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NOTATIONS

A
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§1,3
§2
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§1

§1
§1

k field
*
W the dual of the k-vektor space W
k[i] = K[x],...,xn]
En the projective n-space
mg the maximal ideal of a local ring S
A
S the completion of the local ring S
X the category of local artinian k-algebras with residue field k
A
2 N the category of local artinian H -algebras with residue field k
H
gr the category of groups
- ® - = - ®k -
R = Spec R, R a commutative ring
Deri(A) the continuous derivations of a complete local k-algebra
DefX the deformation functor of X
at the generalized André cohomology (see [La 1]
Ht the André cohomology for algebras (see [An],[La I]
i ix A
T Symk(A ) (see [La 1]
A
H the formal moduli of X, i.e. the (prorepresenting) hull
of DefX
A . A
H, the prorepresenting substratum of H
A . . A
E(n) the n-th equicohomological substratum of H
A A .
T: X *>H the formal versal family

autg(x8s) = {¢6AutS(X@S)|¢@gk=1}, S in &

autX the group-functor defined by autX(S) = auts(X@S)
A A .
aut (X'® R) = {¢€AutR(X ® AR)|¢®Rk=I}, R in 2
H H
A
autXA the group-functor defined by autXA(R) = autR(X ®HAR)

A A
aut (H @R) = {¢€Aut (H ®R)|¢(EHA®R) c EHA®R}

aut

L
n

A

H

A
the group-functor defined by autHA(R) = autR(H ®R)

N
the subgroup-functor of autHA leaving = invariant
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1nA = iX the subgroup-functor of I A inducing the identity on X
= ~ Y

A
2(m ) its Lie algebra

a

X - H an algebraization of the formal versal family

X(t) = n (t) for t €H

EO the prorepresenting substratum of H
Zu > H the versal p-constant family
—p
g, Derk(H) > AI(H,i,ON) the Kodaira-Spencer map of the family
X
T oz i >+ H

V=V(1t),Vu the kernel of the Kodaira-Spencer map

{S } the flattening stratification of the H-module

Al(H,X,0 )
X

} the local moduli suite
um(f) the p-modality of f
K(t) the matrix presenting Vu = Derk( Hu)

L(t) the linear part of K(t)
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§3
§3
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INTRODUCTION

The purpose of this monograph is to contribute towards a better
understanding of the local moduli problem in algebraic geometry.

Let k be a field, and let X be an algebraic object, say a
projective k-scheme.

The local moduli problem may then be phrased as follows. Describe
the set of isomorphism classes of objects X' occuring as "arbitrary
small deformations" of X.

In practice this means to define a natural filtration on the set
of these isomorphism classes, such that each subset of the filtration
may be given an algebraic structure, say as a k-scheme or, more gene-
rally, as an algebraic space. We shall refer to any such, natural, fil-

tration {MT} as a local moduli suite of X.

This done, one would like to find the local structure of these new
objects, their dimensions etc.

our approach starts with a study of the formal moduli
EA = Spf(HA) of X, see §1 and §2.

Recall that the tangent space of EA is isomorphic to Al(k,X,OX),
the first generalized André-Quillen cohomology of X, see e.g. [La 1].
(We are painfully aware of the fact that these cohomology groups usually
are denoted by T(X), and are refered to as the cohomology of the cotan-
gent complex. There are, however, good reasons not to adhere to this
practice. Just look into the deformation theory for modules or Lie alge-
bras.)
put t(X) = dim Al(k,x;ox).

In §1 we prove that there is a unique maximal closed sub-proscheme
gA = Spf(Hg) of EA for which the obvious composition of natural

0
transformations

( i\ ) ( A ) £
M H_ ,- > M H ,- > D
or o’ or ’ e X

i g ; AL . A
1s 1njective. EO is the prorepresenting substratum of H .

In §2 we study the group functor l(nA) of those automorphisms of e

A
that leave the formal versal family invariant, and we prove that EO is
: . . . A A

the fixed proscheme of the action of its Lie algebra 2(m" ), on H .

