UNIVERSITY PHYSICS

VOLUME III
QUANTUM AND STATISTICAL PHYSICS

MARCELO ALONSO
Department of Scientific Affairs, Organization of American States

EDWARD J. FINN
Department of Physics, Georgetown University



\BON wé:;

OM-
STy,
Eigs >

s’UDE"‘\

THIS BOOK IS AN ADDISON-WESLEY
WORLD STUDENT SERIES EDITION

NINTH PRINTING 1978

A complete and unabndged reprint of the original Amencan textbook, this
World Student Seriés edition may be sold only 1 those countnes to which 1t
18 consighed by Addison-Wesley or its authorized trade distributors It may
not be re-exportea from the country to which 1t has been consigned, and 1t
may not be sold :n the United States of America or 1ts possessions

The cover design of this volgme is adapted from the August 1966 issue of the
magasine Américas, publ-hadbythoPnnAmenemUmonmSpmmh English,
and Portugueke; used by special permission.

Copyright © 1968 by Addison-Wesley Publishing Company, Inc. All rights
reserved. No part of this publication may be reproduced, stored in a retneval
system, or transmitted, 1n any form or by any means, electronic, mechanical,
photocopying, recording, or otherwises, without the pnior wntten permission
of the pubhsher. Original edition published 1n the United Statey of
America. Pubhished simultaneously in Canada Philippines Copyright
1968.

Library of Congress Catalog Card No. 68-10828.



FOREWORD

This book is the third and last volume of a series published under the general title of
Fundamental Universily Physics. The purpose of this series is to offer to students of science
and engineering a logical and unified presentation of physics at the introductory under-
graduate level, with emphasis on the basic ideas which form the core of physics: the
conservation laws, the interrelation between particles and fields, and the atomic view of
matter. We have tried to present physical concepts in such a way that the student will
attain a clear understanding of their theoretical meaning and recognize their experimental
foundations, noting the close interrelation between theory and experiment. We also have
tried to develop ia the student the ability to manipulate the mathematics required for
the expression of such concepts. The three volumes cover the equivalent of a two-semester
course in general physics plus a‘one (or two) semester course in modern physics. Volume
1 treats mechanics and the gravitational interaction. Volume I deals with electromagnetic
interactions and waves. Volume III covers quantum and statistical physies (including
thermodynamics). Although the three volumes are closely related and follow a logical
sequence, each one is self-contained and can be used independently of the others. - This
is particularly true of Volume III, which covers most of the subject matter usually in-
cluded in an introductory modern physics course.

The curricula for all sciences are under great pressure to incorporate new subjects that
are becoming more relevant. We expeet that this series will relieve this pressure by raising
the level of the student’s understanding of physical concepts and his ability to apply them
to concrete situations. This will permit many intermediate courses presently offered in
the undergraduate curriculum to be upgraded. The traditional undergraduate courses
in mechanics, electromagnetism, and modern physics will benefit most from this upgrading.
Thus the student will finish his undergraduste career at a higher level of knowledge than
formerly: an important benefit for those who terminate their formal education at this
point. Also there will now be room for newer and more exciting courses at the graduate
level. This same trend is found in the more recent basic textbooks in other sciences for
freshman and sophomore courses.

The first part of this volume is called Quantum Physics. Quantum ideas are the essence
of today’s physics. Unfortunately, except for a brief introduction to Bohr’s ideas and to
wave-particle duality in the introductory general physics course, there has oftén been a
delay in exposing students to quantum-mechanical concepts and their applications.
Traditionally only the physics and chemistry majors learned quantum mechanics, and
then rarely before the senior year. However, physics and chemistry majors should acquire
a working knowledge of quantum ideas as early in their curricula as possible so that
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they may utilize this knowledge in subsequent undergraduate courses. This procedure
& strongly endorsed by the Commission on College Physics. Present trends in biology
and engineering demand that students in these fields also have a basic understanding of
the solid state and of molecular structure. Therefore wé have been careful to introduce
the student to quantum mechanics in a way which, although elementary, allows him to
apply quantum concepts to different situations.

