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DIFFERENTIAL - DIFFERENCE INEQUALITIES WITH
UNBOUNDED DELAYS AND THEIR APPLICATIONS

Licenc S1 and W anpiao Ma

Depariment of Mathematics, Inner Mongolia Noermal University, Huhhot 010022,P. R. China
Key words and phrases: Differential - difference inequality, unbounded delay, neutral -

type, retarded - type,uniformly stable, globally asymptotically stable, instability.

1. INTRODUCTION
Iy rEcENT years, the development of modern technology has resulted in the planning . design-
ing and realization of sophisticated systems that have become increasingly large in scope and
complex in structure, therefore many researchers have directed their artention to various
problems that arise in connection with large - scale systems,

It is well known that in the stability anlysis of large -scale dynamical systems, the meth-
ods of vector Lyapunov functions and scalar Lyapunov functions are the main and powerful
methods, But, generally, great difficulties arise in applying these methods to large -seale dy-
namical systems with unbounded delays. Particularly, for the stability analysis of neutral —
type large - scale dynamical systems with unbounded delays, very few results have been ob-
tained.

In this paper, firstly, we establish two very important differential - difference inequali-
ties with unbounded delays. Secondly, by making use of these inequalities, we study the
global stability and instability of several classes of large - scale dynamica! systems with un-
bounded delays(including neutral - type) .and obtain some simple and practical sufficient cri-

teria. Our results generalize and replenish the studying of this subject.

2. DIFFERENTIAL - DIFFERENCE INEQUALITIES WITH UNBOUNDED DELAYS
Definition]. Ann XsnmatrixC= (¢, )uxais an M - matrix if ¢,,<<0, { 3£ j,7, 7= 1,2... ,n, and all

principal minors of C are positive.

THEOREM 1. ASSUME THAT THE FUNCTION P (¢) =col {$,(¢),... ,0.(£)):R -~ RY is contin-
uous and satisfies the differential - difference in equality

kp () < g()(Ap(t) + Bp(t)) Sfor t = ¢, (2.1)
where k = diag(k,,... k) ,k; are nonnegative constants: g(¢t} =diag( g;{t), ., £, (&)} is
con - tinucus such that g, (¢) Z o> 0fort > ¢,,vis constant; A = (a,,).c.and B = (1)), are

constant matrices such that a,, < 0, a,, 2> 0,/ % j, b, 2> 0./, = 1.2,... .n , and that — (A
1



+ Byis an M-marrig; pQ) = col(B08) ... P.00))
(pity = sup pt+5),8@ {1, + 0] > [0.09) is continuous such that
Sl el
A{fy <Ztand? — A{) -»- ocast -+ oo,

Then there exists a constant M, 2> 1 such that

P I M pll fort = ty.i = 112.... 4704 (2.2)
li_l;ﬂp.(f)-_—{)s !':1y29---1ﬂ! (2.3

where
hpl = 5 sup piie) <+ o,
Proovf. First, we prove (2.2). l{k, > 0, from (2. |Jwe have
5O Sk T aupi )+ bFie)  for 121 (2.0

Substituting s for 7 in (2. 4),then multiplying both its sides by exp (k;” ‘a,.—J g:i{u) du Jand

integrating with respect to s from ¢, to ¢ ,we obtain

k;'la,;J‘ g,'(ﬂ)dﬂ}

2.0 = p(texp
- zJ' k, " g:(s)€a,65 p;(s) +b;,-ﬁ,—(s))exp(k;‘la.-.fg.-(u)du)ds forz>1,, (2.5
imd g L
where ) = 0,8 = 1.i % J.
Let

a,;

aa; +

m () = sup p;i(s). w,, = “y £47 = 1:24... .0,

P | Qi 1

in view of (2.5) we have

P = 1o+ 3 [ kg @dim, @ + by m @ + 31 exp| kit gituodu) ds
=l ¥

S ol + Zwm@) + Mol pl for ¢ =1, (2.6
where M, = m ;(E’}_lb,;/ian [
1=ise

Note that the right hand of (2. 6)is nondecreasing, we obtain

m (1) < i}w.-,m,-(:) L A+MITEl fore >t 2.7
if k; = 0 ,from (2. 1)we have
Py < _:\?1 ]%3‘; pit) 4+ T—g‘_v"-'f),(:) for t 2> ¢,. (2.8

