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PREFACE

This book began as a pair of papers covering the authors’ work on periodicity in
equivariant surgery from late 1982 to mid 1984. Since our results apply to many dif-
ferent versions of equivariant surgery theory, it seemed desirable to provide a unified
approach to these results based upon formal properties that hold in all the standard
theories. Although workers in the area have been aware of these common properties
for some time, relatively little has been written on the subject. Furthermore, it is not
always obvious how the settings for different approaches to equivariant surgery are re-
lated to each other, and this can make it difficult to extract the basic properties and
interrelationships of equivariant surgery theories from the literature. For these and
other reasons we eventually decided to include a survey of equivariant surgery theories
that would present their basic formal properties. Shortly after we began revising our
papers to include such a survey, Wolfgang Liick and Ib Madsen began work on a more
abstract—and in many respects more general-—approach to equivariant surgery. It be-
came increasingly clear that we should include their methods and results in our book,
not only for the sake of completeness but also because their work leads to improvements
in the exposition, simplifications of some proofs, and significant extensions of our main
results and applications. The inclusion of Liick and Madsen’s work and its effects on
our own work are two excuses for the four year delay in revising our original two papers.

Our initial work on equivariant periodicity appears in Chapters III through V. The
first two chapters summarize the main versions of equivariant surgery and the basic
formal properties of these theories. A reader who is already familiar with equivariant
surgery should be able to start with Chapter III and use the first two Chapters as refer-
ence material. On the other hand, a reader who wants to know what equivariant surgery
is about should be able to use the first two chapters as an introduction to the subject.
We shall assume the reader is somewhat familiar with the main results of nonsimply
connected surgery and the basic concepts of transformation groups. Some standard
references for these topics are discussed in the second paragraph of the introductory
chapter entitled Summary: Background Material and Main Results.

Karl Heinz Dovermann Reinhard Schultz

Honolulu, Hawaii West Lafayette, Indiana
Evanston, Illinois and
Berkeley, California

March 1990
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SUMMARY: BACKGROUND MATERIAL AND BASIC RESULTS

This book is about some surgery-theoretic methods in the theory of transformation
groups. The main goals are to provide a unified description of equivariant surgery
theories, to present some equivariant analogs of the fourfold periodicity theorems in
ordinary surgery, and to study some implications of these periodicity theorems.

Since equivariant surgery theory involves both transformation groups and the theory
of surgery on manifolds, we need to assume that the reader has some some familiarity
with both subjects. Most of the necessary background on transformation groups appears
in Chapters I-II and Sections VI.1-2 of Bredon’s book [Bre] or in Chapter I and Sections
I1.1-2 of tom Dieck’s book [tD]. The standard reference for surgery theory is Wall’s book
[Wal], particularly Chapters 1-6 and 9; most of the necessary background can also be
found in survey articles by W. Browder [Bro], F. Latour [Lat], and J. A. Lees [Lees].
Additional background references for [Wa] are listed in a supplementary bibliography
at the end of this Summary. Most of the algebraic topology that we use can be found
in the books by Spanier [Sp| and Milnor and Stasheff [MS].

We have attempted to explain the specialized notation and terminology that we use;
a subject index and an index for symbols can be found at the end of the book. For
the sake of completeness we shall mention some standard conventions that are generally
not stated explicitly. The unit interval {t € R|0 < ¢ < 1} will be denoted by I or [0, 1],
and the order of a finite group G will be denoted by |G|. Theorem X.88.99 will denote
Theorem 99 in Chapter X, Section 88, and similary for Propositions, Corollaries, or
Lemmas. References to the first and second author correspond to alphabetical order
(so the first author is Dovermann and the second is Schultz).

Guide to the contents of this book

The first two chapters are a survey of equivariant surgery theory, and the last three
chapters contain the periodicity theorems and some applications to analyzing the role
of a basic technical condition in equivariant surgery called the Gap Hypothesis (this
is defined in Section 1.5). However, most of Chapter IV deals exclusively with A.
Ranicki’s theory of algebraic surgery (see [Ral] and [Ra2]), and this portion of the
book is independent of the remaining chapters.

As indicated by its title, Chapter I summarizes the main ideas in equivariant surgery
theory. We do not assume any previous familiarity with equivariant surgery. In Section 1



we attempt to motivate the passage from ordinary to equivariant surgery by summariz-
ing some applications of ordinary surgery to free actions of compact Lie groups; most
of this work dates back to the nineteen sixties and seventies. Sections 2 through 5 are
basically a survey of an equivariant surgery theory developed by the first author and M.
Rothenberg [DR]. We look at this theory first because it illustrates all the main ideas
but avoids various technical complications that appear in other equivariant surgery the-
ories. In Section 5 we also include some extensions of [DR] that will be needed in
subsequent chapters. Most of these results deal with relative or adjusted versions of
the equivariant surgery obstruction groups in [DRJ]; a similar construction appears in
work of W. Liick and I. Madsen [[LM, Part II, Section 1] where such groups are called
restricted. Sections 5 and 7 also discuss some exceptional phenomena in limiting cases
of the Gap Hypothesis that were discovered by M. Morimoto [Mor]. Finally, in Section
6 we describe some unpublished results of M. Rothenberg and S. Weinberger showing
that a major result in Section 5—the equivariant 7 — 7 theorem—fails to hold if one
does not assume the Gap Hypothesis.

