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LECTURES ON PSEUDO DIFFERENTIAL OPERATORS

INTRODUCTION: These notes are based on the lectures
I gave in partial differential equations at the University
of Michigan during the winter semester of 1972, with some
extensions. References to further work have been added at
the end of Chapters III, IV, and V, and a few exercises have
been thrown in, in addition to those thrown out in class.

The students to whom these lectures were addressed were
assumed to have knowledge of elementary functional analysis,
the Fourier transform, distribution theory, and Sobolev
spaces, and such tools are used without comment. We refer
the reader especially to Yosida {85] for the background macerial.
The last section of Chapter 1 also relies on the basic results
of C* algebra theory, and the reader who doesn't like func-
tional .analysis might hav%-ﬁo skip this section on first
reading. Beyond that, we have tried to make these notes
self-contained.

This is not to say that these notes Zonstitute a self
contained introduction to the subject. of partial differential
equations, and thé beginning student wouid have to see the
material in several of the books we have mentioned in the
references, especially, [13], [25], [31] ,and [1]1, [52], [54],
[55], [59], in order to get a good idea of what the subject
is about. What we do here is develop one tool, the calculus
éf pseudo differential operators, and apply it to several of

the main problems of partial differential equations.



=i

We begin in Chapter I by describing theearliest sort
of singular integrals on the circle investigated by Poincare,
Hilbert, and others, and an application to the oblique deri-
vative problem on the disc. In the second Chapter we intro-
duce the modern calculus of pseudo differential operators,
developed by Kohn and Nirenberg, Lax, Hormander, Kumano-Go,
and others, and in Chapter III we apply these results to
obtain interior regularity results for elliptic and hypo-
elliptic operators. The next two chapters are devoted to
the main topics of classical PDE, the initial value problem
for ayperbolic and parabolic equations, and boundary value
problems for elliptic equations. We give a unified treat-
ment of these topics, and Ggrdingé inequality plays a crucial
role here in passing from formal properties of symbols to the
energy inequalities and other a priori inequalities needed for
various results on existence and regularity.

In Chapter VI we cover some recent work of Hormander
on wave front sets and the propagation of singularities of
solutions to partial differential equations. Applications are
given to local existence of solutions to PDE's and to an
exponential decay result. The proof of the main result on
propagation of gcingularities requires the sharp garding
inequality which, following RKumano-Co, we prove in the lact
chapter of these notes.

One important topic we have not included is Uniqueness

in the Cauchy »roblem., We¢ recommend thst the rezder concult (1]



It is a pleasure to thapkg Eric Bedford, whose class=
room notes greatly aided the preparation of these notes, and
Professor Jeff Rauch for some interesting conversations,

especially rélating to hyperbolic equations.



HAPTER I. SINGULAR IN RATORS ON THE

The basic singular integral operator with Which we will

be concerned here can be described as follows.

0

If ue L2 (Sl) , write u(¢) = E a, gtnd , and define

n=-—o

In order to interpret the operator P, which is clearly
a continuous orthogonal projection on Lz(sl) , as a singular

integral operator, consider the Cauchy integral

Tu(z) = —— [E,& ac (lz] < 1)
2mi =z

1 ! uj(%) ei¢d¢

27 -m et ,
We can rewrite this as
i6
Tu(re*?) _ u(¢)
u e I l(gﬁ d¢
_ 1 u ( ) - u(b) )
= g I (b d¢ + u(e)

If ueCl(Sl), we can pass to the limit as r » 1 and obtain

m
l-e .
-



= lim 1 I u(p) = u_)(_ﬁl dae + u(0)
- 2T —_1(6-¢
€0 Sl\Ie(e) l-e
= lim 1 I u(zg) = u(8)
e-0  Zm1 5 4t + u®)
r-e
SJ\,E(e)
= PV u(z)
211 —Ie dg + > u(9)
L—e
Sl

wnere T{(‘:' Y = (B —€, € + £ ).
- a *
Since it is easy to verify that 1lim Tu(re'®) = Pu for u e Cl(Sl),

rtil

it follows that Pu = %— Hu + %— u where

Hu(e'?) = 2 pv [—u—('%— dg
L—e
S1

The singular integral operator H 1s called the Hilbert
transform. The formula we have just deTived shows that H
extends to a continuoug liae: r sperator on LZ(S )

