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Introduction*

At one time it was possible to invite everyone interested in
algebraic K-theory and its varied applications to one conference.
However, that is no longer the case due to the enormous growth of
the field. For that reason the algebraic K-theory conference held
in June of 1980 at the Forschungsinstitut Oberwolfach was to be
primarily concerned with lower algebraic K-theory and some limited
aspects of higher K-theory. As can be seen from the List of Talks
and the Table of Contents, this restriction was not strictly followed,
but it did contribute to the success of the conference by serving
as a focal point. The papers appearing in these Proceedings are not
80 limited in scope and reflect the broad interests of the participants.
The contents of the two volumes are roughly divided along the following
linés: the first volume consists of papers which are either algebraic
K-theory proper or are very closely connected with it (in the view of
the editor) while the second volume contains those papers which are
either applications of algebraic K-theory to other fields or those
whose connections with K-theory are less direct.

Many have contributed to the appearance of this volume and I am
deeply grateful for their help. In particular, I owe thanks to Dan
Grayson for writing up results of Quillen on finite generation, and
to Daniel Quillen for allowing their publication here. I would like
to thank Howard Hiller and Ulf Rehmann for preparing their excellent
survey talks for publication at my request. Mike Stein was a great
help in providing information in regards to organizing a conference
and editing its proceedings. Clay Sherman and Wilberd van der Kallen
provided many hours of help in ways too numerous to mention. The
Mathematics Departments at the Universitédt Bielefeld, Cornell University,
and most of all, Texas Tech University, were of great help in preparing
these Proceedings for publication. As usual, the staff at the
Forschungsinstitut Oberwolfach kept things running smoothly during
the conference. The existence of this conference was assured by one
person: Winfried Scharlau. He took the initiative at the crucial time.

R. Keith Dennis

* Editors' note: for the sake of completeness we reproduce here the
Introduction which appears in Part I of these proceedings (INM 966)
as well as the complete list of talks, and the Contents of both
Part I and Part II.



List of Talks

Monday, June 16, 1980
M. Ojanguren, Quadratic forms and K-theory
R. Oliver, SK1 of p-adic group rings
C. Weibel, Mayer-Vietoris sequences

D. Carter, Word length in SLn(O)

W. van der Kallen, Which 0?

Tuesday, June 17, 1980

U. Stuhler, Cohomology of arithmetic groups in the function field

case
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Publisher's note: The seven papers 12, I17, I18, I19, II1, II9,
I117 were received by the publisher from the
editor of these volumes in July 1982. All other
papers had been submitted by June 1981.
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ELEMENTS OF SMALL ORDER IN K2F

Jerzy Browkin

1. Introduction. Let & be a prime number and let be a primitive

ty

2-th root of unity. J. Tate proved [l1] that if a global field F

contains CR then every element of order ¢ in KZF is of the form

{a,cg} for some a € F*. It follows that for every positive integer
n and every global field F with t, € F, then every element of order

n in K2F is of the form {a,cn}, a e F*,

In the present paper we investigate elements in K2F of order n,

where n|l12, even without the assumption that ¢ ¢ F.

2. Elements given by cyclotomic polynomials. Let

x 0 = [l -k
1<k<n

(k,n)=1

be the n-th cyclotomic polynomial.

Lemma 1. For every field F and every positive integer n we have

{a,X_(a)}™ = 1, provided a, X (a) € F*.
n n

Proof. We proceed by induction on n. For n =1 we have Xl(x) =1 - x,
and the lemma is obvious.

Now let n > 1, and suppose that {a,Xd(a)}d =1 for every d|n,
1 <d< n provided a, Xd(x) e F¥. If a e F* satisfies a" # 1, then

from

1 - %" = r1 X . (x)
d|n d

and the inductive assumption it follows that

1

@1 -a" = T @19 = @ @ .
d|n 1

If a" =1 and X (a) # 0, then evidently

fa,x (@)} = {1,x ()} = 1.



Theorem 1. For every field F # F2 and n=1, 2, 3, 4 or 6 if «z¢_ ¢

then every element {a,gn} in K2F can be written in the form

{b,xn(b)} for some b € F* satisfying Xn(b) # 0.

Proof. For n =1 we have {a,cn} =1 and {b,Xn(b)} = {b,1-b} =1
for b # 0, 1.
For n = 2 we have

{a,§2} = {a,-1} = {-1,a} = {a-1,a} = {a-l,XZ(a—l)} .