In Chapter II we summarize the various approaches to equivariant surgery in the
literature and describe their relationships with each other. Section 1 introduces the
transverse-linear-isovariant surgery theory constructed by W. Browder and F. Quinn
in the early nineteen seventies [BQ]. This theory deals exclusively with equivariant
maps satisfying very strong restrictions, but it does not require the Gap Hypothesis.
The setting of [BQ] relies on the existence of a smooth stratification (in the sense of
Thom and Mather) for the orbit space of a smooth manifold. We shall indicate how
the necessary properties can be extracted from work of M. Davis [Dav], and in Section
4 we shall fill a gap in the literature by outlining a direct proof of the stratification
theorem along the lines of W. Lellmann’s 1975 Diplomarbeit [LL]. In Section 2 we
shall discuss several variants of the theory considered in Chapter I. The objective of
the Chapter I theory is to convert an equivariant map of manifolds into an equivariant
homotopy equivalence, where the manifolds in question have smooth group actions,
the Gap Hypothesis holds, and certain simple connectivity conditions also hold. For
certain problems in transformation groups it is preferable to have theories in which the
objective or the conditions on the manifolds are modified. In particular, the objective
might be to obtain an equivariant homotopy equivalence whose generalized equivariant
Whitehead torsion (in the sense of [DR2] or [I]) is trivial, or the objective might be to
obtain a map that is an equivariant homotopy equivalence after a suitable equivariant
localization. Similarly, one might want to weaken the condition on the group action
to piecewise linear or topological local linearity or to remove the simple connectivity
assumption. However, in all these cases it is necessary to retain the Gap Hypothesis.
Our discussion includes the relatively recent approach to equivariant surgery developed

by Liick and Madsen [LM].

Most of the preceding material is expository. The new results of this book begin
in Section II.3, where we study the relations between various theories and show that
certain pairs of theories yield the same equivariant surgery obstruction groups. Much
of this has been known to workers in the area for some time, but little has been written
down. The central idea of equivariant surgery theory is to view an equivariant surgery
problem as a sequence of ordinary surgery problems. As in the obstruction theory for



extending continuous functions, one assumes that all problems up to a certain point can
be solved and considers the next problem in the sequence. This problem determines a
stepwise surgery obstruction that usually takes values in an ordinary surgery obstruction
group; if this obstruction vanishes, one can solve the given problem in the sequence and
proceed to the next one. The value groups for stepwise obstructions can also be viewed
as adjusted obstruction groups for the equivariant surgery theory in question, and this
suggests that a relation between equivariant surgery theories should involve a family
of homomorphisms from the adjusted obstruction groups of one theory to the adjusted
obstruction groups of another. Further analysis suggests that these homomorphisins
should have compatibility properties like those of a natural transformation between
homology or cohomology theories (see I1.2.0 and I1.3.1.A-B). In this setting it will follow
that

a transformation from one equivariant surgery theory to another is an isomor-
phism (modulo problems with borderline cases) if and only if the transforma-
tion induces isomorphisms on stepwise obstruction groups.

A precise statement of this principle appears in Theorem I1.3.4. We apply this result
to compare Browder-Quinn theories, the theory of Chapter I and some of its variants,
and the Liuck-Madsen theories. Specifically, we construct transformations between these
theories and conclude that analogous theories of the different types determine the same
groups (see Subsections I1.3.A, E, and F'). We shall also construct transformations be-
tween the different versions of Browder-Quinn and Lick-Madsen theories as well as the
theory of Chapter I and its variants, and in Subsections II.B and C we shall use The-
orem I1.3.4 to obtain some qualitative information about the kernels and cokernels of
those mappings.

