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Preface

The ISFMA Symposium on Computational Fluid Dynamics was
held at Xi’an Jiaotong Univresity, Xi’an, China on September 6-17, 1999.
According to the demand on the design and computation of high-speed
air vehicles and turbine machinery, the purpose of the symposium was
to introduce the present state of Computational Fluid Dynamics (CFD);
to promote the exchange and collaboration between CFD scientists from
China and France and to push forward the development of CFD in China.
Over 80 participants attended the symposium. Among them there were
CFD researchers and practicians, teachers, graduate students and post-
graduate fellows from universities and research institutes, including 7

participants came from France.

The activities of the symposium included four 12-hour plenary lec-
tures; 14 one-hour invited talks and some talks on special topics in CFD.
This volume collected the written version of 3 plenary lectures, part of
invited talks and talks on special topics. The collected material involves
newest results in many important directions for CFD. It will be beneficial

to CFD researchers, students and practicians.

We would like to thank Prof. Li Tatsien for his initiation of orga-
nizing this symposium. We give our thanks to Prof. Li Kaitai and his
colleagues from Xi’an Jiaotong University for their successful organiza-
tion. We would like to take this opportunity to express our appreciation
to all colleaques, especially to the members of the Scientific Commit-
tee and the Organizing Committee. Our sincere thanks are due to the
Department of Mathematics of Fudan University, especially to Dr. Cai
Zhijie for his heavy work in editing this volume.

The symposium was supported by the French Embassy in Beijing.

the Consulate General of France in Shanghai, the Mathematical Center

of the Education Ministry of China, the National Natural Science Foun-



dation of China, Fudan University, Xi’an Jiaotong University, Aeronau-
tics Computing Technique Research Institute, Northwestern Polytechni-
cal University. We are indebted to all of these supporters. Finally, we
would like to give our sincere thanks to Higher Education Press for their

help in publishing this book.

Francois Dubois Wu Huamo
November, 1999
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Mesh Generation and Related Topics
Application to Finite Elements

P. J. Frey P. L. George

ABSTRACT

The numerical simulation of the physical problems ex-
pressed in terms of partial differential equations (so-called
PDEs) using a finite element, finite volume, boundary ele-
ment, or any other numerical method requires the discretiza-
tion of the domain of interest into a set of elements, i.e. a
mesh. The differential equations are approximated by a set
of algebraic equations on this mesh, this set, being then solved
to provide the approximate solution of the partial differen-
tial system over the field. The discretization requires some
properties for the solution to be exploitable and must at least
conform to all domain boundaries in order to accurately rep-
resent boundary conditions. Consequently, the mesh genera-
tion stage, as an essential pre-requisite, is of utmost impor-
tance in the computational schemes, as it is related to the
convergence of the computational scheme as well as to the
accuracy of the numerical solutions.

There is indeed a large variety of algorithms suitable to
produce such meshes. Some of these methods are designed to
handle specific geometric situations while others can be used
in a more general context. User-driven, semi-automatic as
well as fully automatic methods exist leading to structured,
unstructured or mixed meshes. The mesh generation prob-

lems are mainly related to the boundary meshing (line, curve



and surface meshing) and domain meshing issues (planar do-
main or volumetric domain).

Numerous computational issues must be carefully
addressed for designing reliable and robust meshing algo-
rithms. These issues concern computer-related data struc-
tures and algorithms (low-level routines) as well as advanced
data structures and computational schemes (high-level rou-
tines). In this regard, basic computational tools, geometric
and discrete geometric notions, computational and mesh data,
structures, element and mesh definitions are of significant im-

portance.

H
H H

The aim of this paper is to provide a comprehensive
survey of the different algorithms and data structures use-
full for triangulation and meshing construction and to serve
as an introductory support for the course about mesh gen-
eration at the ISFMA Symposium on Computational Fluid
Dynamics held at Xi’an, China, 6-17 sept. 1999. In addition,
several aspects will be described too, for instance, mesh mod-
ification tools, mesh evaluation criteria, mesh optimization,
even including adaptive mesh construction as well as parallel
meshing techniques.

The text which follows is extracted from Chapter 3 of
a book by Paul Louis George and Pascal Frey, published in
French as “Maillages. Applications aux éléments finis” whose
translation in English is in progress and is scheduled end of
1999,



Introduction

Mesh generation has evolved rapidly over the last two decades
and meshing techniques seem to have recently reached a level of matu-
rity that allows them to calculate complete solutions to complex three-
dimensional problems. Thus, unstructured meshes for complex three-
dimensional domains of arbitrary shape can be completed on current
workstations in reasonable time. Further improvements may still be ex-
pected, for instance regarding the robustness, reliability and optimality
of the meshing techniques.

