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PREFACE TO THE
FIRST EDITION

Until recently the applications of modern algebra were mainly confined to other
branches of mathematics. However, the importance of modern algebra and dis-
crete structures to many areas of science and technology is now growing rapidly.
It is being used extensively in computing science, physics, chemistry, and data
communication as well as in new areas of mathematics such as combinatorics.
We believe that the fundamentals of these applications can now be taught at the
junior level. This book therefore constitutes a one-year course in modern algebra

_for those students who have been exposed to some linear algebra. It contains
the essentials of a first course in modern algebra together with a wide variety of
applications.

Modern algebra is usually taught from the point of view of its intrinsic inter-
est, and students are told that applications will appear in later courses. Many
students lose interest when they do not see the relevance of the subject and often
become skeptical of the perennial explanation that the material will be used later.
However, we believe that by providing interesting and nontrivial applications as
we proceed, the student will better appreciate and understand the subject.

We cover all the group, ring, and field theory that is usually contained in a
standard modern algebra course; the exact sections containing this material are
indicated in the table of contents. We stop short of the Sylow theorems and Galois
theory. These topics could only be touched on in a first course, and we feel that
more time should be spent on them if they are to be appreciated.

In Chapter 2 we discuss boolean algebras and their application to switching
circuits. These provide a good example of algebraic structures whose elements
are nonnumerical. However, many instructors may prefer to postpone or omit this
chapter and start with the group theory in Chapters 3 and 4. Groups are viewed
as describing symmetries in nature and in mathematics. In keeping with this view,
the rotation groups of the regular solids are investigated in Chapter 5. This mate-
rial provides a good starting point for students interested in applying group theory
to physics and chemistry. Chapter 6 introduces the Pélya—Burnside method of
enumerating equivalence classes of sets of symmetries and provides a very prac-
tical application of group theory to combinatorics. Monoids are becoming more

ix



X PREFACE TO THE FIRST EDITION

important algebraic structures today; these are discussed in Chapter 7 and are
applied to finite-state machines.

The ring and field theory is covered in Chapters 8—11. This theory is motivated
by the desire to extend the familiar number systems to obtain the Galois fields and
to discover the structure of various subfields of the real and complex numbers.
Groups are used in Chapter 12 to construct latin squares, whereas Galois fields are
used to construct orthogonal latin squares. These can be used to design statistical
experiments. We also indicate the close relationship between orthogonal latin
squares and finite geometries. In Chapter 13 field extensions are used to show
that some famous geometrical constructions, such as the trisection of an angle
and the squaring of the circle, are impossible to perform using only a straightedge
and compass. Finally, Chapter 14 gives an introduction to coding theory using
polynomial and matrix techniques.

We do not give exhaustive treatments of any of the applications. We only go so
far as to give the flavor without becoming too involved in technical complications.
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Figure P.1. Structure of the chapters.
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The interested reader may delve further into any topic by consulting the books
in the bibliography.

It is important to realize that the study of these applications is not the only
reason for learning modern algebra. These examples illustrate the varied uses to
which algebra has been put in the past, and it is extremely likely that many more
different applications will be found in the future.

One cannot understand mathematics without doing numerous examples. There
are a total of over 600 exercises of varying difficulty, at the ends of chapters.
Answers to the odd-numbered exercises are given at the back of the book.

Figure P.1 illustrates the interdependence of the chapters. A solid line indicates
a necessary prerequisite for the whole chapter, and a dashed line indicates a
prerequisite for one section of the chapter. Since the book contains more than
sufficient material for a two-term course, various sections or chapters may be
omitted. The choice of topics will depend on the interests of the students and the
instructor. However, to preserve the essence of the book, the instructor should be
careful not to devote most of the course to the theory, but should leave sufficient
time for the applications to be appreciated.

I would like to thank all my students and colleagues at the University of
Waterloo, especially Harry Davis, D. Z. Djokovi¢, Denis Higgs, and Keith Rowe,
who offered helpful suggestions during the various stages of the manuscript. I am
very grateful to Michael Boyle, lan McGee, Juris Stepfans, and Jack Weiner
for their help in preparing and proofreading the preliminary versions and the
final draft. Finally, I would like to thank Sue Cooper, Annemarie DeBrusk, Lois
Graham, and Denise Stack for their excellent typing of the different drafts, and
Nadia Bahar for tracing all the figures.

Waterloo, Ontario, Canada WiLLIAM J. GILBERT
April 1976



PREFACE TO THE
SECOND EDITION

In addition to improvements in exposition, the second edition contains the fol-
lowing new items:

« New shorter proof of the parity theorem using the action of the symmetric
group on the discriminant polynomial

« New proof that linear isometries are linear, and more detail about their
relation to orthogonal matrices

« Appendix on methods of proof for beginning students, including the def-
inition of an implication, proof by contradiction, converses, and logical
equivalence

« Appendix on basic number theory covering induction, greatest common divi-
sors, least common multiples, and the prime factorization theorem

« New material on the order of an element and cyclic groups
« More detail about the lattice of divisors of an integer

« New historical notes on Fermat’s last theorem, the classification theorem
for finite simple groups, finite affine planes, and more

« More detail on set theory and composition of functions
« 26 new exercises, 46 counting parts

» Updated symbols and notation

» Updated bibliography

February 2003 WiLLIAM J. GILBERT
W. KEITH NICHOLSON
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'mducmg a symbol such as x, to represent an unknown
was known to the ancient Greeks. This symbol could
l;kc the arithmetic symbols until a solution was obtained.
can be characterized by the fact that each symbol always
This number could be integral, real, or complex. However,
h and eighteenth centuries, mathematicians were not quite sure
» root of —1 was a number. It was not until the nineteenth
he beginning of modern algebra that a satisfactory explanation of
was given.
of classical algebra was to use algebraic manipulation to solve
ns. Classical algebra succeeded in producing algorithms for
mial equations in one variable of degree at most four. However,
Niels Henrik Abel (1802—1829), by modern algebraic methods,
always possible to solve a polynomial equation of degree five
terms of nth roots. Classical algebra also developed methods for
linear equations containing several variables, but little was known
solution of nonlinear equations.
| algebra provided a powerful tool for tackling many scientific prob-
it is still extremely important today. Perhaps the most useful math-
ol in science, engineering, and the social sciences is the method of
system of linear equations together with all its allied linear algebra.
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