In Chapter III we come to the main results of this book. Browder and Quinn showed
in [BQ] that their transverse-linear-isovariant surgery theories have fourfold periodicity
properties like those of ordinary surgery; in particular, the periodicity isomorphism is
given geometrically by crossing with CP?. The link between algebraic and geometric
periodicity arises from an integer valued invariant of an oriented manifold called the
signature; for the complex projective plane this invariant equals +1. Similar results hold
to a limited extent for Liick-Madsen theories and variants of the theories in Chapter
I, and these periodicity isomorphisms are compatible with the transformations defined
in Section II.3. However, there is one difficulty; namely, if one is not working with
Browder-Quinn groups it is necessary to use G-manifolds X such that both X and
X x CP? satisfy the Gap Hypothesis. Since it is always possible to find some k(X) > 0
such that X x (CP?)* does not satisfy the Gap Hypothesis if & > k(X), the CP%-
periodicity for Liick-Madsen and Chapter I type theories is finite; in contrast, the CP2-
periodicity properties of ordinary surgery obstruction groups and Browder-Quinn groups
are infinite. On the other hand, Browder suggested an alternative in lectures at the
1976 A.M.S. Summer Symposium on Algebraic and Geometric Topology at Stanford.
Specifically, if we let CP2tG denote a product of |G| copies of CP? and let G act on CP?
by permuting the coordinates, then CP*1tG is a smooth G-manifold and for all £ > 0 the
product X x (CP?*1G)* will satisfy the Gap Hypothesis if X does. Furthermore, if G has



odd order then CP?t( satisfies an analog of the signature result for CP?; specifically,
an equivariant refinement of the ordinary signature known as the G-signature of CP*tG
is the unit element of the real representation ring RO(G). Thus if G has odd order it
is reasonable to ask whether crossing with CP?tG induces isomorphisms of equivariant
surgery obstruction groups. The central results of Chapter III show this is true for many
equivariant surgery theories. Statements of the periodicity theorems appear in Section
IT1.2; the most important special cases are Theorems II1.2.7-9. To prove such results
we shall

(1) show that crossing with certain smooth G-manifolds can be viewed algebraically
as a transformation of equivariant surgery theories,

(2) use the results of Chapter II to reduce the proofs to questions about the effects
of products on stepwise obstructions,

(3) interpret the equivariant products as the twisted products in ordinary surgery
that were studied by T. Yoshida [Yo],

(4) use the results of [Yo] and a few elementary computations to show that products
induce isomorphisms of stepwise obstruction groups.

In his Stanford lectures Browder noticed one further property of CP*t+G when G has
odd order. Namely, for each smooth G-manifold X one can find some positive integer
n(X) such that X x (CP?tG)" satisfies the Gap Hypothesis if n > n(X). Browder also
noted that this yields equivariant surgery invariants for G-surgery problems outside the
Gap Hypothesis range; it suffices to look at the product of such a G-surgery problem
with (CP?1G)" for suitable values of n. Our periodicity theorems imply that these
obstructions are essentially the same. In Section 5 we shall develop this systematically
and obtain a few general results. For example, if G has odd order we show that the
Browder-Quinn groups are direct summands of the Liick-Madsen groups. We shall view
the process of crossing with (CP*1G)" for sufficiently large n as a periodic stabilization
of an equivariant surgery problem. This appears to be a useful first step in analyzing
G-equivariant surgery without the Gap Hypothesis if G has odd order; some further
results in this direction are discussed in [Sc].

Recent work of M. Yan [Ya] yields periodicity theorems analogous to II1.2.9 for the
isovariant stratified surgery groups defined by S. Weinberger [Wb]. In fact, the results
of [Ya] establish periodicity properties for the isovariant structure sequences of [Wb]
that include the analog of II1.2.9 and reduce to the usual fourfold periodicity of the
topological surgery sequence from [KiS] (also see [Ni]) if G is the trivial group.

In the final two chapters we formulate and prove periodicity theorems for other equiv-
ariant surgery theories. Chapter IV considers equivariant homology surgery with co-
efficients, both in the elementary sense of [An] and the more sophisticated sense of
[CS]. The methods of Chapter III show that such periodicity theorems hold if there
are analogs of Yoshida’s work on twisted products for surgery with coefficients. Precise
statements of the periodicity theorems for equivariant homology surgery appear in Sec-
tion IV.6; the remaining sections of Chapter IV establish the necessary generalizations
of Yoshida’s results. Since these extensions of [Yo| are potentially of interest in other
contexts, these sections are written so that they can be read independently of the rest

of the book.



Finally, in Chapter V we consider the theories of [DP1] and [DP2] for equivariant
surgery up to pseudoequivalences (i.e., a homotopy equivalence that is G-equivariant
but not necessarily a G-homotopy equivalence). These theories are significantly more
difficult to handle than the others, and special considerations are needed at many steps.
For example, more complicated notions of reference data are required, and extra restric-
tions must be placed on the surgery problems to be considered; these include the Euler
characteristic and connectivity hypotheses of [DP1] and [DP2]. Section 1 summarizes
these points. In order to extend the periodicity results and their proofs it is necessary
to examine some new algebraic invariants that do not arise in the other theories. These
invariants take values in subquotients of the projective class group KO(Z[G]), and the
behavior of such invariants with respect to products must be analyzed. Our results on
this question appear in Sections 4 and 5, the conclusions are weaker than we would like,
but they suffice to prove the periodicity theorems in some important cases (for example,

if G is abelian).