Exercise 1. Find the Fourier series representation of

H . Prove that H 1is a unitary operator on L2(Sl) and

* (using the residue taeores, the resder should chseck that,

if my = e**Y, then 1im ra, (1-e10) = if & 20, Cif x < 0.}



§1. The algebra of singular integral operators.

Definition: The algebra O of singular integral operators
on S% is the norm closed algebra of operators on LZ(Sl)
generated by:

(X) P

(2) multiplication by a e C(Sl)

(3) C , the set of compact operators

Actually (3) is redundant, but we shall not prove this fact,
nor make use of it.
Theorem 1: If A, Be® , then [A,B] =aAB - Ba e (. .

Proof: It suffices to show that aP - PA e L if

a e C(S*). Suppose that a = elm¢ , f = z aneln¢ :
n:-—oo
. oo : = ing
Then aPf = elm¢ : aneln¢ = E qh-m € r EOG
n=0 n=m
o0 (o<}
. ing
Paf = P Z B eine = Z %h-m © :
n=-—oo n=0
e in¢
The [a,P]f = ) : am© . Hence [a,P] in an operator
n=0

with finite dimensional range, and therefore is compact. Since
trigonometric polynomials are dense in C{(S*), the result holds

t

for all a e C(Sl), because is norm closed.
This theorem, which says that Q is commutative, modulo T

is important in that it enables us to give a nice conditon that



an operator in Ol be Fredholm. For the moment, consider an

operator T e a of the form
T =aP + b(1-P) + X Ke C

In section 3 we shall show that every T = R is of this form,
but we won't need this, since all singular integral operators
one encounters are automatically constructed in this form. For

such a T , we tentatively define the symbol Op of T, as

“

a function on S’ x E2 by
op(0,1) = a(e)

op(6 1) = b()

We show that O is indeed well defined.

Lemma 1: If aP + b(l-P) e U, then a = b = 0 .

Proof: (@P + b(1-P))P = aP e { , since p2 = p .
Then |al2 pe C .
1f U¢f(6) = £(¢=8), the map ¢~ U, |a|2 PU_, is continuous
in the uniform operator topology, since

2 2 ;

Uy lal® PU_ £(8) = |a(e-¢)|” PE(E) . Thus

27
- 2 = 2 L, whizch f£ & 20
e U¢]a| PU_, d¢= ||a||2 p el, whiz orces =& =

0

Similary we obtain b = 0 .

Theorem 2: If T = aP + b(l-P) + K, , and W = oP + B(1l-P) + K

then O ow = OTW .

2



Proof: This is immediate from the computation

TW = (aP + B(1-P) + K;) (aP + B (1-P) + K,)

acP? + bB(1-P)2 + K,

aaP + bB3{1-P) + K3 .

Recall that a linear operatcr T e i(Lz) is called
Fredholm if

(1) R(T) is closed

(2) dim ker T < «

(3) dim coker T < « .
The reader should alsc recall the following important result
from the Riesz theory of compact operators (see [64], Chap. VII)

Proposition: T evKJLz) is Fredholm if and only if there
exists 9] e}i(LZ) , called a Fredholm inverse of T, such that
TU = I + Kl, and UT = I + K2 ; wWhere Kl ¥ K2 are compact.

The  following Fredholm property of singular integral opera-
fLors 1s now immediate.