Thus for a # 1 it is sufficient to take b = a-1, and for a =1 it
is sufficient to take b = 1.
For n = 3, 4 and 6 we have Xn(x) = (1 - Cnx)(l - Q;lx). Hence
-1
{b,x ()} = {b,1 - g bl{b,1 - ¢ "b}
_ -1 _ _ -1
= {g /1 g bz ,1 ¢z, bl

L= gL

n
B
gn

Thus it is sufficient to determine b from the equation

l1=1¢ b
a = — -
1 - ;nb
. - : =1
We obtain b = gn(a—l)(cia - 1) 1. Consequently if a # 1, Cn , then
the b given above satisfies the theorem. If a =1 or g;z, then it

is sufficient to take b = 1, because {C;Z,c } L,

n
Corollary 1. For every global field F and n =1, 2, 3, 4 or 6 if
Cn e F, then every element of order n in K2F can be written in the
form {b,xn(b)} » where b e F* satisfying X (b) # 0.

Theorem 2. For every field F # F2 and n=1, 2, 3, 4 or 6 the set

Gn of elements {a,Xn(a)} , where a, X_(a) € F*, is a subgroup of K,F

n 2

Proof. Let us observe that 1 € Gn’ Namely {a,Xn(a)} = 1, where

a=1, if n =2, 4, char F # 2 or n

6,

a = -1, if n = 3,



a#0, 1, if n=2, 4, charF =2 or n = 1.
Thus Gn is non-empty, and in view of Lemma 1 it is sufficient to
prove that the set Gn is closed under multiplication:
If a, b, Xn(a), Xn(b) € F*, then there exists ¢ € F* such that
Xn(c) # 0 and

(1) {a,Xn(a)}{b,xn(b)} = {c,Xn(c)} .

For n =1 we have Gn = 1. Let n = 2. If a = Db, then the
left-hand side of (1) is equal to 1. If a # b, then c = %%%

satisfies (1) because

{a,14a}{b,14b} = {-1,1+a}{-1,1+b} = {-1,732} = {-1,14+c} = {c,l+c}
Now let n = 3, 4, or 6. Put en =1, 0, -1 for n =3, 4, 6
respectively. Then Xn(x) = x2 + e x + 1. It is easy to verify that
-1, _ _=2 o -
Xn(x ) = X Xn(x) and Xn( X en) xn(x)

Therefore, if b = a_l, then
- -2 -
{a,x_ (a)}b,X (0)} = {a,X_(a)Ha 1,a %k (@)} = {a™*,a
and if b = -a-e_, then

{a,Xn(a)}{b,Xn(b)} = {a,xn(a)}{—a-en,xn(a)} = 1;

because a(-a—en) + Xn(a) = 1.
Now let b # a1, sa-e We shall prove that ¢ = —2P-1_
' n p atbte_
satisfies (l1). It is easy to check that
_ 2
(2) Xn(a)Xn(b) = (a+b+en) Xn(c).
Since
__Eﬂiil__ + < = 1
a(a+b+en) a ’
then
a(a+b+en) ' a -

It follows that

{c, X (a)

ta,x,(a)} alatbre,)

{a,a(a+b+en)} '

and similarly
Xn(b)

C, —F/—m——
{ b(a+b+en)

{b,X_(b)} | tb,b(atbre )}

Multiplying the last two equalities we infer in view of (2) that



the left-hand side of (1) is equal to

{c, aLb Xn(C)}{a,a}{b,b}{ab,a+b+en} =
= {c,Xn(c)}{ab,c}{a,—l}{b,—l}{ab,a+b+en}
= {c,Xn(c)}{ab,—c(a+b+en)}
= {c,Xn(c)}{ab,l-ab}

= {c,Xn(c)}

3. Elements of small order in K29'

Theorem 3. 1In K2Q every element of order 3 has the form {a,X3(a)}

for some a e Q*.

2

Proof. Let G be the group of elements of the form {a,a” + a + 1} ,

where a € Q*. By a theorem of Tate we have an isomorphism given by

tame symbols and the Hilbert symbol at the real place:

(3) £ K2Q — 2/22 ® F§ ® Fg ® - - - .

We proceed by induction. 1In Z/2Z there are no elements of order
3. Let u e K2Q have order 3 and
* * o s . *
f(u) € 2/22 & F3 ® FS ® (2] Fp

for some prime number p. Suppose that the tame symbol Bp

corresponding to p satisfies ap(u) # 1l. Then p = 1 mod 3, hence

p = a2 + ab + b%> for some a, be z, 0 < lal,|p| < p.

2
a (a a a
Let w=1{3,(2)+2+1)=1(2-E3) . Thus w e G. We have
b (b) b b b2
= a Py = a = &
9_(w) = Bp{b’ bz} ap{b,p} p mod p .
Moreover % # 1 mod p and w3 = 1.

In F; there are exactly two elements of order 3. Consequently

2
= = 3 )
ap(u) ap(w) or ap(u) p(w )
Thus by the inductive assumption we have wleg or w'? e a.

Hence u € G.