Consider now the following conditions, see the introduction to §3,
(Al) There exists an algebraization

e i + H = Spec(H)



of the formal versal family
(V) =n is formally versal (see definition (3.6)).
(A2) n is versal in the étale topology.
In §3 we prove that, under the condition (A]) and a set of conditions,
(v'), implying in particular (V) and the smoothness of H, there

exists a prorepresenting substratum EO of H, the formalization of

which at each closed point t € H is the corresponding prorepresenting

{0}
substratum of the formal moduli of X(t) = n (t).

In fact, let V denote the kernel of the Kodaira-Spencer map
o 1 - O~
gz Derk(H) > A (H,X,Ox)

then V is a k-sub Lie algebra of Der(H), such that the formalization
coincides with R(nA). EO is defined by the vanishing of V. Using this
we prove, by glueing together the prorepresenting substrata of the ver-
sal bases corresponding to the various fibers of =, the Theorem (3.18)
which asserts the existence of a local moduli suite {ET}, in the cate-
gory of algebraic spaces, provided (A]), (V') and (A2) hold.

Put for every t € H, t(t) = 1(X(t)). Then the main result of §3 may

be phrased as follows, see Theorem (3.24): Let §T be the t-constant

substratum of H. Then there exists a scheme theoretic quotient of an
open dense subscheme QT of the normalization of §1 by the action of
the Lie algebra V, and a quasifinite dominant morphism QT/V > MT.

The rest of this monograph is concerned with hypersurfaces and

hypersurface singularities, see §§4-7.

To illustrate the main ideas of these paragraphs, let us consider a
plane affine curve defined by f ¢ k[x],xz], with only isolated singula-
rities.

Put X = Spec(k[x],x2]/(f)). The cohomology at = Al(k,X;OX) is, in

of of i
this case A% = Der (k[x ,xz]/(f)), A] = k[x],xz]/(f,g;— ——), Al= 0
1

’
k 1 ax2

A
for i > 2. The formal moduli is therefore H = k[[ta]]aEI where I C Zi

a a ==

is such that {x ]x 2} is a basis for A].
1 72 (a],a2)€I

There exists an algebraization

e i > H



of the formal versal family of X, with H = Spec(H), H = k[ta]aél’

X = Spec(H[xl,xz]/(F)), F = f+ E t x
€

Thus (A]) is satisfied. Since X is also a hypersurface F, we find:

~ OF 0 .
(2) Al(a,x;o0z) = H[x ,x ]/(F.———,—E— is an H-module of finite type
X 1772 bx] ©x2
(3) AT(H,X;05) =0 for i > 2
Together with the obvious,
(1) H is k-smooth
these properties show that the conditions (V') refered to above, are
satisfied.

However, the condition (A2) is not in general satisfied. In fact,

0’ 27té+4t$ + 0, is not constant even

though every fiber is smooth and therefore rigid.

as we know, the family x3+y2+tlx+t

Consequently we may not use the technique of §3 to produce a local
modulil suite for X. The conclusions of (3.18) and (3.24) are, in fact,
false in the affine case.
1/(£)), we

If, however, instead of the affine scheme Spec(k[x ' X

1772

consider the formal scheme
X = Spf(k[[x],xz]]/(f))

we are in a much better situation.

The correct cohomology in this case is easily computed. We find
0 _ e
AV = Derk(k[[x],xz]]/(f))

bf 2f
ax] bxz

al (x],xz)/(xl,xz)'( )+ (£)

at =0, 1i52

As in the affine case, there is an algebraization of the formal
moduli, with H and F defined by the same formulas as above. The only
difference is that now all the conditions (A]), (V') and (A2) are
satisfied. Therefore we may apply the method of §3 to produce a local
moduli suite for X.