Early mesh generation methods employed meshes consisting of qua-
drilaterals in two dimensions or hexahedra in three dimensions. Each
vertex of such meshes can be readily defined as an array of indices and
these types of meshes are commonly referred to as structured meshes.
By extension, any mesh having a high degree of ordering (for example, a
Cartesian grid) is said to be structured. More recent developments have
tried to cope with the complex geometries (for instance, in CAD models
involving multiple bounding surfaces) that were difficult to handle (i.e.,
to mesh) with fully structured meshes. Nowadays unstructured meshes
can be associated with finite element methods to provide an efficient

alternative to structured meshes.

H
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The purpose of this chapter is to provide a comprehensive overview
of the current techniques for both structured and unstructured mesh gen-
eration and to discuss their intrinsic advantages or weaknesses. These
techniques will be further discussed in more detail in the relevant chap-

ters of our book. First, a preliminary classification of existing meshing



techniques is proposed. One section is dedicated to surface meshing as
surfaces play an important role in unstructured mesh generation tech-

niques. Finally, a brief outline a mesh adaptation approaches is given.
1.1. Classes of methods

Despite many conceptual differences (since mesh generation meth-
ods have been developed in different contexts and were aimed at differ-
ent field of applications). the classification of these techniques into seven
classes has been proposed, for instance, in [George-1991]. Although this
classification reflects the main approaches published, it appears that
several techniques can be gathered together (due to their intrinsic prop-

erties), thus leading to a modified classification into only five categories:

Class 1. manual or semi-automatic methods.

They are applicable to geometrically simple domains. Enumerative
methods (mesh entities are explicitly user-supplied) and explicit meth-
ods (which take advantage of the geometric features of the domain) are

representative of this class.

Class 2. paremeterization (mapping) methods.

The final mesh is the result of the inverse transformation mapping
of a regular lattice of points in a parametric space to the physical space.
Two main approaches belong to this class, depending on whether the

mapping function is implicitly or explicitly defined:

o algebraic interpolation methods. The mesh is obtained using a
transfinite interpolation from boundary curves (surfaces) or other

related techniques explicitly defined,

¢ solution-based methods. The mesh is generated based on the nu-
merical solution of a partial differential system of equations (ellip-
tic, hyperbolic or parabolic), thus relying on an analytically defined

function.



Class 3. domain decomposition methods.

The mesh is the result of a top-down analysis that consists in split-
ting the domain to be meshed into smaller domains, geometrically close
to a domain of reference (in terms of shape). Two main approaches
have been proposed, the difference being the structured or unstructured

nature of the mesh used to cover the small domains:

o block decomposition methods: the domain is decomposed into sev-
eral simpler subdomains (blocks), each of which is then covered
with a structured mesh (obtained for instance using a mapping

technique, as seen above).

o spatial decomposition methods: the domain is approximated with a
union of disjoint cells that are subdivided to cover a spatial region
object, each cell then being further decomposed into mesh ele-
ments. Quadtree and octree-based techniques are representative

of this class.

Class 4. point-insertion / element creation methods.

The related methods generally start from a discretization of the
boundary of the domain (although this feature is not strictly required)
and mainly consist in creating and inserting internal nodes (elements)
in the domain. Advancing-front (element creation) and Delaunay-based
(point insertion) approaches are two methods belonging to this class.

Class 5. constructive methods.
The final mesh of the domain is the result of merging several meshes
using topological or geometric transformations, each of these meshes

being created by any of the previous methods.



Remark 1.1. Needless to say, this classification is necessarily ar-
bitrary. However, while not unique, it does account for the different
approaches published. Other methods not included in this classification

exist, which are designed to handle specific situations.

A difficult task consists of clearly identifying the method capable
of providing an adequate mesh, depending on the field of application.
Basically, the geometry of the domain and the physical problem direct
the user towards which method to apply.

On the other hand, the emphasis can be put on the type of meshes
created by any of the proposed methods. From this point of view, two
classes of meshing techniques can be identified, depending on whether
they lead to structured or unstructured meshes. The following sections

provide addifional details on this aspect.
1.2. Structured mesh generators

In this section, we briefly describe the main approaches generally
used to create structured meshes. While not claiming exhaustivity, the
techniques mentioned here are representative of the current and latest
developments in this field.

The basic idea common to all structured mesh generation methods
consists of meshing a canonical domain (i.e., a simple geometry) and
mapping this mesh to a physical domain defined by its boundary dis-
cretization. Numerous types of such transformations exist and have been
successfully applied to computational domains, for instance parametric
space for surfaces (Bézier patches, B-splines), Lagrange or transfinite
interpolation formula, quasi-conformal transformations, etc.

