000 % [BAERL A X @

Jacobi iR ERAMNS RinlE .
X il AR RGN

(B R ERYA /&
Bl SR

Bl TR I N

Li&XT 4 st



2000 £ EiB AR A2 LN

Jacobi Spectral Methods and Their
Applications to Singular Problems,
Unbounded Domains and

Axisymmetric Domains

Jacobi i 77 ik R H XA 7 [l #%
TC 5 X 358, ) R 4 ot R X33 ] R 4 2

£ &: Tl
E b HEHE
F b BAH

Li&RY 4 4t
e b W



Shanghai University Doctoral Dissertation (2000)

Jacobi Spectral Methods and Their
Applications to Singular Problems,
Unbounded Domains and
Axisymmetric Domains

Candidate: Wang Li-lian
Major: Computational Mathematics
Supervisor: Prof. Guo Ben-yu

Shanghai University Press
* Shanghai -






+ ¥ K %

A TLERERSLEERHE, WAFE LS
KFEEAFA0E S UREEK,
ERERLLE:
FE. BRI #, AALY 200092
BR: BT sz, bHEFEAS 200234
A i, LEXRF 200436
FoREE ¥ix, LEkE 200436
BT a4k, LEsd kS 200030

Bih. IBAIM i, rEMLAY 200234



AL E:

AR
= CE
EX 0

WAL -?— .

AAv R
SR
BpE=IR
FIFHE
BOH
F LR

o, EBIERE
b, Ligxd
g, AAXE

4%, EBHMERE

I, ik

R, YEMAFRITEHFHAAN
i, Belig

Sl4t, biERakE

200234
200436
200092

200234
310028
100080
710049
200030
200433



ERE R S5 HPiE

WA kR R A RERR RS T RGIE LY
— 2B E G FEEAF R M, Bk, F5EMeES ik
R AT AR, MUBEARAEL, FALLA S A
R AT

AR SBE R S ) AL dihi 77 i ( 348 IR X 9] R Ao S 2 AR
ESREARF ). ©HRLHBIERFHUNFRKAMERXF
. SRATEFRANS. 47K Jacobi % AKX DT EF
& A 4] 37,

ERRERAANH RILE, HERBOHF RS, K
IR —BEEAE AL, BB BB, FEDUET
WA,



AL IR
(=) mﬁi‘ )
LEWER LA
N /k’__. BR-RUE J
B & AT i U, H U
) %

L FA,

AN L3
RN iﬁ: E 0]

20004 3 A 16 A



Jacobi Spectral Methods

W =

B2k, EhkESERERE. ©ABIERBRE
FARERT N2 A NNIE. HEEMRSESHE, K
MBS 2 AT ERE NS BERSHR. 2Ry BIE
BRIUAMEFHHEEFE, CHNETEZENTERRE -
AR Ar 5 (AR, B 2 SBR[ 2 27 S A1 B 0 5 IR 0 ) .
HRFAEM EEFERBOTREME SO LR, B, &
FA A SR RS R 0 4 AT E B 7 BT 8 5
MES

AR Jacobi ZIFEILA Jacobi B I & K3 i HY
IE R R IEE T R, B S X 14 A5 o B2 ] 3%
WHE . Jacobi-Gauss BUKFAFN Jacobi HELE L, XM
T Jacobi 1EFEFINETH (BRI — L4 ) MIRIN AR,
E—TERERTHRMEOSIER. Fit, XEERBRLRER
SR, R b, @SSR, T TR I R X ]
AL R L0 5 R ML R R 5 R 27 5 ) 3,

FJ T, TERARARBBIAE AR, Rl B X S8 7] Sty 3
PRRA R, A SCIERT Jacobi 77 R T 54
PERIEREER b, BUESR X =2 M8, R T - d R Y
ERPESTRERAESEYE T A2, IR TARRZAY Jacobi ks = Hndnl i
fE R E LRI, RN, @ IR BGE 24 5 Jacobi B,
i B B A B ML P 77 FRAE I B MUE ERR B . X8, AT, 1



Shanghai University Doctoral Dissertation (2000)
Jacobi %7 ERRN I EMAR . BELSRIEL THIED
PSSR, AR TR ik

ASSCE A SR R BRE R A TR R, WA, MR ARK
SEIALEE . A R ISR ) R TR S ok S DL ) AR T
MR, Jacobi 77 #EFBGETT I BUE A ST IS BT IR
KWER THAETENEGERN, ot g RIZ&MT. B
{EE e AR 77 R BB R A D ERE

KHiE  Jacobi i rik, Jacobi HUE ik, AFSAE, FO K ],
X B IX ek )

11



Jacobi Spectral Methods

Abstract

In this dissertation, the theory of the Jacobi spectral methods and
their applications to singular problems, unbounded domains and
axisymmetric domains are studied. Some efficient algorithms to
implement the Jacobi spectral methods are constructed. The main
context of this dissertation consists of three parts.

Firstly, we establish the Jacobi interpolation approximations in
weighted Sobolev spaces and certain Hilbert spaces. They are the
theoretical foundation of the Jacobi pseudospectral methods. As
indispensable tools, some weighted inverse inequalities and imbedding
inequalities are given. Furthermore, various unusual Jacobi orthogonal
projections are also included. The Jacobi pseudospectral methods are
applied to numerical solutions of singular differential equations,
differential equations in infinite intervals and in disc. Some numerical
are presented to show the efficiency of these new approaches.