Chapter 1 is an introduction to the foundation of quantum ideas. This 1s followed 1
Chapter 2 by the necessary background in quantum mechanics, here we emphasize the
way in which physical information about a system is extracted from the shape of the
potential-energy function and a knowledge of the general nature of wave functions. In
the succeeding chapters, 3 through 9, quantal concepts and techniques are apphed to the
analysis of atoms, molecules, solids, nuclei, and fundamental particles.

In the second part of the text (designated Statistical Physics), we use statistical methods
to consider the properties of matter in bulk. Like quantum mechanies, statistical physics
is a well-founded, powerful tool, to which the student should be introduced as early as
possible. After discussing classical statistical mechanes in Chapter 10, we present thermo-
dynamics from a statistical point of view in Chapter 11 and apply it to both 1deal and
real gases in Chapter 12. We are firmly convinced that this is the most appropriate method
to foflow 1n introducing the student to the concepts of thermodynamics. The text ends
with a brief introduction to quantum statistics in Chapter 13.

Since many students now learn the basic ideas of relativity in their general physics
course, the special theory of relativity is discussed in the appendix. (A more complete
discussion of relativity appears in Volumes I and II of the series.) Several collateral
topies, such as group velocity and the methods of particle detection, are also discussed
in the appendix.

We have kept the mathematical requirentents within the topics covered by a standard
calculus course. We have also often either omitted or relegated to the problem sections
those mathematical calculations which are not essential to an understanding of the main
trend of physical ideas; one example of such calculations is the sometimes boresome task
of finding certain solutions to Schradinger’s equation.

Mahy applications of the fundamental principles, as well as the discussion of a few
more advanced topics, appesr 1n the form of worked examples. The text bas been written
80 that the student may omut all examples at his first reading. During & second reading
the student should consider those examples chosen by the instructor. The instructor may
discuss these examples at his convenience or propose them on a selective basis. Certain
sections of the text may be omitted without loss of continuity. The problems at the end
of each chapter follow the sequence of the chapter, with a few more difficult problems at
the end. The large number of varied problems means that the instructor can choose
problems to match the abilities of his students. Hence by proper selection of the material
in this text, the instructor can adapt the text to a one- or two-semester course akd at the
same time give the student both a challenge and a motivation to meet that challenge.

We want to express our gratitude to all those who, by their assistance and encourage-
ment, have made this work possible. We recognise in particular Professor David Lazarus,
whose comments and criticisms helped to improve many aspects of the text. Last—but
not least—we thank our wives, who have so patiently stood by us.

Washington, D. C. Marcelo Alonso
January 1968 Edward J. Finn
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‘ One of the fundamental objectives of physics is to analyze the properties of the
_basic components of matter and the processes that occur among them as & result
of their interactions. These basic components—ecalled fundamental or elementary
particles—are electrons, protons, neutrons (and others) which group together to
form nuclei, atoms, and molecules. These groups, in turn, combine to form matter
in bulk. Although the motion of fundamental particles complies with the prin.
ciples of conservation of momentum, angular momentum, and energy, the analy.
sis of this motion requires a framework different in severa! respects from the one
developed in classical (or Newtonian) mechanics for the analysis of macroscopic
motion, This more refined theory is called guanium mechanics. We must under-
stand it well before we embark on a discussion of atoms, molecules, and nuclei.
Fortunately, atoms and molecules are essentially the result of eleciromagnetic inter-
actions between the positively charged nuclei and the negatively charged electrons,
Thus we can discuss atoms and molecules, without having to appeal to other less-
well-understood forces, by combining the laws of electromagnetism with those of
quantum mechanics. The same technique may also be used for gases, liquids, and
solids. On the other hand, nuclei are basically the result of a new type of force, the
so-called strong or nuclear interaction. Since the strong interaction is not yet well
" understood, its analysis is much more involved. Consequently, in this text our

discussion of nuclei must be of a more descriptive nature.