Consider the Kodaira-Spencer morphism

g: Der, (H) ~» Al(H,i;oi)

k



5} , .
g(at is the class of in

|_

~ OF OF
AL(H,X;05) = (x %) sH[[x .x, 1]/ (x %) (5= ) +(F).
X X, 6x2
The kernel V of g 1is easily seen to be a k-Lie subalgebra of
Derk(H).
Let H := Eo(f) be the closed subscheme of H on which V van-

ishes. H is the prorepresenting substratum of H and forms the "inner

room", !T(f) of the local moduli suite of X.
Recall the definitions of the Tjurina number

of 6f

W£) = dim (k[[x,.x, ]1/(£,5—
p

——)) and, the Milnor number pu(f) =

dim (k[[xl,x 11/ ¢ —£— 35—)), associated to the singularity f.
I 2

Consider for every 1, 0 < 1 < 1(f), the subscheme of H

s = lteH[w(F(r)) =1}

Theorem (3.18) implies the existence of a cartesian square in the cate-

gory of algebraic spaces

*

X

T T

(0) ntl .
S

where m_ is the restriction of n to S , and M is a glueing to-
=& =

gether of the prorepresenting substrata gO(F(E)) for t ¢ §T. The

family {M }

is, by definition, the local moduli suite of X
=1 0<t<T(f)

(or £).
This notion is justified by the following facts
(1) ET is flat

(2) If the restriction of T to a connected subscheme K = gr is

constant, then K 1is a closed point.

Theorem (3.24) implies that there exists an open dense subscheme QT

of the normalization of S , and a geometric quotient N_ = QT/VT to-

gether with a dominant quasifinite morphism



Here we use the fact that §T is stable under V, and we have put

vV =V|s .
T T
The example f = x$+xél, treated extensively in §5 and §7, shows
that we may not in general assume HT = §T. In fact, in this example
§35/V35 does not exist as a geometric gquotient.

In §§4 to 7 we restrict to the quasihomogeneous case, and we change

our setting slightly by fixing the topological type of the deforma-

tions.
Let gp = {teH|n(F(t))=n(£f)}, and put §u1 =5 Eu' Notice that
S is open and dense in H , where <t . = min{<(F(t))|teH }.
ST =u min =7 =y
min
Put also ﬂu.r = UT(§“T)_ Then {MHIT}Tmin<T<T(f) is the local up-con-

stant moduli suite of X.

In §4 we compute the restriction of V to H . Using this we are
v

able in §5 to compute the dim M , and to prove
M, T
min
a a,
Theorem (5.1): If £ = x, + X, then:

dim M 2...2 dim gl > dim M >...> dim M

U, T W, T w, t+1 —u,t(£f)

min

This result shows in particular, that the generic p-constant defor-
mation of f represents (a component of) the generic isomorphism class
of deformations of f. The example f = x?+x;0+x;9, treated in §5, shows

that the above result is not true in higher dimensions!

In §6 we turn to the study of M . The main result is:
=0, T .
min

Theorem (6.1). Let f = x +x22 with (a],az) = 1, then there exists a
geometric quotient T =8 /V  which is a coarse moduli scheme
"min Hr Tmin

for plane curve singularities with semigroup I' = <ajsay’ and minimal
Tjurina number.

This result has been generalized to any quasihomogeneous plane curve
singularity, by B. Martin and these authors, see [L-M-P ].

Finally, in §7 we treat the example f = x> + y11 in detail, and in

§8 we add an algorithm for computing the Kodaira-Spencer kernel V for

plane curves.



The main results are also summed up in the introductions to each
paragraph.

This monograph is the outgrowth of a collaboration between the two
authors during the last 5 years. A first, very sketchy version appeared
in 1983 |La-Pf ].

Many authors have previously treated the same subject, see e.g.
Merle [Me ], Teissier [Z ], Washburn [Wash ], and Zariski [Z]. In particu-
lar Zariski in his lecture notes [z ], published in 1973, laid the foun-
dations to the study of hypersurface singularities in the algebroid
sense. Obviously, his results have influenced upon our work, even
though our methods are quite different, and our goals seemingly some-
what wider.

