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Preface

FAW 2007, the 1st International “Frontiers in Algorithmics Workshop” took
place in Lanzhou, China, August 1-3, 2007. The FAW symposium aims to pro-
vide a focused forum on current trends in research on algorithms, discrete struc-
tures, and their applications, and to bring together international experts at the
research frontiers in those areas so as to exchange ideas and to present sig-
nificant new results. In response to the Call for Papers, a total of 141 papers
were submitted from 16 countries and regions, of which 33 were accepted. These
papers were selected for nine special focus tracks in the areas of bioinformat-
ics, discrete structures, geometric information processing and communication,
games and incentive analysis, graph algorithms, Internet algorithms and proto-
cols, parameterized algorithms, design and analysis of heuristics, approximate
and online algorithms, and algorithms in medical applications.

We would like to thank the Conference General Chair, Maocheng Cai and Hao
Li, and Advising Committee Chair, Danny Chen, for their leadership, advice and
help on crucial matters concerning the conference. We would like to thank the
International Program Committee and the external referees for spending their
valuable time and effort in the review process. It was a wonderful experience to
work with them.

Finally, we would like to thank the Organizing Committee, led by Lian Li
and Xiaotie Deng, for their contribution to making this conference a success.
We would also like to thank our sponsors, the ICCM Laboratory of Lanzhou
University, for kindly offering the financial and clerical support that made the
conference possible and enjoyable.

August 2007 Franco Preparata
Qizhi Fang
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Geometric Algorithms for the Constrained 1-D
K-Means Clustering Problems and IMRT
Applications*

Danny Z. Chen, Mark A. Healy, Chao Wang, and Bin Xu**

Department of Computer Science and Engineering
University of Notre Dame, Notre Dame, IN 46556, USA
{chen,mhealy4,cwangl,bxu}@cse.nd.edu

Abstract. In this paper, we present efficient geometric algorithms for
the discrete constrained 1-D K-means clustering problem and extend
our solutions to the continuous version of the problem. One key clus-
tering constraint we consider is that the maximum difference in each
cluster cannot be larger than a given threshold. These constrained 1-D
K-means clustering problems appear in various applications, especially
in intensity-modulated radiation therapy (IMRT). Our algorithms im-
prove the efficiency and accuracy of the heuristic approaches used in
clinical IMRT treatment planning.

Keywords: K-means clustering, staircase-Monge property, matrix search
algorithm, minimum-weight K-link path algorithm, intensity modulated
radiation therapy (IMRT).

1 Introduction

Data clustering is a fundamental problem that arises in many applications (e.g.,
data mining, information retrieval, pattern recognition, biomedical informatics,
and statistics). The main objective of data clustering is to partition a given data
set into clusters (i.e., subsets) based on certain optimization criteria and subject
to certain clustering constraints.

In this paper, we consider the discrete and continuous constrained 1-D K-
means clustering problems and their applications in intensity-modulated radia-
tion therapy (IMRT). The definitions of these two data clustering problems are
given as follows.

The discrete constrained 1-D K-means clustering problem: We are
given a positive bandwidth parameter 6 € R, integers K and n with 1 < K < n,
n real numbers x1, Z2, ..., T, with 1 < 23 < --+ < x,, and a positive real-valued
probability function P : {z1,z2,... x,} — (0,1) such that > " , P(z;) = 1. For
any j and [ with 0 <[ < j < n, we define

Z{=l+1 P(z;) * z;
ZZ:Z—FI P($1)

* This research was supported in part by NSF Grant CCF-0515203.
** Corresponding author.

ull, 3] =

F.P. Preparata and Q. Fang (Eds.): FAW 2007, LNCS 4613, pp. 1-13, 2007.
© Springer-Verlag Berlin Heidelberg 2007



2 D.Z. Chen et al.

and
+00, when z; — z141 > 0

P(x;)(x; — pll, j])%, when z; — x40 <6

V[ 4l = { i

i=l+1
We seek a sequence ¢ = (q1,q2,---,qkx—1) of K — 1 integers with 0 < ¢1 < g2 <
-+» < qi—1 < n (for convenience, qo 20 and qK — n) such that the total error
E(q) = Z,If:l V[gk-1,qx] is minimized. This discrete constrained problem arises
in IMRT applications [4].

The continuous constrained 1-D K-means clustering problem: We are
given a positive bandwidth parameter § € R, integers K and n with 1 < K < n,
and a positive real-valued (density) function f : [z, z.] — [0, 1], where z; and
Ze (zp < x) are real numbers and f:‘: f(z)dz = 1. For any values a and 3 with
zp < a < <z, we define

ff f(z) * zdx

Ao, B] =
ff f(z)dx
and
‘7[ 8= 400, when 8 —a > 6
Gl = ff f(z)(z — fi[a, B])?dz, when B —a < §
We seek a sequence 0 = (61,60s,...,0k_1) of K —1 real numbers with z;, < 6; <
0y < --- < Og_1 < z (for convenience, — zp and Ok z Ze), such that the

total error E(f) = Zle V[6;—1,0;] is minimized.