Perhaps the most dynamic and stimulating field of contemporary physics is the
study. of the fundamental particles.  The interactions observed between these par-
ticles require the introduction of another type of force, in addition to the strong
interaction. This force is called the weak inleraction. Another force, the gravita-
tional interaction, which is the weakest of all interactions, plays a lesser role insofar
as the basic structure of matter is concerned:

The relative value of the four interactions is:

Strong 1
Electromagnetic 10—
Weak 10713
Gravitational 1038

The processes involving fundamental particles have motivated a new formalism,
somewhat ‘different from quantum mechanics, called gquantum field theory. This
theory, however, is too complex to be considered in this text.
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4_ The foundations of quanium physics (1.2
1.1 Intrednetion -

By the end of the nineteenth century, and during the first quarter of the twentieth,
experimental evidence began to accumulate which indicated that the interaction of
electromagnetic radiation with matter was not entirely in accordance with the laws
of electromagnetism. These laws were the result of the work of Ampere, Laplace,

~ Faraday, Henry, Maxwell, and many others, and are synthesized if Maxwell’s

equations for the electromagnetic field. At.the same time the theory of the atomic
structure of matter was developing, mainly as a result of the discovery of the elec-
tron and the confirmation of the nuclear model of the atom. Still another series of
experiments forced the physicist to review his concepts of the motion of subatomic
particles, since they apparently did not move precisely in accordance with the
assumptions of Newtonian mechanics. To explain the new observations, a sequence
of new ideas, introduced in a more or less ad hoc fashion, were incorporated by sev--
eral physicists. With the-passage of time, and by the efforts of many brilliant men,
these ideas evolved until they became what is now known as the quanium theory, a
theory which is, perhaps, the essence of contemporary physics. In this chapter we
shall review the more important experimental bases of quantum physics.

Fig. 1-1. Electric field of achargeatrest. Fig. 1~2. Electric and magnetic fields of
‘ . ' a uniformly moving charge.

' 1.2 Electremagnetic Radiation ‘
- The electromagnetic interaction between two charged particles can best be de--

scribed in terms of the concepts of electric and magnetic fields produced by the
charges. When a charged particle is at rest relative to an inertial observer, the
observer measures a field which is called the electric field of the charge (Fig. 1-1).
However, if the charge is in motion relative to the obeerver, he observes a different
field, called the electromagnetic field of the charge (Fig. 1-2). One component of
the field is still called electric, while the remaining component is called the magnetic
field. Such fields depend on the velocity and acceleration of the charge relative to
the observer. Since the separation of the field produced by & charge into an elec-
tric and a magnetic part depends on the relative motion of the charge and the ob-
server, we should speak only of the electromagnetic field of the charged particle.

- Conversely, when a particle moves through the electromagnetic field produged by
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other charges; it experiences a force given by
F=g&+vx®),

where & and ® are the electric and magnetic fields, respectively, as measured by
an observer who measures the velocity of the particle as v. In this way we can
describe the electromagnetic interaction of charged particles in terms of fields.

Energy is required to set up an electromagnenc field. The energy per unit volume
of an electromagnetlc field in vacuum is

— 2 2 m?
E = &608 + 2“0& ’ . . (11)

where € and uo are the vacuum permittivity and permeability, respectively.

The energy of a stalic electromagnetic field (that is, a field that does not change
with time) obviocusly remains constant. However, when the field is time dependent,
the electromagnetic energy at each point changes with time. The time variations
of an electromagnetic field give rise to an electromagnetic wave which -propagates
with a velocity

¢ = 1/Veomo = 3X 10°ms™!, (1.2)

which is the same as the velocity of light in vacuum. We may say that the wave

‘carties the energy of the electromagnetic field. This energy which is earried by an

electromagnetic wave is sometimes called electromagnetic radialios.