It should be explicitly mentioned that Palamodov in [Pal] studied
the notion of prorepresenting substratum (§1), and that Saito in [S],
has the same calculation as we obtain in §4, of the kernel of the
Kodaira-Spencer map. These ideas are, however, part of the folklore of
the last decades, nourished by the work of Grothendieck, Mumford, Artin
and Schlessinger, and were at the origin of one of the authors interest

in this subject, see [Lal ].

We have profited a lot on discussions with our colleages at Berlin

and Oslo.

In particular we would like to thank Dr. Bernd Martin for his con-
tribution to §§6-8.

We are deeply indebted to Randi Mgller and Inger Jansen for their
skill and really infinite patience in typing the manuscript.

Finally, we are grateful for the financial support by the Humboldt-
Universitdt zu Berlin, DDR, by the University of Oslo, Norway, and by

the Norwegian Research Council, NAVF.

Given an algebraically closed field k of characteristic zero, we
shall, throughout §1-§3 be concerned with an algebraic object X such

as
Example 1. X = ¢, a small category of k-schemes. Put

A =24 (k,c,0), i>0, see [La 1 ].



Example 2. X = Spec(A), A any k-algebra with isolated singulari-

ties. In particular, we shall be interested in the case where A =

kLXl,...,xn]/(f) is a hypersurface. In this case
. , of of
0 = Lo A S
A = Der, (k[X;,....,X [/ (£)), A ‘kal'""Xn]/(ax]""'axn' £) and
A2 = 0. For the notion of hypersurface singularity, see §4.

Example 3. X = e, a small category of OY-Modules where Y 1is some

k-scheme. Here Al = Exté (Oe'oe)' i » 0 are defined as in [La 1]

Y
with Hom replacing Der. See the concluding remark, loc.cit. p. 150,

of [(La 1] and [(La 2].

i i
Example 4. X = E, a coherent O n—Module. A = ExtO (E,E), i20. Of
P n
— P

. . : n
particular interest is the case where E 1is a vector bundle on P .

¢ i .
Assume now that dimA“<= for i = 1,2. Then, see e.g. [1a 1],

N
(4.2.4), there exist in all these cases a formal moduli H (a prore-
presenting hull for the deformation functor) of X, and a formal ver-

sal family

nA: XA » Spf(HA) = gA.

The first part of this monograph , §§1-2 is devoted to the study of

A . .
m 1in this generality.



§1. THE PROREPRESENTING SUBSTRATUM OF THE FORMAL MODULI

Introduction. Let X be an object of the type considered in the main
introduction above.

The basic notion in the study of local moduli of X is the notion
of prorepresenting substratum of the formal moduli.

If HA is the formal moduli of X, then the prorepresenting sub-
stratum Hg is the unique maximal quotient of " for which the

obvious composition
A A
Mor(HO,—) + Mor(H ,-) - DefX

is injective.

This quotient exists in all generality, and the object of this § is
its construction, see (1.3).

In §3, we shall want to extend this notion to the algebraization of
the formal moduli. It turns out that this is facilitated by the intro-
duction of the concept of the n-th equicohomological substratum H?n)
of HA, see (1.5), and by proving, (1.6), that HS coincides with the
0-th equicohomological substratum H?O)'

Let X be any algebraic object of the type discussed in the Intro-

duction, and consider the deformation functor

DefX: A > Sets,

the corresponding cohomology Al = Al(k,X;OX), i»0 and the universal

obstruction morphism

: T2 > 7!
°x

i ix A
where T = Symk(A ) . Denote by

A 1
H =Tl ® x
72

the formal moduli of X, i.e. the (prorepresenting) hull of the defor-

mation functor DefX , and put



1" = spe(n’).

In general there are lots of infinitesimal automorphisms of X, and

non trivial obstructions for lifting these (see [Sch]). Therefore HA
does not necessarily prorepresent Defx. However, as we shall see, there
is a universal prorepresenting substratum EO of EA, corresponding to
a quotient

HA HA/
0" aL

of H .

In fact, let us consider the category iH of all artinian local

A
H -algebras with residue field k.