Theorem 4. In K,Q every element of order 4 has the form {a,a2+l}v,

where a e Q*, and vV ¢ KZQ’ v2 = 1.



Proof. Let G be the group of elements of K2Q of the form given in
the theorem. We use the homomorphism £ given by (3) and proceed by
induction. In Z/2Z there is no element of order 4. Let u ¢ KZQ
have order 4 and let

* « e . *
f(u) € z2/2z2 ® F3 ® ® Fp

for some prime number p. Suppose that Bp(u) # 1. Then multiplying

u by some element of order 2 we may assume that ap(u) has order 4.

Consequently p = mod 4, and p = a2 + b2 for a, be z, 0 < a, b < p.
2
Let w = {%,(%) + 1} = {%,:ET}. Evidently w € G and
= a =2 a
ap(w) = Bp{b,p} 5 mod p. We have 5 # *1 mod p, and consequently
ap(w) has order 4. Thus Bp(u) = ap(w) or ap(u) = Bp(w-l). By the

inductive assumption we obtain that uw_1 € G or uw € G, and

consequently u & G.

Corollary 2. In K2Q every element of order 6 or 12 has the form

2

{a,a“ + a + 1}{b,b+l} or {a,a2+l}{b,b2+b+l}{c,c+l}

respectively.

Proof. Every element of order 6 (respectively 12) is a product of

elements of orders 2 and 3 (respectively 3 and 4).

Remarks. One can conjecture that
(1) Theorems 1 and 2 do not hold for any other values of n (and
all fields F).
I do not know the answer for example when n =5 and F = Q.
(2) Theorems 3 and 4 hold for all fields.

J. Urbanowicz [2] generalized Theorem 3 to all number fields.
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HOCHSCHILD HOMOLOGY AND THE SECOND OBSTRUCTION FOR PSEUDOISOTOPY

R. Keith Dennis1

Texas Tech University, Lubbock, Texas
and

Kiyoshi Igusa2

Brandeis University, Waltham, Mass.

INTRODUCTION

In this paper we investigate the relative stable K-theory group K2(R, A) which
is defined for a ring R and an R-bimodule A. This group is related to K2 of a
square zero ideal, the space of pseudoisotopies of a smooth manifold, and to Waldhau-
sen's algebraic K-theory of a space.

The main result of this paper is the computation KZ(R’ A) = Hl(R, A) where the
latter is the (easily computable) Hochschild homology of R with coefficients in A.
We start with A. Hatcher's definition of KZ(R’ A) in terms of generators and rela-
tions and by proving a sequence of isomorphisms we reach Hl(R, A). In parts A and B
we present two such proofs with different intermediary groups. This has resulted in
the long list of isomorphic groups given in the appendix.

In part C we present the relationship between KZ(R’ A) and the second obstruc-
tion for of the space of pseudoisotopies of a smooth manifold. In part D we pre-

1

sent briefly the relationship with the work of F. Waldhausen and C. Kassel.

ACKNOWLEDGEMENTS

Many of the ideas presented here are originally due to A. Hatcher. It was Hat-
cher who gave the original definition of St(R, A) and KZ(R’ A) which arises natur-

ally in the study of pseudoisotopies of smooth manifolds. Hatcher explained this re-

1. Research supported by NSF grant no. MCS78-00987.
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lationship to the second suthor who was then his student in Spring 1975 [HO]. Later
that year in a letter [Hl1] Hatcher constructed a map from Hl(R, A) to Ké(R, A) and
conjectured that this was an isomorphism. In another letter [H2] he gave the defini-
tion of K:(R, A) (D.1.1) and conjectured that it was independent of n.

The proof given in part B was written between the two letters from Hatcher. In
this proof essential use was made of the symbol < , > of [S-D] and the curious map
§ (B.3.1) the idea for which originates from a letter from L.G. Brown [B].

The proof given in part A was written in July 1977 with the help of F. Waldhau-
sen who supplied the idea for the proof of A.3.4. It should be noted that the Morita
invariance of Hochschild homology is evident from its functorial description. (See,
e.g., [M] Chap. IX.) Section 1 of part A is based on an argument given in [Mi] pp.
41-51. The idea of universal G-central extension is also a special case of the uni-
versal central relative extension of [L].

Some of the results in part C have been greatly generalized by T. Goodwillie who
has devised new methods [G] to compute the homotopy groups of the fiber of the map
P(X) » P(BG) where G = nlx.

C. Kassel has also done some work related to this paper. In his thesis [K4]
he gives a short presentation of almost all the material in parts A and B giving
us credit of course. However, we should acknowledge that he discovered much of this

independently.

Finally, we should note that part A has previously appeared as a preprint

entitled "A proof of a theorem of R. K. Dennis." Needless to say the proofs in

parts A and B have been recently revised.



