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APPLICATION OF RADIAL-EQUILIBRIUM
CONDITION TO AXIAL-FLOW COMPRESSOR
AND TURBINE DESIGN”

SUMMARY

Basic general equations governing the three-dimensional compressible flow of gas through a compressor
or turbine are given in terms of total enthalpy, entropy, and velocity components of the gas. Two meth-
ods of solution are obtained for the simplified , steady axially symmetric flow; one involves the use of a
number of successive planes normal to the axis of the machine and short distances apart, and the other in-
volves only three stations for a stage in which an appropriate radial-flow path is used. Methods of calcula-
tion for the limiting cases of zero and infinite blade aspect ratios and an approximate method of calculation
Jor finite blade aspect ratio are also given. In these methods, the blade loading and the shape of the an-
nular passage wall may be arbitrarily specified .

The analysis shows that the radial motion of gas consists of a gradual , generally monotone component
due to the taper in the passage wall , and an oscillatory component due to the radial variation of the specific
mass flow at different stations along the axis of the machine specified in the design . The streamline is curved
by this radial flow and a corresponding radial pressure gradient is required to maintain this curvature . The
magnitude of this gradient is increased with high Mach number of gas flow and high aspect ratio of blade
row. The conventional method of calculation , in which the effect of radial motion on the radial distribution of
gas state is neglected , is found to be applicable only for the limiting case of zero aspect ratio .

An analysis of the equations governing the flow shows that a designer is free to prescribe a reasonable
radial variation of one of the velocity components or other thermodynamic properties of the gas at any sta-
tion within the blade region. The various ways of using this degree of freedom and the different types of de-
sign obtained are discussed . Numerical computations are then made for two types of compressor and one type
of turbine . The results indicate that , even in the case of nontapered passage walls , appreciable radial mo-

tion occurs and the corresponding effects are of significant magnitude and should be considered in design .

INTRODUCTION

The design of a compressor or a turbine (either of which is referred to hereinafter as “a turboma-

" JR3CH NACA Report 955, 1950, & 1E#H A Wolfenstein, L.
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chine” ) may be divided into two phases. The first phase concerns the type of design to be used, or the
determination of the most desirable possible variations of velocity and thermodynamic properties of the gas
in planes normal to the axis of the machine between successive blade rows. The second phase concerns
the design of blades that will give the desired variations of velocity and other properties of gas in these
planes. In the first phase, the condition of radial equilibirum (that is, the radial component of the equa-
tion of motion) must be used. The flow of gas in a turbomachine is curvilinear; it is curved not only by
the whirling motion of gas, but also by the radial motion of the gas (reference 1). The equation of mo-
tion then specifies the radial pressure gradient required to provide the centripetal force to maintain the

curved flow.

b) )

FIGURE 1 —Stream surface over four similar stages of multistage
turbomachine and intersectiou of stream surface with planes normal to
and containing axis of machine.
(a) Stream surface over four stages of multistage turbomachine .
(b) Intersection of stream surface with plane normal to axis.

(¢) Intersection of stream surface with axial plane.

In figure 1 (a), a curved stream surface over four similar stages of a multistage turbomachine is
shown and figures 1 (b)and 1 (c)show the intersections of this stream surface with planes normal to and
containing the axis of the machine, respectively. The radial pressure gradient due to the whirling motion
of gas is always positive; whereas that due to the radial motion of gas may be either positive or negative,
depending on whether the curvature caused by the motion is inward or outward from the axis of the ma-

chine at the point of consideration. Even when the radial motion involved is small, if the gas velocity is
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high and the blade aspect ratio is large, the radial pressure gradient due to the radial motion is of signifi-
cant magnitude compared with that due to the whirling motion of gas and should be included in the design
calculation .

In the calculation of the state of gas in the normal planes far upstream and downstream of a single
row of blades, where the radial motion is small, the pressure gradient is essentially due to the whirling
motion alone. Experimental measurement checked well with the calculation when only the whirling motion
was considered (references 1 to 3). For the general case of the gas in the normal planes between closely
spaced successive blade rows, however, no satisfactory theory exists to calculate the magnitude of the ra-
dial displacement of the streamlines and its effect on the radial distribution of the state of the gas. A pre-
liminary theoretical investigation of this problem conducted at the NACA Lewis laboratory was completed
in April 1948 and is presented herein.

