Table 1.2. Compatibility matrnix of the fuzzy
ReLation approximately equal.

u N 5'6 5'8 5'10 6 6'2 6'4
5'6 1 0.8 0.6 0.2 0

5'8 0.8 L 0.9 0.7 0.3 0

5'10 0.6 0.9 1 0.9 0.7 0

6 0.2 0.7 0.9 1 0.9 0.8
6'2 0 0.3 0.7 0.9 1 0.9
6'4 0 0 0 0.8 0.9 1

Thus, if Sakti's height is 5'8 and Kapali's is 5'10, then the
degree to which they are approximately equal is 0.9.

The restrictions involved in (1.1), (1.2) and (1.3) are
unrelated in the sense that the restriction on the age of
Tosi has no bearing on the color of Ted's hair or the height
of Sakti and Kapali. More generally, however, the restric-
tions may be interrelated, as in the following example.

uis small (1.7)

u and v are approximately equal (1.8)

In terms of the fuzzy restrictions on u and v, (1.7)

and (1.8) translate into the assignment equations
R(u) = small (1.9)
R(u,v) = approximately equal (1.10)
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where R(u) and R(u,v) denote the restrictions on u and (u,v),
respectively.

As will be shown in Section 2, from the knowledge of a
fuzzy restriction on u and a fuzzy restriction on (u,v) we
can deduce a fuzzy restriction on v. Thus, in the case of
(1.9) and (1.10), we can assert that

R(v) =R(u) e R(u,v) =small oapproximately equal (1.11)

where o denotes the composition2 of fuzzy relations.
The rule by which (1.11) is inferred from (1.9) and

(1.10) is called the compositional rule of inference. As

will be seen in the sequel, this rule is a special case of a
more general method for deducing a fuzzy restriction on a
variable from the knowledge of fuzzy restrictions on related
variables.

In what follows, we shall outline some of the main ideas
which form the basis for the calculus of fuzzy restrictions
and sketch its application to approximate reasoning. For
convenient reference, a summary of those aspects of the
theory of fuzzy sets which are relevant to the calculus of

fuzzy restrictions is presented in the Appendix.

2. CALCULUS OF FUZZY RESTRICTIONS

The point of departure for our discussion of the calcu-
lus of fuzzy restrictions is the paradigmatic proposition]
p - x is P (2.1)

which is exemplified by

2If A is a unary fuzzy relation in U and B is a binary fuzzy

relation in U x V, the membership function of the composi-
tion of A and B is expressed by Hp o B(v) = V,(up(u) Aug(u,v)
where V, denotes the supremum over u € U. A more detailed
discussion of the composition of fuzzy relations may be
found in [ZA and [3].

The symbol £ stands for ''denotes'' or 'is defined to be.'



FUZZY SETS AND THEIR APPLICATIONS

x is a positive integer (2.2)
Soup is hot (2.3)
Elvira is blond (2.4)

If P is a label of a nonfuzzy set, e.g., P 4 set of
positive integers, then '"x is P,' may be interpreted as ''x
belongs to P,'" or, equivalently, as '"x is a member of P."

In (2.3) and (2.4), however, P is a label of a fuzzy set,
i.e., P é hot and P 2 blond. In such cases, the interpreta-
tion of 'x is P,'" will be assumed to be characterized by what

will be referred to as a relational assignment equation.

More specifically, we have
Definition 2.5 The meaning of the proposition
p £ yisp (2.6)

where x is a name of an object (or a construct) aid P is a

label of a fuzzy subset of a universe of discourse U, is ex-
pressed by the relational assignment equation
R(A(x)) =P (2.7)

where A is an implied attribute of x, i.e., an attribute

which is implied by x and P; and R denotes a fuzzy restric-
tion on A(x) to which the value P is assigned by (2.7). In
other words, (2.7) implies that the attribute A(x) takes
values in U and that R(A(x)) is a fuzzy restriction on the
values that A(x) may take, with R(A(x)) equated to P by the
relational assignment equation.

As an illustration, consider the proposition 'Soup is
hot." In this case, the implied attribute is Temperature and
(2.3) becomes

R(Temperature (Soup)) = hot (2.8)
with hot being a subset of the interval [0,212] defined by,
say, a compatibility function of the form (see Appendix)

ubgﬁfu) = S(u; 32,100,200) (2.9)

Thus, if the temperature of the soup is u = 100°, then the
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degree to which it is compatible with the fuzzy restriction
hot is 0.5, whereas the compatibility of 200° with hot is
unity. It is in this sense that R(Temperature(Soup)) plays
the role of a fuzzy restriction on the soup temperature which
is assigned the value hot, with the compatibility function of
hot serving to define the compatibilities of the numerical
values of soup temperature with the fuzzy restriction hot.

In the case of (2.4), the implied attribute is
Color(Hair), and the relational assignment equation takes
the form

R(Color(Hair(Elvira))) = blond (2.10)

There are two important points that are brough out by
this example. First, the implied attribute of x may have a
nested structure, i.e., may be of the general form

AA O A (A (X)) -ll))s (2,11)

and second, the fuzzy set which is assigned to the fuzzy
restriction (i.e., blond) may not have a numerically-valued

base variable, that is, the variable ranging over the uni-

verse of discourse U. In such cases, we shall assume that

P is defined by exemplification, that is, by pointing to spe-

cific instances of x and indicating the degree (either numeri-
cal or linguistic) to which that instance is compatible with
P. For example, we may have ublond(J“"e) = 0.2,
Uplond(Jurata) = very high, etc. In this way, the fuzzy set
EEEEET}S defined in an approximate fashion as a fuzzy subset
of a universe of discourse comprised of a collection of in-
dividuals U = {x}, with the restriction R(x) playing the

role of a fuzzy restriction on the values of x rather than

on the values of an implied attribute A(x).2 (In the sequel,

2A more detailed discussion of this and related issues may
be found in [3], [4] and [5].