At various points throughout the book we mention questions that are related to the
results of this book and seem to deserve further study. A few especially noteworthy
examples appear in the next to last paragraph of the introduction to Chapter III and
the final paragraphs of Sections I11.4 and IV .4.
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CHAPTER I

INTRODUCTION TO EQUIVARIANT SURGERY

One of the main themes in topology is the development of techniques for passing
back and forth between algebraic and geometric information. In particular, the phrase
“surgery theory” generally refers to a collection of techniques for studying the structure
of manifolds by means of homotopy theory and algebraic structures involving quadratic
forms. For the most part, these techniques were developed during the past thirty years.
At a very early point, topologists realized that surgery theory could be applied effec-
tively to study a fairly wide range of problems involving group actions on manifolds;
many ways of doing this have been developed. Several approaches can be described
as equivariant surgery theories that are formally parallel to ordinary surgery theory as
in Wall’s book [WL]. The underlying idea is simple: In ordinary surgery theory one
considers maps between manifolds, and in equivariant surgery one attempts to consider
equivariant maps between manifolds with group actions by similar methods. Some as-
pects of ordinary surgery theory extend easily to the category of manifolds with group
actions. On the other hand, new types of difficulties appear when surgery theory is
extended to manifolds with group actions, and effective means for dealing with such
problems presently exist only if the manifolds or mappings satisfy some additional hy-
potheses. There are several possible choices of conditions that are useful in different
contexts, and each choice has an associated version of equivariant surgery theory.

Although there are often major differences between the various approaches to equiv-
ariant surgery, such theories all satisfy some basic formal properties. In this chapter
we shall describe a version of equivariant surgery that has relatively few technical com-
plications but still illustrates the formal properties that such theories have in common.
The specific theory to be considered is called I"*PTEF in [DR], where it is studied
at length; the same theory also appears in several other references including [PR]. A
survey of other approaches to equivariant surgery appears in Chapter II of this book.

Applications of equivariant surgery

One of the principal reasons for introducing equivariant surgery theories is their use-
fulness in studying some basic problems in transformation groups. Unfortunately, an
account of the applications would require a considerable amount of extra mathematical
material that is not closely related to the main topics of this book, and consequently we
have not attempted to treat this important aspect of equivariant surgery theory. Many
of the various types of applications are presented in the books by M. Davis [Dav2] and
T. Petrie and J. Randall [PR], a survey article by T. Petrie and the authors [DPS], and
articles by the second author [Sc3], V. Vijums [V]], the first author and L. Washington
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[DW], and M. Rothenberg and G. Triantafillou [RT]. Of course, there are also other
applications of surgery to transformation groups beyond the sorts described in these
articles; the latter were chosen as a representative selection with references to other
work in the area.

1. Ordinary surgery and free actions

Equivariant surgery theories evolved from earlier applications of ordinary surgery
theory to transformation groups (see [Brdr|, [RS]). In fact, some of these conclusions
are essentially special cases of the equivariant surgery theories that were developed
subsequently. In this section we shall describe some results of this type in order to
provide motivation and background information.

An action of a group G on a space X is said to be free if for each * € X the isotropy
subgroup G, is trivial. If X is a reasonable space and G is a compact Lie group that acts
freely and continuously on X, then the orbit space projection X — X /G is a principal
G-bundle projection (compare [Bre2]). Furthermore, if X is a smooth manifold and G
acts smoothly and freely on X, then X/G has a canonical smooth structure such that
the orbit space projection is a smooth principal G-bundle (see [GL]).

These considerations “reduce” the study of free G-actions on spaces to the study
of their orbit spaces and (the homotopy classes of) their classifying maps into the
universal base space BG. The following special case of this reduction principle reflects
the relevance of surgery theory to questions involving smooth G-manifolds:

ProrosITION 1.1. Let M™ be a closed smooth manifold, and let G — E — X be a
principal G-bundle over a finite complex X such that E is homotopy equivalent to M
(perhaps E = M ). Then passage to the orbit space defines a 1 — 1 correspondence

free smooth smooth
G — manifolds manifolds
equivariantly = homotopy
homotopy equivalent equivalent to
to E X =E/G

COMPLEMENT 1.2. A similar result holds in the topological category if we restrict
attention to free actions that are locally linear (i.e., the orbit space is a topological

manifold).

REMARK: If (G is finite, then every free action of a finite group on a manifold is locally
linear. On the other hand, if G is a positive-dimensional compact Lie group, then the
results of [Lgr] yield large, systematic families of free G—manifolds that are not locally
linear (compare [KS]).

Proposition 1.1 and Complement 1.2 provide the basis for applying surgery theory to
questions about manifolds with free actions of compact Lie groups. The special cases