Since a charge at rest relative to an observer produces a static field, the charge
does not radiate electromagnetic energy. Also it can be shown that a charge which
is in uniform rectilinear motion does not radiate clectromagnetic energy because
the total energy of its electromagnetic field remains constant. A very different
situation exists for & charge which is in accelerated motion. The total energy of the
clectromagnetic field of an accelerated charge varies with time. Therefore

. an accelerated charge radiales electromagnetic energy.

The rate of energy radiation by a charge ¢ 1moving with velocity v and acceleration
@, when the velocity is small relative to the velocity of light, is

r

dE ¢ 2q?
dr 67reoc3 . (1.3)

One dmportant conclusion is that, if a charge is to be maintained in accelerated
motion, energy must be supplied to compensate for the energy transferred as radia-

“tion. This means that when an ion is accelerated, for example in a Van de Graaff

accelerator or in a cyclotron, a fraction of the energy supplied to the ion is lost as
electromagnetic radiation. This energy loss, however, is negligible except at rela-
tivistic energies. Charged particles trapped in the earth’s magnetic field, in sun
spots, or in distant celestial bodies such as the Crab nebula also emit radiation,
called synchrotron radiation. This radiation extends from radio frequencies to the
extreme ultraviolet.
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If the particle is decelerated instead of‘being accelerated, Eq. (1.3) still holds and
the energy radiated is that excess which the electromagnetic field has as a result of
the decrease in the velocity of the charge. For example, when a fast charge such as
an electron or a proton hits a target and is stopped, & substantial part of its total
energy goes off as radiation (Fig. 1-3). This radiation is called deceleration radia-
tion, or more commonly bremsstrahlung [from the German words Bremsung (decel-
eration) and Strahlung (radiation)]. Thisis the chief mechanism by whidh radiation
is produced in the x-ray tubes which are used in physncal medical, and industrial
applications.

Fig. 1-3. Radiation emitted by
a charge which is decelerated when

Y N X-1 r
it hits the target in an x-ray tube. o

bremsstrahlung

The energy radiated by a charged particle may be absorbed by other charged

particles which are subject to the action of the electromagnetic field produced by
the first particle. Hence we may describe the interaction of two charged particles
as an exchange of energy by means of emission and absorption of radiation. For
example, the oscillating electrons in the antenna of a radio broadcasting station
radiate energy. Part of this energy is absorbed by the electrons in the antenna of a
radio receiver, which results in a signal at the receiving station.
* An analysis of the processes of emission and absorption of radiation (that is, the
interaction of radiation and matter) is fundamental for understanding the behavior
of matter. As we shall see in the following sections, quantum physics evolved as &
result of the analysis of such processes. .

EXAMPLE 1.1. The rate at which energy is; radiated by an oscillating electric dipole.

Solution: Consider a charge ¢ moving along the Z-axis in such a way that at any time
its position is given by z = 2zp cos wt. This corresponds to an oscillatory motion of ampli-
tude z¢ and angular frequency w. Thus the charge is equivalent to an oscillating electric
dipole. The acceleration of the particle is @ = —w?z. Substituting this vslue of a in
Eq. (1.3), we have

‘22 4 :
88 _ 07w 4
dt Bxreged
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The rate of energy radiation oscillates because of the variation of z with time. To obtain
the average rate of energy radiation, we recall that (z%)uve = 425. Thus

dE qzz(z)w‘ 1
@ Jave = 12rec® (1.5)

‘We may say that an oscillating electnc dipole radiates energy at an average rate given by
Eq. (1.5) and that the radiation corresponds to an electromagnetic field osallating wath
the same frequency as the dipole.