The first problem to solve is where to place the mesh points in such
a way as to achieve a natural ordering appropriate to the problem consid-

ered. A trivial observation shows that simple domains such as squares

.6 -



and discs, in two dimensions, have an intrinsic curvilinear coordinate
system. In this sense, the mapping techniques described below provide

a basis for mesh generation.
Curvilinear coordinates

The physical domain discretization requires some level of organiza-
tion to efficiently compute the solution of the PDEs. This organization
is usually provided through a Cartesian or cylindrical coordinate sys-
tem. More precisely, the grid points are defined using coordinate line
intersections, which allow all numerical computations to be performed
in a fixed (square or rectangular) grid. Hence, the Cartesian coordi-
nates used to represent the PDEs have been replaced by the curvilinear
coordinates.! A constant value of one curvilinear coordinate (and a
monotonic variation of the other) in the physical space corresponds to
vertical or horizontal lines in the logical space.?

Theoretically, two procedures can be used to generate a system of
curvilinear coordinates, algebraic interpolation techniques [Gordon,Hall-
1973] and solution-based techniques [Thompson-1982a]. From the com-
putational point of view, the classical algebraic method is usually faster

than the differential equation methods.
1.2.1. Algebraic interpolation methods

A simple, though efficient, way to achieve a structured mesh is to
use a sequence of mappings to reduce the possibly complex domain to
simple generic shapes (e.g., a triangle, a quadrilateral, a hexahedron.
etc.). After a structured mesh has been defined in the logical space.

the mapping function is used to generate a mesh conforming to all do-

INote: the mapping of the physical space onto the logical space must be one-to-
one.
2Also called transformed or parametric space.



main boundaries. This technique has proved useful for two-dimensional
domains as well as in three dimensions.

The mapping function(s) and the mesh point distribution in the log-
ical space can be chosen arbitrarily. However, it may be of some interest
(and sometimes more efficient) to force the boundary discretization in
the logical space to match the given domain boundary discretization.?
The control of the mesh point distribution in the parametric space makes
it possible to control the density of mesh vertices in the real domain (for

instance, to obtain a finer mesh in regions of high curvature).

Remark 1.2. In general, the domain discretization must be a con-
vex polygon (polyhedron, in three dimensions)? to guarantee the validity

and the conformity of the resulting mesh.

The problem of finding a proper mapping function is equivalent to
finding a specific function of the curvilinear coordinates. This function
contains coefficients that enable the function to match specific values
of the Cartesian coordinates on the boundary (and possibly elsewhere).
Algebraic grid generation is thoroughly discussed in [Shmit-1982] and
[Eriksson-1982].

To emphasize the algebraic method feature, we simply mention
one particular mapping function, the transfinite interpolation scheme.
This approach was first investigated by [Gordon,Hall-1973] and, then,
by [Eriksson-1983], among others. Its most signiﬁdant feature is its abil-
ity to control the mesh point distribution and particularly the slope of
the mesh lines meeting the boundary surfaces [Baker-1989a]. In this
chapter, we do not pursue the notion of transfinite elements. However,
we describe its application to the mapping of a unit square, in two di-

mensions.

3This feature makes it possible to conform exactly to the given domain boundaries.
4or at least close to a convex shape.



Unit square mapping by transfinite interpolation

Here, we are concerned with a continuous transformation which
maps the unit square (£,n) € [0,1] x [0,1] one-to-one onto a simply
connected, bounded two-dimensional domain. The mapping can be seen
as a topological distortion of the square into the domain. The problem
is to construct the mapping function that matches the boundary of the
domain, and more precisely, the boundary discretization of this domain.

Let ¢;(£,m),i=1,---,4 be the parameterization of the si

de ¢ of the real domain, for which four such sides have been identi-
fied, and let a; be the corresponding edge endpoints (corners). For the
sake of simplicity, we have assumed that the discretizations of any two
opposite edges of the domain have the same number of points®. A dis-
cretization of the unit square is constructed, analogous to that of the real
domain (i.e., each side of the square conforms to the discretization of the
corresponding real side, in terms of relative distances between successive
points). A quadrilateral mesh is then formed in the logical space by
joining the matching points on opposite edges, the internal nodes thus
being the line intersections.

Then, the mapping function takes the lattice of points in the para-
metric space (unit square) and maps it to the physical space (real do-
main) using transfinite interpolation based on the Lagrange interpolation

formula as follows:

F(&,m) = (1 -n)¢1(&) + £da(n) + nds(€) + (1 — E)da(n)
—((1-8) (1= n)as + &(1—n)az + {naz + (1 £)nas.)(0.1)

Figure 1.1 shows a mesh of a domain mapped by applying a transfinite

interpolation formula.

>One can always obtain such a situation by adding more points along a boundary
edge, if needed.