Similar arguments apply to (2. 8), we can also obtain

m(t) << _é'w,,-m}-(t) + (1 + M) gl for t 2> ¢, 2. M
J=1

Since (A + B)is an M -matrix, by[12,theorem 2. 3Jthere exists a group of positive num-
bers d,.... sd, such that 2. (a; + b;,)d.d;7 <Ofor j = 1,2,... 2. Namely 2w dd, 7 <
Lfor j == 1.2.... 51,

Set

2

[



4]

@ = max iw,-,d,-"‘d,v<1, M= (+ M) i‘dj-.
1=if=a =1 =1

; _ M

do'_max{d,....td,.f, M'l—do(l__a)El.

Then, from (2. 7)and (2. ¢) we have

Sdan () < 3{ Swydid, dm, ) + M| p|

FLBY =1 =1
< aé:ld}m,-(t) +Mipl  Hore>t,.
Namely
Emit) < e I pll <M U pll doree
=1 ofl — a3
Thus
Py <m(e) <M | pll for t 22 ty0f = L1424, .. o1,

Secondly, let us conclucie that{2. 3). Since — (A 4+ B)is an M -matrix, we can choose a
positive number T which is sufficiently large such that - (a; + b, + |a: |8, exp (- 0T )., is
an M —matrix, where §;, =1~ 8} .i,j=1.2,...,n,8 = (rgig |a;| Yo/ (1 + nslaé(k‘)' Hence

15w l&asin

there exists a group of positive number d,,. .. ,d, such that

3 (a, + by + [ai|dexp(— 8TNAA™ < 0 fori=1,2,....n
=1

Namely,

X (w, + Syexp(— ST, <1 fori=1,2,....n.
-1

Tet

@y == max i (w;; + Syexp{— 6T))dd, ™' < 1,

1505n =]
Eléa(d,.—lp,(:)) =g, fori=1,2,...,n

Obviously, 6,20 fori = 1,2,... ,n,and 6, = maxi{c,.... 0.} <+ oo We claim that ¢, = 0.
Mo >0 .let §satisfy 0<< < (1 — a)oy/ (1 + &), byt — A(t) =+ coast -+ coand the

properties of superior—lirait we can choose a sufficiently large T, == t, + T such that
d"YP,G) <o -+ fort — T <s<t, 2T = 1,2,...4n, (2.1
7' p(T) >0 + 7. (2.11)
H k > 0. replacing ¢ in (2.4) by s, then multiplying its both sides by

r
exp (k,” la,,J gi()du) and integrating with respect to s from ¢t — T to? .we obtain

Piio < pice = Trexp{ k| giturdul

+ E ! ?kfﬂgr(s)(ﬂuaﬁf);(S) + 61,5;(5))exp(k,'la,,‘[“g;(u)du}ds 2.2
J=lud T i
for t 2 t; + T. Hence, from (2.20),(2. 11)and(2. 12),we have
g~ 7<<d, 'p T << (o + Pexpl(— §T) ~ (o, + 7)d,™? %‘wi;d;

= {o; L M E (o, + Sexp(— 6T ))dd;™!
j=1



< a, (e + 73,
Thus 72> (1 — )/ (1 + a;) , which contradicts the choice of 7. Ifk, = 0 , we can also con-
clude the contradiction from (2. 8), (2. 18)Yand (2. 11). These contradictions show that the

above claim is true. This completes the proof of theorem 1,

Remark 1. (i) By different choosing of k in theorem 1, we can obtain some important differ-
ential - difference inequalities,

(ii) If A(#) in theorem 1 is bounded, by making use of the methods of £10],we can obtain
the following more exact estimation,

3 ) < I p |l sMoexp(—att — 2,))  for £ty
A ]
where M, 2> 1and @ >> Oare constants, || p || » = 3}, _sg%op,(tn + 5),Ais the bound of A()

(iii} We can obtain the following nonlinear differential - difference inequalities by making
use of the similar methods.