Secondly, we develop multiple-dimensional Jacobi polynomial
approximations in non-isotropic Hilbert spaces. They are used to
numerical solutions of multiple-dimensional singular partial differential
equations with different singularities, such as degenerating coefficients,
singular boundary values and singular source terms. They are also
applied to unbounded domains, such as the whole plane, the half plane
and some infinite straps. The Jacobi spectral methods are also available
to problems in axisymmetric domains. We propose some efficient
algorithms to implement the Jacobi spectral method. It makes this new
approach more preferable.

I
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On the other hand, we investigate multiple-dimensional, non-
isotropic Jacobi interpolation approximations. In particular, we consider
three hybrid interpolations, which are useful for problems in different
unbounded domains. We take the nonlinear Klein-Gordon equation in
an infinite strap and in a cylinder as examples to illustrate how to deal
with  nonlinear problems by using Jacobi pseudospectral methods.

Most of the ideas and techniques in this dissertation can be used to
explore other new spectral methods.

Key words Jacobi spectral methods, Jacobi pseudospectral methods, singular
problems, differential equations in unbounded domains, differential
equations in axisymmetric domains
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Chapter 1

Introduction

1.1 Motivation of the research

Spectral method employs global polynomials as trial functions
for the discretization of the partial differential equations (PDEs).
So it often provides very accurate approximations to the exact so-
lutions with relatively less degrees of freedom. In the past two
decades, the spectral method has gained increasing popularity in
numerical simulations in many fields, such as fluid dynamics, quan-
tum mechanics, numerical weather-prediction and so on. Nowa-
days, it has become one of the most important tools for numerical
solutions of PDEs, and has been successfully used for computa-
tions in science and engineering, see, e.g.. Gottlieb and Orsag [1],
Canuto, Hussaini, Quarteroni and Zang (2], Bernardi and Maday
(3], and Guo [4].

In contrast to finite difference and finite element methods, the
fascinating merit of the spectral method is the high accuracy, ie.,
the so called convergence of “infinite order”. It means that the con-
vergence rates of discrete solutions to exact solutions increase as the
the regularity of the exact solutions increase. Unfortunately, this
merit might be destroyed by some facts: (1) instability of nonlin-
ear computations, (2) discontinuity of data, (3) unboundness of do-
mains, (4) singularity of solutions. Some techniques have been pro-

posed to overcome the first three difficulties. First of all, Kreiss and
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Oligerl®, Gottlieb and Turkell®), Kuol™. Vandeven!®, Tadmor!®
and Guol'9 provided various filterings to weaken the instability in
nonlinear computations. Next, Cai, Gottlieb and Shul'l> 12 devel-
oped certain essentially nonoscillatory approximations and one-side
filters for fitting discontinuous data. In particular, Gottlieb, Shu,
Solomonoff and Vandeven!'®! and Gottlieb and Shul'*=17] recovered
the spectral accuracy by using Gegenbauer approximation. On the
other hand, Maday, Pernaud-Thomas and Vandeven!!8! Funaro
and Kavian('¥, Iranzo and Falqués(?%, Guol?], Guo and Shen!?2
used spectral methods associated with some orthogonal systems in
unbounded domains. But so far, there is little work concerning
spectral method for the singular problems.

The singularity of solutions could be caused by several factors,
such as degenerating of coefficients, unboundness of data, corners
of domains and so on. For instance, we consider a simple equation
with perturbed ellipticity (see [25])

~(p1 (D) (2)) + po(2)U(z) = f(z), zEA=(-11) (L)

where py(z) = (1 — 2)*(1 + 2)? and py(z) = (1 — 2)7(1 + z)°
with a,3,v,6 > 0. Problem (1.1) with suitable boundary value
appear In many areas of applied mathematics and physics, such
as transport processes (Ames [26]), thermal explosions {Chamber
(27]), electrohydrodynamics (Keller [28]) and many others. There
are some literatures on finite difference and finite element methods
for numerical solutions of such problems, see, e.g., (29, 30, 31] and
the references therein. However, a natural way for solving problem
(1.1) numerically is to use the Jacobi approximations. The main
idea is to fit singular solutions by Jacobi polynomials, to compare

numerical solutions with some unusual orthogonal projections of

9
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exact solutions, and to measure the errors in certain Hilbert spaces
which the exact solutions belong to. The advantages of this new
approach are apparent. In fact, the Jacobi polynomials J,(a’ﬁ)(;t)
satisfy a singular Sturm-Liouville equation (see Chapter 2). More-
over, J,(O"m(l) ~{* and J,(“”@)(—l) ~ |l|°. These properties make
it possible to fit singular solutions well. The Jacobi spectral method
is also applicable to problems with singular boundary value, singu-
lar source term and other related problems. '

'The pioneering work was initialized by Guo Ben-yu in his pub-
lications (23] and [24] for one-dimensional singular problems. But
in actual computations, the pseudospectral method is more prefer-
able, since it saves work. In particular, it is easier to deal with
nonlinear terms. But up to now, there is no paper concerning
pseudospectral methods for such problems. One of the motiva-
tions of this dissertation is to develop pseudospectral methods for
singular problems and other related problems.

A number of physical problems are set in unbounded domains.
Some conditions at infinity are given by certain asymptotic behav-
iors of solutions. There are several ways for solving such prob-
lems. The simplest one is to restrict calculations to some bounded
domains, impose certain artificial boundary conditions, and then
resolve the approximate problems by the usual finite difference
methods, finite element methods or spectral methods. However,
this treatment causes additional errors. The second way s to use
spectral methods associated with some orthogonal systems in un-
bounded domains, see, e.g., [18-22]. But this approach requires
some quadratures over infinite intervals, which also cause errors.
In fact, if we make some suitable variable transformations, then the

original problems may become some singular problems in bounded