Note that in the above definitions, V/[g;j_1,¢;] = 400 when z4, —z4,_, 41 > 6,
and V[Hj_l,Oj] = +oo when 6; — 6,1 > 6. Thus both the problems actually
have a common constraint, i.e., the maximum difference in any cluster cannot
be greater than the bandwidth parameter 6.

Algorithms for these two problems without the above constraint have been
widely used in many areas such as signal processing, data compression, and infor-
mation theory. Various techniques have been applied to solve the unconstrained
versions, such as quantization [8,17], K-means clustering [9], and computational
geometry [1,2,3,7,16]. However, the constrained versions are also important to
some applications such as IMRT, which motivate our study.

Efficient algorithms for the discrete unconstrained 1-D K-means clustering
problem have been known. Wu [17] modeled the optimal quantization problem
(a variation of the unconstrained version) as a K-link shortest path problem and
gave an O(Kn) time algorithm based on dynamic programming and Monge ma-
trix search techniques [1,2]. Aggarwal et al. [3] showed that the K-link shortest
path problem on directed acyclic graphs (DAG) that satisfy the Monge property
[15,1,2] can be solved in O(n+/K logn) time by using a refined parametric search
paradigm, and Schieber [16] improved the time bound to O(n2V Tog K Tog [°g"). All
these three algorithms exploit the Monge property to find an optimal solution
efficiently. A related work due to Hassin and Tamir [10] formulated a class of
location problems using a general facility location model; their solution for the



Geometric Algorithms for the Constrained 1-D 3

p-median problem is also based on dynamic programming and matrix search
techniques.

The continuous unconstrained 1-D K-means problem was studied indepen-
dently by Lloyd [11] and Max [13], who gave algorithms based on iterative nu-
merical methods. The convergence speed of their algorithms was improved in
[12]. These algorithms, however, are able to find only a local minimal solution
instead of a global minimum. Wu [17] showed that by discretizing the continu-
ous input function f, a computationally feasible global search algorithm could
be obtained.

The constrained 1-D K-means clustering problems appear in the radiation dose
calculation process of intensity-modulated radiation therapy (IMRT) for cancer
treatment [4,14,18]. In IMRT treatment planning, a radiation dose prescription
(i.e., a dose function) is first computed for a cancer patient by a treatment plan-
ning system. The initially computed dose function is in either a discrete form
(i.e., a piecewise linear function) or a continuous form (e.g., a certain continuous
smooth function), which is often too complicated to be deliverable. Hence, the ini-
tial dose function needs to be processed or simplified into a deliverable form called
intensity profile. The resulting intensity profile should be as close as possible to the
initial dose function both locally and globally to minimize error in the treatment
plan. The constrained 1-D K-means clustering problems model the problem of
computing an intensity profile from an initial dose function [4,14,18], in which the
bandwidth parameter ¢ specifies the allowed local deviation error and the number
K of clusters indicates the (delivery) complexity of the resulting intensity profile
(e.g., see Section 4 and Figure 2).

Several algorithms for the constrained 1-D K-means clustering problems have
been given in medical literature and used in clinical IMRT planning systems
[4,18]. However, these algorithms use only heuristic methods to determine the
clusters iteratively [4,14,18], and can be trapped in a local minimal (as shown by
our experimental results in Section 5). Also, no theoretical analysis was given for
their convergence speed. The clustering constraint defined at the beginning of
this section is often used [4]. But, in certain medical settings, another clustering
constraint (e.g., in [18]; see Section 2.5) that is quite similar to yet slightly more
restricted than the constraint defined in this section is also used. As we will
show later, such seemingly slight constraint variations can have quite different
computational and algorithmic implications.

Our results in this paper are summarized as follows.

1. We present efficient geometric algorithms for computing optimal solutions to
the discrete constrained 1-D K-means problem that is defined in this section.
Depending on the relative values of n and K, our algorithms run in O(Kn)
or 0(71,2"1"gja Tog iog") time, by exploiting the Monge property [15,1,2,16,17]
of the problem (see Section 2).

2. We also consider a similar yet slightly more restricted clustering constraint
(18] (to be defined and discussed in Section 2.5), and show that the Monge
property does not hold for this constraint variation. Qur algorithm for this
discrete constrained problem version takes O(K (n + |E’|)) time, where |E’|
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is the number of edges in a graph that models the problem (|E’| < n?, but
in practice |E’| can be much smaller than O(n?)).

3. We extend our solutions to the continuous constrained 1-D K-means problem,
by transforming the continuous case to the discrete case (see Section 3).