Assume that the functions p;(¢)(j = 1,2,... ,n); R -» R, are continuous and satisty the
nonlinear ineyuality

k,p:(8) < g1 (Pt s o1 p (8,5, () 500, B, ()5
J‘”Al(u)f)l(t —w)du,. .. 9J‘WA,.(u)P,.(f - w)du)
1] 4]

fortzta’ (= 1124 .. 4m 9Where

(a) k; are nonnegative constants;

(b) £.(2) > 0 are continuous for t 2> ¢, , and lim| g,(s)ds =+ oo for z > t; are uniform;

reoadg,

() B(e) = & < Pl 4 02, A0 {tes + o] —+ [0,90] is continuous such that AG) < ¢
[*]

ap
— A5
and ¢ — A(t) +=+ coast >+ ooy

(d) A.(u) = 0 are continuous for ¥ 2> 0 such that -En A;C)du <4 oo ;
{edthe functions f, are continuous such that
filzy,... sXaiN1se e s s ¥aiT e .- 92,) < (T, TR TR VIS IR
fora, = %0, T FUF# D1y, < ¥z, K5G = 1,2,...,0);
(f)there exist a continuous function f{a;) and constants a, > 0 such that F(0) = 0 and
Sila by, .. wa0ia0 ... e.0;a.50,...,058) <<— F(B) <0

for § # Cands; = r;‘l,(u)du,r' = 14240000
[+]

Then there exists a constant M > 1 such that

Py M|pl| fort >=10i=1,2,...,n;
|imp;(t)=0. E=192?---!ﬂl
[

when

1l = max{supp,(¢ + &), s =1,2,...,n}.
80
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THEOREM 2. If the function p(¢) = col(p,(¢).... . p.(t)):R — R% is continuous and satisfies
the differential - difference inequality
50 = FOAp@) + BR(D)) for t = ¢, (2.13
ar
B = F@pV APV + BRVA)) for t 2= ¢,. (2. 14)
where p,{t} are positive and nondecreasing on (— o0,) 0 = 1,2,...,n;
fiuy = diag (S, (). .., fue))

is positive and continuous for ¢ = ¢, such thatj f)de =+ oo,i = 1,2,... n;

P = diag (pYE@) ... pYP (),
LY = col (PYEe),. .., P,
() =col(B, (), .. . B.()),
P = colpli(2),... . pL2(e)),
FU2(E) = colBVi(t),. .. BE()),

F(I)z sup P.‘(t_!'s)g -’-"—}.'2.-..”1;
- IRt L]

A() i [£es + o] [0, -+ o0) is continuous such that A(z) <tand? — A() =+ coast -+ ooy
A = (a;),x.and B = (b,;)n X n constant matrices such that a; > 0.a,, << 01,7 7 j,b, < 0.1,
J=1,24...n,and that A + Bis an M - matrix.

Then

lim (5,() + pale) +... + p, (1) =+ oo,

Proof. Assume that(2. 13)hold. Since A + Bis an M - matrix, there exists a group of
positive numbers d,,... ,d; such that

a; = J_x_"s](a,.,. +5)dd >0 fori=1,2,....n. (2.15)
Set

y(t)y = max{d, 'p,{&),....d, 'p ()} fort € R.
Obviously,y(t} is continuous for ¢ € R and non—decreasing for 7 < #,, we claim that y{(¢) is
nondecreasing for ¢ 2> #,. 1f the above claim is false. we can choose ¢, > £, a sufficiently small
con —stant p and integer k such ¥(¢) is nondecreasing on (— oo, ] and monotonically decreas-
ing on [¢,,¢, + p] . furthermore

() = d, 7 pa(®) for ¢, <<:<t, + p. (2.16)

Thus, we have
d 7 pe(ty) = 38 £ 0, (2.17)
d,71p () < y() for — oo <t <Lt =1,2.... 0. (2.18

On the other hand, by (2. 13),(2. 15), (2. 16)and (2. 18)we obtain
dk_lﬁk(fl) = d{‘(fk(rl)) %l(ak;}":(tl)d,_l + bh‘fj,(fl)dj—i)d}-

> fuled ‘il(ak, + bydd Ty ()
= akfk(ti)y(tl) > On

.t “‘
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