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Several Problems in Applied Nonlinear Dynamical Systems

Abstract

In this thesis, the following several problems in applied nonlinear
dynamical systems are studied.

1. The persistence of lower dimensional invariant hyperbolic tori
and their stable and unstable manifolds for the smooth perturbed
Hamiltonian systems is shown by using the theory of normally
hyperbolic invariant manifold and a finitely smooth version of the KAM
theorem. Our proof is much more succinct and clear than the previous
proof on the similar problem of analytical Hamiltonian systems.

2. Some dynamics in the famous ABC (Arnold-Beltrami-Childress)
flow are considered. By a new like-KAM theorem and the high
dimensional Melnikov method, the conditions of existence of its
invariant tori and chaotic streamlines are obtained. These results negate
directly a universal guess put forward by Poincare, Birkhoff, et al, and
assert Arnold’s original motivation for introducing this model.

3. A problem on numerics and dynamics is discussed. Particularly,
the damped and driven periodically sine-Gordon equation is considered,
and the existence and convergence of attractors under its spectral
approximation are proved. This result supplies reasonability for the
previous simple Galerkin modal truncation of this equation from the
viewpoint of dynamics.

4. By applying the singular perturbation theory, an approximated
ODE (ordinary differential equation), which is obtained by restricting
the damped driven sine-Gordon equation to its GAIM (generalized
asymptotic inertial manifold), is studied qualitatively. And some
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homoclinic orbits and pulse orbits which explain directly chaotic
jumping behavior observed in the previous numerical experiments for
this equation are found.

5. By the AKNS system and introducing the wave function for the
integrable equations, a method to find new exact solutions from known
stationary solutions of the evolution equations is proposed. Especially, a
family of interesting new exact solutions of the integrable sine-Gordon
equation are obtained by a similar method and these solutions contain
some like-kink, like-anti-kink and like-soliton solutions, which are very

signiﬁcént for the further dynamics study.

Key words invariant torus, homoclinic orbit, chaos, attractors,

exact solution
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Preface

The study of nonlinear dynamics is a fascinating subject which is
at the very heart of the understanding of many important problems of
the natural science. Two of the oldest and most notable classes of
problems in applied nonlinear dynamical systems are the problems of
celestial mechanics, especially N-body problem in the solar system, and
the problems of turbulence in fluids. The first class problems are of
finite dimensions, the latter class have infinite dimensions. Both
phenomena have attracted the interest of scientists for a long time and
lead to the formation and development of complicated dynamical
systems.

There are two main reasons resulting in the rather difficulty in the
study of nonlinear dynamics. One is nonlinearity. In contrast to linear
systems, the evolution of nonlinear systems obeys complicated laws that,
in general, cannot be arrived at by pure intuition or by elementary
calculations. For a dynamical system starting from a particular initial
state, 1t is not easy to predict if the system will evolve towards rest or
towards a simple stationary state, or if it will go through a sequence
bifurcations leading to periodic states or to quasi-periodic states or even
to fully chaotic states. Thus, due to nonlinearity we do not know a priori
towards which state a given system may evolve and we do not know
when significant changes of the state may occur. The other reason is the
number of dimension (high and even infinite). The study of turbulence
in finite-dimensional systems suggests that the level of complexity of
the phenomena increases with the level of complexity of the system,
especially the dimension of phase space in the systems, i.e. the number
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of freedom of the systems. However, this is an inevitable problem
resulting from recent developments in science and technology, such as
chemical dynamics, biological dynamics, plasma physics and lasers,
nonlinear optics, combustion, mathematical economy, robotics, etc.
These reasons also determine that the current studying focus of
nonlinear science is on dynamics of those nonlinear complicated
systems with high dimensions and even infinite dimensions.

Although the study of nonlinear dynamics is rather difficult, there
have been new ideas and new mathematical tools such as the work of S.
Smale on attractors, the mechanism proposed by D. Ruelle and F.
Takens for the explanation of turbulence, the KAM (Kolmogorov-
Arnold-Moser) theory, period-doubling bifurcation to chaos for
mappings of the interval [0,1], the existence of complicated attractors of
dissapative dynamical systems, the newest method of anti-integrability
limit proposed recently by S. Aubry [1-4] to study the complexity, and
of course, some reduction methods [5], etc. Particularly, with the
increase in computing, more insight into behavior of dynamical systems
and into the description of chaotic behavior is obtained.

However, with the need of the understanding of new complicated
phenomena appearing in new areas of science and technology such as
pattern competition and spatio-temporal chaos, etc., the present methods
are still not enough. For example, because of the complexity and
sensitivity of certain variations, the evolution of a nonlinear complicated
system cannot be predicted by mere computations, be it analytical or
numerical. They can not offer a satisfactory solution even if they
produce a feasible one; nonlinear phenomena are global and there is a
need for a more geometrical view of the phenomena which could
provide the proper guidelines for the computations. The limits of the
computational methods have been pointed out by Poincare in his classic
work on differential equations. He showed the need to marry analytical

Vi
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and geometrical methods in the dynamical theory, and although he was
concerned with asymptotic analytical methods, this aiso applies to
numerical methods since the difficulty is inherent in the problem.
Therefore, in order to understand the nonlinear phenomena in applied
problems very well, we have to utilize sufficiently all kinds of tools, and
even to construct new mathematical methods.