7a) A
Let X be the formal versal family on H defined by the identity

A .
element 1 AEMor(H ,HA) and consider the functor
H
aut Al EH > gr
X
defined by:
t (s) {veaut_(x"® s)|e® k=1_] t (x'® s)
au = u = =:au
A S a ¢ S X S a
H
Theorem (1.1). Assume dimkA:L is countable i = 0,1. Then there

Ay
exists a morphism of complete local H -algebras

A 1 A
o,: H®T! > H® T0
such that
(i) o (m ) C m?2
= — s
2 Thgr! HET O
P A 0
(ii) a ,: = (HRT") ® H
Al
X H®T

is a prorepresenting hull for the functor aut
X

Proof. This follows from the proof of [La 1], (4.2.4) with aut Y
X

. i-1 . i,
replacing Def, and A replacing A", 1 = 1,2. Q.E.D.



10
Recall that there is the usual automorphism functor of X,
Aut : sch/k > gr
defined by:
éggx(§) = Autg(Xxﬁ)

Assume AutX is represented by the k-scheme Aut(X) and let

A
1 €Aut(X) be the identity element. Then the completion OAut(X) 1 of
the local ring of Aut(X) at 1, represents the fiber-functor of AutX

at ]EAutk(X), i.e. the functor

aut_: 1 » gr
aut : & > gr

defined by
aut, (S) = {veAuty(xes) |¢8k=1} =:autg(xes)

Let ay be the prorepresenting hull of autX , such that with the

assumption above

O/\
% 7 PAut(x),1°
. . , ox A
Notice that if Aut(X) is smooth, then aX = Symk(A ) (see [La]]
Ch. 4).

A
Definition (1.2). Let the ideal 0oL C H be generated by the coeffi-

VAY
ciants of the elements of oa(m) C H ®r0, m being the maximal

A 2
ideal of H ® T!. Then the prorepresenting substratum

A

A
o CH

<!

is the formal subscheme defined by ot .

A A A A
Put Ho = H /oL . Then EO = Spf(HO) and we shall, mildly abusing
A
the notations, also speak about the prorepresenting substratum HO'
A
By construction of o, it is clear that HO is the maximal quo-

A
tient of H for which



11

A
is HO—smooth.

A A
Proposition (1.3). HO is the maximal quotient of H for which the

canonical morphism of functors on %,

A
Po: Mor(HO,—) > DefX

is injective.

A A N
Proof. Let H] be a quotient of H , and assume ¢],¢2€Mor(H R) are

l’
mapped onto the same element E] = E2 in Def_(R). This, of course,

X
: : . N ® A
means that there exists an R-isomorphism X % R =X % R where at the
1 2

A
left side R 1s considered as H -module via ¢y and at the right hand

A
side R 1is considered as H -module via ¢

2

We may assume, by induction, ¢]E¢2 (mod n) where n 1is some ideal
of R killed by the maximal ideal m.. Then © & R/n is an automor-
A A
phism of X ® AR/E' corresponding to a morphism a A® AH]
A H N X H
a ,©® AH] is formally Hl—smooth, then obviously this morphism may be
X H
A
lifted to a morphism a ® H, > R, proving that & ®R R/n 1is liftable

x® Ml

A ~ N
as an autcmorphism to some @1: X % R » X % R. But then
2 2

+ R/n. If

- A ~ A . .
@o@ll: X % R » X % R 1is an isomorphism extending the identity of
1 2
A . A
X ® R/n. Thus ¢ .= ¢_. From this follows that p_: Mor(H_ ,-) > Def
ay 1 2 0 0 X
is injective.
A . A
Conversely assume H is a quotient of H such that

1

A
pl: Mor(H],—) > DefX is injective. If R, an object of EH' is an

A A A N
H]—algebra, then any automorphism e, of X ® ,R/n = (X9 AH]) ® .R/n
— H H H

A 1
may always be lifted to an automorphism of X ®, R. It follows that
H

A
a ® A H] has to be formally smooth, which proves the proposition.
Q.E.D.

A ; ;
Remark (1.4). Recall that H /gz represents the restriction of the

deformation functor DefX to the subcategory 1%, = {RE}|EE=O} of