4. We show that our constrained 1-D K-means algorithms are useful in IMRT
applications (see Section 4), and give some experimental results on compar-
ing our solutions with those computed by the heuristic methods in medical
literature [4,14,18] (see Section 5).

2 Algorithms for the Discrete Constrained 1-D K-Means
Problem

This section presents our algorithms for the discrete constrained 1-D K-means
clustering problem.

2.1 Computing the Minimum Number K of Clusters

The number K of clusters can be an input value. However, in some applications
such as IMRT, K needs to be as small as possible and thus needs to be computed.
Wu et al. [18] gave a greedy algorithm for finding the minimum cluster number
K, as follows. The input values z;,z3,...,z, are scanned in ascending order
and partitioned into K groups:

(15, gy )s (Tqrats -y @ga)s ey (Tge 1415+ -+ Tn)

such that for any k with 1 <k < K, zg, —2g,_,4+1 < 6 and zg, 41 — Zg,_,+1 > 6.
Clearly, K can be computed in O(n) time.

2.2 Reformulation of the Discrete Constrained 1-D K-Means
Problem

In this section, we model the discrete constrained 1-D K-means clustering prob-
lem as a K-link shortest path problem on a directed acyclic graph (DAG)
G = (U,E), which is defined as follows (see Figure 1). The vertex set U =
{uo,u1,us,...,u,}. For any two vertices u; and u; (I < j), we put an edge in G
from wu; to u; with a weight V'[I, j].

Clearly, G is a complete DAG with edge weights. Any K-link path from ug
to un in G, say p = ug — ug, — Ug, — *** — Ugx_, — Up, corresponds to a
feasible solution ¢ = (¢1, g2, - - -, gk —1) for the discrete constrained 1-D K-means
clustering problem, and vice versa. For any path in G, define its weight as the
sum of the weights of all its edges. It is easy to see that an optimal solution
for the discrete constrained 1-D K-means clustering problem corresponds to a
shortest K-link path from ug to u, in the DAG G.

The DAG G thus defined has O(n) vertices and O(n?) edges. In Section 2.3, we
will show that the weight of any edge in G can be computed in O(1) time after an
O(n) time preprocess. Hence, the graph G can be represented implicitly, that is,
after the O(n) time preprocess, any vertex and edge of G can be obtained in O(1)
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Fig. 1. A weighted, complete directed acyclic graph (DAG)

time. Thus, a K-link shortest path in G can be computed in O(K (|U| + |E|)) =
O(Kn?) time by using the standard dynamic programming approach. In Section
2.4, we will show that by exploiting the underlying geometric properties of the
DAG G, a K-link shortest path in G can be computed in O(n2v'eg Kloglogn) op
O(Kn) time.

2.3 Computing the Weights of the Edges in G

In this section, we show that for any [ and j (I < 7), the weight of the edge in
G from w; to u; can be computed in O(1) time after an O(n) time preprocess.
It suffices to consider the case when x; — x;41 < 6. In this case, we have

V[, 4] = Elerr Pl@i) (@i — ull, 1)°
—Zl_l+1 xl)x 221 =l+1 P(xz) * T * ﬂ[l ]] + Zz 141 P(:L'i)(,u[l,j])z

N Zi:H‘l (‘TZ)I z 1+1P(Il)

Therefore if we precompute all prefix sums of >°7_, P(z;), Y.7_, P(z;)z;, and
1 P(z:)z?, g = 1,2,...,n, which can be easily done in O(n) time, then we

can compute any V[l,j] in 0(1) time.

2.4 The Staircase-Monge Property of the Problem

This section shows that the discrete constrained 1-D K-means clustering problem
satisfies the staircase-Monge property [2].

Lemma 1. (1a) If V[I,j] = +oo, then V|[l,j'] = +oo for any j' > j and
V[l',j] = oo for any l' < 1.

(1b) For any 0 <l +1 < j < n, if the four entries V[I,5], V[l + 1,5],V[l,j + 1],
and V[I+1, j+1] are all finite, then V[I, j]+V[I+1,j+1] < V[I+1,5]+V[l,j+1].

Proof. (1a) If V[l,j] = 400, then z; — 241 > 4. Since the sequence of z =
(x1,%2,...,2,) is in ascending order, for any j' > j, we have z;; — 141 >
x; — z141 > 6. Hence VI, j'] = +00. We can similarly argue that for any I’ < [,
V', j] = +o0 holds.

(1b) Fix I and j. We can view V[l 4+ ¢,j + d]’s and p[l + ¢,j + d]’s (¢ = 0,1
and d = 0,1) as multi-variable functions of z;1,zi42,...,2j41 and P(z141),
P(x142), ..., P(zjq1). Let W =V[i+ 1,51+ V[, j+1] - V[i,j] - V[i+ 1,5+ 1].
It is sufﬁc1ent to show W > 0.