However, up to now we haven’t found a more systematic method
to solve thoroughly the nonlinear complicated problems, even for a
given applied nonlinear dynamical system, which is just as what M. C.
Cross and P. C. Hohenberg asserted in Ref. [6]. They declared that with
the need of understanding the mechanism of some complicated
phenomena such as pattern formation, pattern competition and spatio-
temporal chaos, especially in order to study complexity science, more
and more methods need to be combined and to be proposed, but they
also pointed out there are four applicable methods in operation at
present: numerical simulation, qualitative analysis, perturbation method
and finding new exact solutions.

Just on the basis of the background on nonlinear dynamics research,
we hope to investigate some applied dynamics from as many aspects as
possible in this thesis.

Now let us describe the content of this thesis in its chronological
order. We divide the thesis into two parts. The first part is to introduce
and study some dynamics such as invariant torus and homoclinic chaos
in finite-dimensional dynamical systems with multi-freedom. It consists
of four chapters, i.e. Chapter 1, Chapter 2, Chapter 3 and Chapter 4. The
second part contains three chapters, i.c., Chapter 5, Chapter 6 and
Chapter 7, which is to study nonlinear evolution equations, i.e., so-
called infinite dimensional dynamical systems from several aspects such
as numerics and dynamics, nonlinear dynamics theory, and soliton
theory, etc. Particularly, we are focused on the study of the sine-Gordon

\21!
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equation.

In the first chapter, we introduce a high dimensional generalization
of Melnikov method — an analytical and applicable method to detect
homoclinic orbits in a given dynamical system.

[n Chapter 2, we discuss the persistence of lower dimensional
invariant tori for smooth Hamiltonian systems, it is very important in
celestial physics. However, the previous researches were focused only
on the analytical Hamiltonian systems and the rapidly convergent
Newton iteration KAM proof with high technique was used. By using
the normally hyperbolic invariant manifold theory and a smooth version
of the KAM theorem, we show directly the persistence of some lower
dimensional invariant hyperbolic tori and their stable and unstable
manifolds in the smooth perturbed Hamiltonian systems under certain
conditions of nonresonance and nondegeneracy. In comparison to the
previous proof of similar problems in the analytical Hamiltonian
systems, our proof is very succinct and clear.

In Chapter 3, we study a notable model to describe motion of fluid
particles, the ABC flow first introduced by Arnold. By applying a new
like-KAM theorem and the method introduced in Chapter 1, we obtain
the analytical conditions of existence of invariant tori and chaotic
streamlines in the ABC flow. These results negate directly a universal
guess proposed by Poincare, Birkhoff, etc, and imply that a simple
Eulerian represention has a complicated Lagrangian structure such as
turbulence, which is Arnold’s original motivation for introducing the
ABC flow.

In Chapter 4, we introduce a new work, it is also how to detect
homoclinic orbits in a given dynamical system with resonance. Since
the method referred in Chapter 1 is invalid for such problems, we have
to use the geometric singular perturbation theory to deal with the
problems.

VI
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In Chapter 5, we discuss a problem on numerics and dynamics. As
mentioned above, power numerical experiments play an important role
in the study of nonlinear dynamics at present, but mere numerical
computations are not enough for understanding nonlinear problem, for
example, the determination of the numerical schemes which will
accurately reflect the dynamics of the original nonlinear problems.
Particularly, as an example, we take the damped and driven periodically
sine-Gordon equation and prove the existence and convergence of
attractors for dissapative systems under its spectral discretization. This
result just supplies reasonability for the simple Galerkin modal
truncation of the sine-Gordon equation from the view point of dynamics,
because many former researchers showed that the simple low modal
truncation system of the damped driven sine-Gordon equation reflects
the main dynamics of the original PDE by numerical experiments.

In Chapter 6, by the infinite dimensional dynamical systems theory,
we study qualitatively an approximated ODE on the GAIM of the
damped and driven sine-Gordon equation. We obtain the conditions of
existence of orbits homoclinic to a resonance band and show the
existence of pulse orbits under certain parametric values by applying the
singular perturbation method introduced in Chapter 4. As compared
with the previous works that are focused on the simple low modal
truncation systems of the damped driven sine-Gordon equation, our
results are more beautiful, especially our results explain directly
mechanism causing chaotic jumping behavior observed in the past
numerical simulations for the damped driven sine-Gordon equation
under the same parametric values.

In Chapter 7, the problem to find exact solutions for nonlinear
evolution equations will be considered. 1t is well known that it is very
difficult to study analytically the concrete dynamics in nonlinear
evolution equations, such as finding the homoclinic orbits causing
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