In the analysis, the general equations governing the three-dimensional flow of gas in turbomachines
are expressed in terms of total enthalpy, entropy, and velocity components of the gas. They are devel-
oped primarily for the case of steady axially symmetric flow corresponding to the limiting case of an infinite
number of blades. Two numerical methods of solution are presented; one uses a number of successive
stations through the turbomachine, the other uses only three stations for a stage in which an appropriate
radial-flow path is employed .

Methods of solution for the limiting cases of very small and very large blade aspect ratio are then dis-
cussed. An approximate solution of the radial displacement across a blade row having a finite aspect ratio
is given for the general case in which the whirling velocity of gas is prescribed in design.

The basic equations obtained are also used to investigate the maximum compatible number of radial
variations of the velocity components and other thermodynamic properties of gas that a designer is free to
specify. It is found that the designer can specify only one such variation at each station along the axis of
the machine within the blade region. Various ways of specifying this variation and the different types of
design obtained are discussed.

The methods developed are applied to two types of compressor and one type of turbine, in order to

investigate the magnitude of the radial motion and its effect on design calculations.

FORMULATION OF EQUATIONS

GENERAL BASIC EQUATIONS

The three-dimensional compressible flow of gas through a turbomachine is governed by the following

set of general basic equations (references 4 to 6) :

From the principle of conservation of matter, the equation of continuity is

. v. _

FP V-(pV)=0 (1)
(Symbols used in this report are defined in appendix A.) The principle of conservation of momentum is
expressed by the Navier-Stokes equation as

DV

Pii"=pF—Vp+uV2V+%V(V'V)+2MV#%V]V+
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(V1) % (T % V) = 2(T - V)(V ) (2)
where F is the external force exerted on unit mass of gas. The principle of conservation of energy may be
written as

Du D(p ") o
- = _ 3
D: " P Dy 0+ 0 (3)
where u is related to T by
Du DT
Dt~ Di (4)
when conduction only is considered, @ is given by
Q=p"'V(kVT) (5)

and @ is the dissipation function given by
@:Ft{zv V-V + (T x V)22 (VY )T +V) -%(v : V)Z} (6)

For the range of gas temperature and pressure usually encountered in turbomachines, p, p, and T are
accurately related by the following equation of state:
p = RoT (7)
Theoretically, the preceding seven equations, together with the given body force, known variations
of ¢,, p, and k with temperature, and suitable boundary and initial conditions, completely determine
the flow of gas through the turbomachine. It is found convenient in the present investigation, however,
to base the calculation on total enthalpy and entropy, which are defined by
1

H=h+—2*V2 (8)
where
h=u+po (9)
and
Tds=du+pd(p ') (10)

By use of equations (8) to (10), the following forms of continuty, motion, and energy equations are

obtained (appendix B):

V'V+711%logeT-]—)[)*(E)=0 (la)
VH=F+TVs+Vx(VxV)-5s lf;‘[vv —V(V V)| +
—:7{2[(V#)-V]V+(Vu)><(vxV)—g(V-V)(V#)} (2a)
%—?z +%+%%€+V-(F+£—[V2V+%\7(V'V)]+
—:;{z[(vm-vjvuvmx(vxv>—%(v-v><w>}) (3a)
Dt Q R, (3b)

Equation (1a) gives the continuity relation in terms of velocuy , temperature, and entropy of gas. Equa-
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tion (2a) relates the gradient of total enthalpy with body force, viscous forces, velocity, and other
propertics of the gas. This vector equation gives three scalar equations in three dimensions. KEquation
(3a) gives the rate of change of total enthalpy of gas along a streamline in terms of rate of heat additions,
rate of work done by body and viscous forces, and so forth. Equation (3b) gives the rate of change of
entropy along a streamline in terms of rate of heat conduction and of dissipation of energy due to viscosity .
STEADY AXIALLY SYMMETRIC FLOW

