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On the Self-adjoint Extensions of Symmetric

Ordinary Differential Operators with
Middle Deficiency Indices

‘ Sun Jiong (F; JF)
Department of Mathematics ,University of Inner Mongolia (R E -+ K ¥)

How can one generate self-adjoint operators in L? associated with symmetric differential expres-
sions with deficiency indices(m,m)? This is a fundamental problem in the spectral theory of differen-
tial operators. Constructing Weyl's solutions by using H. Wey!l's “circles” method was the classical
method. This was then applied to the describing of the boundary conditions which determine self-ad-
joint domains associated with a second order symmetric differential expression ([27]chap. 9). Since the
1960's W. N. Everitt generalized Titchmarsh-Weyl's theory to the higher-order cases, and gave some
self-adjoint domains with maximum and minimum deficiency indices. Because of the difficulty in con-

structing Weyl’s solutions, much less is known about the solvability of such problems when the defi-
[ i

ciency indices are known in the middle { i_nz———l]< m<n ) . Everitt considered this difficulty.and gave a
\ /

seif-adjoint domain with middle deficiency indices in the even-order case. But these are not a complete

6



solution to the problem of describing all the self-adjoint extensions of any given symmetric differential
operators. Recently,. using the general theory of linear operators, Cao Zhi-jiang obtained the-com-
plete and direct characterization of ail the self-adjoint extensions associated with a symmetric differen-
tial expression with maximum deficiency indices. He also showed that the classical Titchmarch-Weyl's
domains and Everitt's domains are the special cases of his results{5,6,10]

Using Cao's idea, we generalize his result to the cases where the symmetric differential expres-
sions have middle deficiency indices. The key point is to prove a decomposition of ZIu, the domain
of the maximal operators Ly . such that the conditions that elements of Py satisfy at point t=0 and at
infinity are separeted. Using this decomposition we obtain the complete characterization of all self-ad-
joint extensions of nth-order symmetric differential operators with middle deficiency indices (m,m).
The results of this papet generalize Everitt and Cao's results directly.

In section 1, we list some hasic facts. The decomposition of £y is given in Section 2. Section 3
and 4 contain the boundary conditions characterizing all the self-adjoint domains. Section 5 shows that
all the self-adjoint domains given by Everitt are special cases of our result, Lastly in section 6 we show
that Coddington’s self-adjoint domains for compact interval are also the special cases of our result.

The symbols used in this paper are the same as [1,6].

§ 1. Suppose
Ly]=Po()y™ +P, ()y*" PV 4ee 4P ()y,t€[0,+00],

where Po(t) P, (t),,P.(t)are complex functions. In this paper, we assume ¢[y]is a regular ordi-

. s 1
nary symmetric differential expression with equal deficiecy indices (m,m) [u—;— 1<m<(n]. Let Ly
and L, denote the maximal operator and the minimal operator defined by the differential expression

I[y] restrected to the sets &y and &, respectively.

Definition. Suppose m, , -+ ,m, are linear manifolds of L?[ 0, -+oco]. A linear manifold m is said te
be the direct sum of m,,--+,m,, written by

m=m1+.-.+m‘=
k

m,,
1

[N R

if each u€ m has a unigue representation

U= Eu.,
k=1

with u, € m(k=1,---,n).

Let n, and n; denote the eigenmanifolds of Lw associated with 5 and A (S az%0).we know that
&7, the domain of Ly, is the direct sum of &7, n,and n;

Because the deficiency indices of [[y] are (m.m) {[y]=~14y or {{y]=24y has exactly m linearly in-
dependent square integrable solutions on [0.-00].q; (t.2), +»s .qm (t, 1) and v (L 7)o o ctm (1.7,
From the above result we have

lProposition 1. If y& &0, then y has a unique Tepresentation

y=gc— Tepitoa)— Sdip (i), (1.1

L s 1

-~



