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Spectral Methods in Unbounded Domains

Abstract

Many problems in science and engineering are set in unbounded
domains. The simplest method to deal with them is to set some
artificial boundaries, impose certain artificial boundary conditions and
then resolve them numerically. Whereas these treatments may cause
additional errors. The main purpose of this work is to develop the
spectral methods associated with some orthogonal systems of
polynomials in unbounded domains. We start by the Hermite
polynomials interpolation approximation. As an example, we apply it
to the Burgers equation on the whole line. The stability and the
spectral accuracy of the proposed scheme are proved. The numerical
results show the high accuracy of this approach. We derive the
Laguerre interpolation approximation. The pseudospectral scheme for
the BBM equation on the half line is discussed. We also give a
theoretical result for the stream function form of the Navier-Stokes
equation in unbounded domains. The existence, uniqueness and the
regularility are studied. Its mixed Laguerre-Legendre spectral scheme
and mixed Laguerre-Legendre pseudospectral scheme are also
constructed. We prove the stability and convergence of the proposed
schemes. The numerical results show the efficiency ofthese'approach.
The main idea and techniques used in this work are also applicable to

other nonlinear partial differential equations in unbounded domains.

Key words spectral and pseudospectral approximation, unbounded
domain, incompressible fluid flow, nonlinear partial
differential equation, convergence and stability
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Chapter 1 Introduction

1.1 History and Motivation

Recently, more and more attentions are paid to partial dif-
ferential equations in unbounded domains and their numerical
simulations, see, e.g., Fengl!l, Guol?, Kweon and Kelloggl3l,
Maday, Pernaud-Thomas and Vandeven® and Givolil®!.

The simplest method for solving partial differential equa-
tions in unbounded domains numerically is to set up some
artificial boundaries, impose certain artificial boundary con-
ditions, and then resolve the corresponding approximation
problems in bounded domains, by finite difference method,
finite element method or spectral method. For instance, Clay-
ton and Engquist®l, Engquist and Majdal”~8! derived a hier-
archy of differential boundary conditions for the wave equa-
tions based on the pseudodifferential operator theory, which
were used to eliminate the reflection of waves at artificial
boundaries. So the obtained solutions approximately simu-
late the exact solutions in the unbounded domains. Unfor-
tunately, the higher the order of differential boundary condi-

tions, the worse the stability of computation.
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Another way is to consider exact boundary conditions
at artificial boundaries, and then resolve the corresponding
problems. Hagstrom and Keller®~1% studied the exact bound-
ary ccnditions for partial differential equations in cylinders.
Han and Wuf' also found some exact boundary conditions at
an artificial boundary for the Laplace equation. Moreover, a
sequence of approximations to the exact boundary condition
at the artificial boundary was given. The same technique was
used to the linear elastic equations in unbounded domain, see
[12]. Whereas the above methods depend on the considered
partial differential equations. So it is difficult to apply them
to general nonlinear partial differential equations.

Spectral method is a powerful tool for numerical simula-
tion of partial differential equations. It has been successfully
used for numerical simulations in many fields, such as fluid
dynamics, quantum mechanics, numerical weather prediction
and so on. See, e.g, [13-16]). But only the problems in
bounded domains considered usually. Spectral approxima-
tion in unbounded domains have received limited attention.
Canuto, Hariharan and Lustman(!” dealt with the approxi-
mation to an exterior elliptic problem in two dimensions by
1mposing an appropriate condition at the artificial boundary.

However, it causes additional errors. A reasonable way is to
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approximate the problems in unbounded domains by certain
mutually orthogonal systems in unbounded domains. Ma-

day, Pernaud-Thomas and Vandeven!®, Coulaud, Funaro and

18] and Funarol'®) used the Laguerre spectral method

20]

Kavian!
for some linear problems. Funaro and Kavian[?9! considered
some algorithms by using Hermite functions. But there is
only few theoretical result available on spectral approxima-
tion in unbounded domains. Recently Guol? developed the
spectral method by using Hermite polynomials and its appli-
cation to a nonlinear partial differential equation. Guo and
Shen(?!] derived Laguerre spectral method for some nonlin-
ear partial differential equations. In particular, they proved
the stability and the convergence of the proposed schemes.
The numerical results show the high accuracy of the spectral
approximations.

The main aim of this work is to develop the pseudospec-
tral methods in unbounded domains. In fact, we need some
quadratures over unbounded domains in spectral method.
But we only have to calculate the value of unknown func-
tion at the interpolation points in pseudospectral methods,
and so save work. In particular, it is easier to deal with the
nonlinear terms in the pseudospectral methods. Therefore

it is more preferable in actual calculations. To do this, we
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first study the Hermite interpolation approximation and the
Laguerre interpclation approximation, respectively. Then we
use them to construct the corresponding schemes for some
partial differential equations and analyze the error. The nu-
merical results show the efficiency of these approximations.
As is well known, most of practical problems are set up
in multiple-dimensional spaces, such as an infinite tube. In
this case, we need mixed approximation in unbounded do-
mains. So we establish the mixed Laguerre-Legendre spec-
tral approximation and the mixed Laguerre-Legendre pseu-
dospectral approximation. In the second part of this work,
We also use them to construct the spectral and pseudospectral
schemes for some model problems arising in fluid dynamics,
to analyze the stability and the convergence of the proposed
schemes, and to present some numerical results showing the

efficiency of the proposed schemes.

1.2 Outline of the Work

In chapter 2, we establish Hermite pseudospectral approx-
imation in one and multiple-dimensional spaces. As an ap-
plication, we construct the Hermite pseudospectral scheme
for the Burgers equation on the whole line. Its stability and

convergence are also proved. The presented numerical results