The solution of the preceding general equations with a given set of suitable boundary and initial con-
ditions is extremely difficult. Useful results may be obtained by considering, as first done by lorenz in
hydraulic-machine theory (references 7 and 8), the limiting case of an infinite number of infinitesimally
thin blades. In this simplification, the force exerted on the gas by a blade element at any radius is con-
sidered to be uniformly distributed over the stream sheet between two neighboring blades at that radius,
and is considered the body force F in the previous equations. For incompressible and frictionless flow,
the value thus obtained gives an average value in the circumferential direction, provided the departure
from the average value is small (reference 1). Because the number of blades is usually large, this sim-
plification is considered to be reasonable and is also used in the present investigation. For steady inlet
and exit conditions, all partial dertvatives wjth respect to angular coordinate & and time ¢ are then equal
to zero and the state of gas is a function of r and z only.

The ideal case of a nonviscous gas will be considered first. In this case, there exist two more rela-
tions defining the problem. One is the fact that blade force is normal to the surface of the blade and,

consequently, to the relative velocity of gas or the relative stream surface; that is,

F(V-U)=0 (11)
or, referring to absolute cylindrical coordinates r, §, z and the relative angular coordinate ¥,
Fdr+ rFedy + Fdz=0 (11a)
The other is the condition of integrability of the blade surface,
F-(VxF)=0 (12)
which in the case of axial symmetry reduces to (references 8 and 9)
F F
air(rF;) =§;(rF;) (122)

From the general equations (la), (2a), (3a), and (3b), and equations (11) and (12a), the fol-

lowing equations are obtained for steady axially symmetric flow of nonviscous gas: (See appendix B.)
13(rV,) 3V, 1
r dr T az Yy -1

d d
(V, —rlogeT +V, gzlogeT) -

) v w)] =
gl Bllde), (5 -5 ‘)
0= Fy= [y, 15Dy, 200 1)
R e A E (16
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Ds 0
bt T a7)
DH D{(r¥,)

(18)

a(F,\ afF
E(TFg) _Jz(ng) (123)

In the preceding equations, equation (13) is the continuity equation; equations (14), (15),
and (16) are the three equations of motion in the radial, circumferential, and axial directions, respec-
tively. Equation (17) is considered to represent the energy equation and equation (18) to represent e-
quation (11). In these equations,  is now the heat transfer from the blade to the gas, uniformly dis-
tributed in the circumferential direction, as is the blade force F. These seven equations are considered
seven independent equations that relate the eight unknown variables, which consist of three blade-force
components, three velocity components, and H and s of the gas. The first three quantities determine
the shape of the blade and the last five quantities completely determine the state of the gas (all other ther-
modynamic properties of gas, such as p,p,and T, can be computed from them by using equations (7) to
(10)).

For compressors and turbines without blade cooling, the heat transfer between blade and gas is neg-
ligible; the entropy of gas is then constant along any streamline according to the energy equation (17).
If the inlet air has a uniform value of entropy, the radial and axial derivatives of entropy in the preceding
equations equal zero.

In the case of real gas, the axially symmetric simplified forms of the viscous terms in equations
(ta), (2a), (3a), and (3b) can be obtained in a similar manner. These terms in the equations of
motion may be neglected when compared with other terms in the same equation if the boundary layers a-
long the passage walls are relatively thin. Because of the viscous shearing stresses in the gas adjacent to
the blade, the force exerted by the blade on the gas is now slightly inclined from the direction normal to
the relative velocity of gas and, consequently, equations (11) and (12) are not strictly true (the force
components in the equations should be replaced by the direction cosines of the normal to the blade sur-
face) . Without using equation (11), however, equation (18) can be obtained from the equation of mo-
tion and the energy equation for steady flow with the assumption that the heat generated from the frictional
work remains in each stream sheet (appendix B) and can therefore be considered as representing the en-
ergy relation in the set of equations. The entropy increase along the streamline is then computed from a

consideration of the actual compression or expansion process

P K (19)
by the formula (appendix B)
Ds g nsy (0 2 g 1)
Dt—R(n—l)(Y—l) VrarlogeT+ v, zlogeT (20)

In equation (20), n is considered known. In a given machine, n may be directly obtained from mea-
sured pressure and temperature data. In a new bdsign, n may be obtained from the assumed polytropic
efficiency used in design calculations for uncooled blades :

For compression,



