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CHAPTER O

Introduction

0.1 The partial differential equation

(1) (Au)(z) = 3 aa(2)(D*u)(z) = f(z)

o <2m

is called elliptic on a set G, provided that the principal symbol

arm(z,€) = D ao(z)E"

|x|=2m

of the operator A is invertible on G x (R™\ 0); A is called elliptic on
G, too. This definition works for systems of equations, for classical
pseudodifferential operators (¢do), and for operators on a manifold .
Let us recall some facts concerning elliptic operators.
If Q is closed, then for any s € R?,

A: H(Q;C) — H7™(;C)
is Fredholm and the following a prior: estimate holds
(2) [ fls< e(s)(ll Aw [la-zm + || w [[s-1)-

1
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Ifm > 0and A : C®(0C) — Ly(QC) is formally self — adjoint
with respect to a smooth positive density, then the closure Ao of A is
a self — adjoint operator with discrete spectrum and for the distribu-
tion functions of the positive and negative eigenvalues (counted with

multiplicity) of Ao one has the following Weyl formula: as t — 00,

(3) Na(t, Ao) ~ (2m)7" [ Ni(t, aam(2,€)) ddé =

= /2™ [f Ni(1,asm(z,€)) dedt

T*(\0
(on the right hand side, Ni(t,asm(z,&))are the distribution functions
of the matrix asm(z,€) : C° — C°).
We now assume that 2 is a compact manifold with the boundary

I' = 9Q of the class C'*™ and A is an elliptic differential operator on )

of order 2m. Let us consider a boundary value problem of the form
(4) Au=f onQ, Bju=g; onT, 1<3<m,

where B, is a differential operator of order m; < 2m (1 <j<m). The

operator

A:C°(Q) > ur (Au, Biu|r,...,Bnul,) €

€ C*(2) ® C=(I;C™)

of the problem (4) is called elliptic, provided that both the principal
symbol of A (now called the principal interior symbol of the boundary
value problem (4) and operator ) and the principal boundary symbol
of the boundary value problem (4) and operator 2 are invertible. The
latter is the family a(a’,¢’) ((z',¢’) € T*T \ 0)of boundary value prob-
lems on half - axis. If the boundary value problem (4) is elliptic and

s> m; + % for all 5, then 2 admits a unique continuous extension

A, H(Q) — H*™(Q) @ H ™ 3(T).

1<5<m
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2, is Fredholm and the following analogue of (2) holds
I w < e(8)(ll Aw llomzm + D Il Bl lym;—3 + [l @ [ls-)-
1<j<m
Let A : CP(Q;C") — Ly(9;C°) be formally self — adjoint with respect
to a smooth positive density and let A be a self — adjoint extension of
A with the domain D(Ag) such that

B*™(Q,C°) C D(Ay) C H™(Q,C).

Then (3) holds (in fact, essentially weaker conditions on {2 and
D(Ay) suffice).

The aim of the book is to study how all these statements change
when the ellipticity condition fails.

For operators on closed manifold this means that as, 1s not in-
vertible on a conical submanifold ¥ C T*Q \ 0, and for operators on a
manifold with the boundary that either az,, is not invertible on a conical
submanifold & C T"Q\0 (usually, one considers the case ¥ = (T*Q\0)r,
where T; C T, or the principal boundary symbol 2(z’,£’) is not invert-
ible for some (z’,£') € T*I'\0). In the book, we consider the first type of
violation of the ellipticity condition; such operators and corresponding
equations are called degenerate elliptic on 2. Note that the studying
of boundary value problems can be reduced to that of operators on r,
the former being elliptic iff the latter are (see, for instance, Section 20.4
in Hormander [7] and Section 4.2 in Rempel and Schulze [1]). There-
fore, the results of the book imply some results on degenerate elliptic
boundary value problems for elliptic operators as well.

Degenerate elliptic equations arise in the theory of shells, in the
theory of Brownian motion and in many other problems of mathemat-
ical physics and mechanics. Changes of variables allow to reduce any
equations in unbounded domains and in domains with singularities of
the boundary to degenerate elliptic equations.

There are too many essentially different types of degeneration,

therefore the universal classification of degenerate elliptic operators
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seems to be impossible. Nevertheless, in the case of sufficiently reg-
ular degeneration on the boundary of a bounded domain it appears to
be possible to clarify which are the general properties that different
classes of degenerate elliptic operators have in common and which of
these classes are essentially different - both from the point of view of
symbols describing operators and methods of investigation. This book
is devoted to the study of such classes of differential operators and some
related classes of v do.

0.2. The investigation of degenerate elliptic equations could be car-
ried out along the same lines as that of elliptic equations (and many
others) but the comprehensive investigation would make the book volu-
minous. We consider conditions for operator to be Fredholm in appro-
priate weighted Sobolev spaces, deduce a priori estimates of solutions,
prove inequalities of Garding type and compute the principal term of
the spectral asymptotics for self - adjoint operators. In addition, for a
class of boundary value problems for degenerate elliptic operators de-
generating on the boundary into elliptic operators of different orders,
the analogue of the Boutet de Monvel calculus (Boutet de Monvel [1],
Rempel and Schutze [1]) is developed and the index is computed.

The conditions for operators to be Fredholm are formulated in terms
of invertibility of the set of symbols associated with the operator under
consideration. The type of this set determines the type of the oper-
ator. It is shown that the coefficients in the asymptotic formulae for
distribution of eigenvalues are expressed in terms of these symbols.