Theorem 3: Let T = aP+ b(l-P) + K . Then T is Fredholm

if G is nowhere vanishing.
Proof Let U = 3 P + 3 (1-P) Then o o] = 1
- < v o= - o L=EF 5 sa =
a b TU uT !
sC U is a Fredholm inverse of T .
In section 3 we shall show that this conditon on o

. . I 2
is also necessary for T to be Fredholm on L7(8')

The problem of hcw to define the symbol of a singular
integral operator on a multidimensional space toock quite some

4

timé¢ in being solved. Mikhlindefined g symbol in 1936. This



symbol was €lucidated py Calderon and Zygmund in their important
works in the early 1950's. It was Lax who suggested a Fourier
series representation to treat multidimensional singular integrals
ana the Fourier integral representation used by Kohn and Niren-

berg is the one we shall use in the next chapter.

Exercise: Let Tf (x) = ;%I- EV £J§é§;ll £f(y) &y,

where aec (slx s'). Suow thet
Tf = bHL + Kf

where b(x) = alx,x) and K:1% =18 ig coapact, for all s.



-10=

§2, The cblique derivative problem.

Here we discuss one application of the algebra of sin-
guliar integrals developed ahove. For further applications we
refer the reader to Mikhlin [58] and Muskhelishvili [60]

The problem we consider is theobligue derivative problem for
functions harmonic on the disc: given g e C(Sl) , find u
harmonic on B = {z e €: |z| <1} such that

_ ) d _ y
(1) Bu = g radi B b 55— U + cu 159 -

S

The way we handle this is as follows. First, the Dirichlet

problem

can be solved explicitly by u = PIf) the Poisson integral of

£ . To derive this Poisson integral representation, write

f = E aneln¢ . Then

PIf(relr

_ 1 1~-r
= g y — £(8) a6
1+r” = 2r cos (¢=6)

The reader can verify 2g an exercise thaet FPIf doesg the trick,

Exercise 2. Prove that if & > - % and f e (S )

14



.

S+
then PIf e H "(B) « (2n first reoding, uou't take tuis exercise
too seriously..)
In view of the fact that restriction to S' maps H' (B) onto

1 : ' ‘
' T2 (Sl) for 1 > % , we have the following commutative diagram

with S > O .

PI

3
> w57 ()
mS (s%)

where we define T = BcPI. Hence we can solve (1) by setting
u=PI h if Th = g . Hence solving (1) is equivalent to
inverting T .

More generally, we are interested in when problem (1) is
Fredholm, in the sense that it can be solved provided g
satisfies a certain finite number of linear conditions, and the
set of u satisfying &4&u= 0 , Bu = 0 should be finite dimen-
sional.

This is equivalent toc asking when is T Fredholm, which is
right up our alley, since we will now writer T as a pseudo

differential operator. We have

u = PIf = E a, rln!eln¢




Now let us define an operator A by

. : o in¢
A E r a_ oine _ z (1 + |n|) a e
n X ~=00 n = = 00

S=1 3

Exercise 3. Prove that A:HS(SI) + H (S™) 1isomorphically,

for each real S

1 c A = ——a 3 = - 3 '
It follows that 4 a 3L + b W— + C = a(A-1) + b -a?- + C
: = (a+b A1+ (c-a)ahHa
£
Since A is an isomorphism of hS+l(S]) onto H(s")
it follows that T:H5T1(sl) » wS(sl) is Fredholm if and only if
. ~ _ S S .
8 {a+h ai ATy lo=al & l) . H” > H is Fredholm.
; =1 S S i
Exercise 4. A : H »- H is compact, for each real S.
3 A =1 ( 1nﬁ
Now we compute that 7% 2:

3
e1n¢

; ‘ - a
ing - i _ - in¢ - n
=1 % © =iy (L e, o -} oy

1 + |n

oK 2$ A og s i(2p-1) £ + Kf, where K is compact on each
S . . Thus we see that S is a singular integral, given by

o
]

a + ib(2P-1) + K

(a+ib)P + (a-ib) (1-P) + K