One of the main distinctions between elliptic equations and degen-
erate elliptic ones is the dependence of the number and the type of
boundary conditions on the character of degeneration. In the book,
we distinguish the classes that do not require boundary conditions and
consider the question about the number and the type of boundary con-
ditions for operators of other classes. For degenerate elliptic operators
on closed manifold, we consider the case when it is necessary to pose “in-

terior boundary conditions” on the submanifold of degeneration. The
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latter type of degeneration concerns hypoelliptic pseudodifferential op-
erators as well.

The computation of the spectral asymptotics is based on two general
schemes, one of which (the formal scheme of computing of spectral
asymptotics) plays the same part as the classical Weyl formula (3)
does in regular situations.

0.3. We start in Section 1.1 with formulations of definitions and
theorems of the Weyl - Hormander calculus of ¢do in the form suggested
in Levendorskii [1]. Unlike the calculus in the book Hérmander [7], here
the order of operator is determined by two operator - valued functions.
The calculus of Section 1.1 serves as a model for construction of the
calculus of 9y do with double symbols in Section 1.2. This calculus allows
one to study differential operators in the case of the strong degeneration
on the boundary by means of the methods of general theory of ¥»do and
to reduce the investigation of wide classes of degenerate operators to
that of four model classes.

General classes are investigated in Chapters 3-5; model ones are
investigated in Chapter 2, where rather simple methods are used. In
particular, in order to be able to read Chapter 2, one only needs to be
acquainted with the theory of elliptic ¥/do on closed manifold and with
that on R™.

In Chapter 6, the method of Chapter 3 is used to prove the Garding
inequality for degenerate elliptic quadratic form (or, equivalently, for
degenerate elliptic differential operators in divergent form). We need
this inequality to compute spectral asymptotics in Chapter 10.

In Chapter 7, ¥ do of varying order on a closed manifold are consid-
ered. Hypoellipticity conditions are given and the dependence of solu-
tions on smoothness of data is investigated. For the sake of brevity, we
do not formulate local and microlocal results on hypoellipticity (cf., e.g.,
Chapter 22 in Hormander [7]). Instead, we construct pairs of weighted
Sobolev spaces in which operators under consideration are Fredholm.

In some cases, when the hypoellipticity conditions fail, we obtain well



6 Introduction

- posed problems by introducing “interior boundary value problems”.

Chapter 8 shows that wide classes of degenerate elliptic operators
possess almost all the properties of elliptic ones. In this Chapter, we
define the class of 1) do of varying order with the transmission property
and for these operators, we construct an algebra of boundary value
problems. This algebras contains parametrices and inverses of operators
of boundary value problems for classical ¥)do that are hypoelliptic on Q
and strongly degenerate on the boundary into elliptic operators. The
existence of such an algebra allows to compute indices of boundary
value problems for degenerate elliptic operators (and investigate their
functions, the resolvent being an example, but the volume of the book
does not allow to do this).

Algebras of ido, related to degenerate elliptic operators of other
types, are discussed in a brief review of bibliography.

Chapters 9 - 11 are devoted to the investigation of spectral asymp-
totics. Chapter 9 is auxiliary. In this Chapter, two - side estimates for
the number of negative eigenvalues of an operator depending on pa-
rameter are obtained, and a general method based on these estimates,
for computation of spectral asymptotics of wide classes of degenerate
elliptic operators is given. The latter includes sets of formulas which
plays the same part as the classical Weyl formula (3) does in regular
situations.

In Chapter 10, spectral asymptotics for wide classes of degenerate
elliptic differential operators are computed, and in Chapter 11, the same
is done for self - adjoint hypoelliptic ¥»do with multiple characteristics.

0.4. In the book, the use is made of general methods of the theory
of pdo. This allows to study equations of arbitrary order. Neverthe-
less, many results of the book had not been considered in the previous
books even in the case of second order operators. These results in-
clude classification of the types of degeneration, the interior boundary
value problems for hypoelliptic operators with multiple characteristics,

the spectral asymptotics for all types of degenerate elliptic operators
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and hypoelliptic ¥do with multiple characteristics. The L,-theory of
boundary value problems for elliptic degenerate operators, the calculus
of ¢do with the double symbols and the analogue of the Boutet de
Monvel calculus are also new.

Some simplest classes of degenerate elliptic operators had been stud-
ied in Chapters 6,7 of the book Triebel [1] and operators of second order
had been considered in book Oleinik and Radkevic [1] The results of
Sections 7.2, 7.3 are generalizations of the well - known results on ¥do
with double characteristics (see e.g., books Hormander [7], Taylor [1]).

The results of Chapter 9 are essentially contained in book Leven-
dorskii [1] and so is a part of results of Subsection 10.2.4 (namely, the
ones on isotropic degeneration). The latter book is devoted to spectral
asymptotics but in it four types of degeneration are not distinguished,
hypoelliptic ®»do with double characteristics are not investigated and
conditions are formulated in terms of more complex symbols. On the
other hand, in op.cit. more general model classes were studied.

0.5. There are three main circles of subjects studied in the book,

namely:

1. Investigation of the Fredholm property, a priori estimates and
analogues of Garding inequality for wide classes of degenerate

elliptic differential operators (Chapters 2-6);
2. The same for hypoelliptic ¥do (Chapters 7,8);

3. Computation of spectral asymptotics (Chapters 9-11).

Chapter 1 may be considered as an auxiliary one.

The kernel of the discussion of the first circle of problems is Chapter
2 where simple methods are used. Nevertheless, this Chapter allows to
understand what the main properties of degenerate elliptic operators
are and what are the main distinctions between various classes of these

operators .