E(v)

Fig. 1=4. Monochromatic energy
density of blackbody radiation at
chfferent temperatures as a function
of the frequency

0 1 2 3x10*Hz
. Frequency »

1.3 Blackbody Radiation

Consider a cavity whose walls are at a certain temperature. The atom$ composing
the walls ate emitting electromagnetic radiation; at the same time they absorb
radiation emitted by other atoms of the walls The electromagnetic radiation field
occuples the whole cavity. When the radiation trapped within the cavity reaches
equilibrium with the atoms of the walls, the amount of energy emitted by the
atoms per unit time is equal to the amount absorbed by them. Hence, when the radi-
ation in the cavity 1s at equlibrium with the walls, the energy density of the
electromagnetic field is constant. Experiment has shown that, at equilibrium,
the trapped electromagnetic radiation has a well-defined energy distribution, that
is, to each frequency there corresponds an energy density which depends solely on
the temperature of the walls and 1s independent of their material. The energy
density corresponding to radiation with frequency between » and v + dv is wnitten
E(v) dv, where E(v) is the energy density per umit frequency range, sometimes
called monochromatic energy density The observed vamation of E(¥) with the fre-
quency v 1s lllustrated 1n kig. 1-4 for two tempergtures. Curves like these were
first obtained expermentally by Lummer and Pringsheim in 1899. It may be
seen from the curves that for each temperature the energy density shows a pro-
nounced maximum at a certain frequency. Note also that the frequency at which
the energy density 1s maximum increases as the temperature creases. This ex-
plains the change in color of a radiating body as its temperature varies
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If a small hole 1s opened in one of the walls of the cavity, some of the radiation
escapes and may be analyzed The hole appears very bright when the body is at
high temperatures and the intensity of the equilibrum radiation within the cavity
is high, but 1t appears completely black at low temperatures, when the ntensity
of the equlibrium radation 1s neghgible in the wvisible region of the spectrum,
For that reason the radiation coming out of the cavity was called blackbody radia-
tion by those who analyzed 1t 1n the nineteenth century.

The problem of finding what mechamsm causes radiating atoms to produce the
observed energy distribution of blackbody radiation led to the birth of quantum
physics. By the,end of the last century all attempts to explain this energy distribu-
tion using the coneepts available at that time had failed completely. The German
physicist Max Planck (1858-1947) suggested, about 1900, that 1f the radiation m
the cavity was in equilibrium with the atoms of the walls, there should be a cor-
respondence between the energy distribution in the radiation and the energies of
the atoms in the cavity. As a model for the radiating atoms, Planck assumed that
atoms behave as harmonic oscillators, and that each one oscillates with u given
frequency v, As a second assumption Planck suggested that

t
each oscillator can absorb or emul radiation energy only 1n an amount
proportional to is frequency v.

This latter condition is not required by the classical theory of electromagnetism
(as expressed by Maxwell’s equations), which permits a continuous emission or
absorption of energy. Given that F is the energy absorbed or emitted in a single
process of interaction of an oscillator with electromagnetic radiation, Planck’s
assumption states that

E = by, (1.6)

where h is a proportionality constant assumed to be the same for all osallators.
Hence, when an oscillator absorbs or emits electromagnetic radiation, its energy
increases or decreases by an amount hv. Equation (1.6) then impliss that

the energy of atomic oscullators 1s quantized.

That is, the energy of an oscillator of frequency v can attain only certain values,
which are (assuming that the minimum energy of the oscillator is zero) 0, hv, 2hv,
3hy, . ... Thus, in general, the possible values of the energy of an osallator of fre-
quency ¥ are

Y

E, = nhy, (‘1.7)

where 7 is a positive integer As we know, the energy of an oscillator 13 propor-
tional to the square of its amplitude and, @ prior, by properly adjusting the amph-
tude of the oscillations, we can make an oséillator of a given frequency have any
arbitranly chosen energy. Therefore Planck’s idea was an ad hoc assumption which
could not be explamned by means of classical concepts, 1t was justified only because
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it “worked,” and because physicists at the time lacked a better explanation. We
still do not have a better explanation, we must accept the quantization of some
physical quantities as & fundamental fact of nature.

By applying some considerations of a statistical nature, together with Eq (1. 6),
Planck obtained, for the energy density in blackbody radiation, an expression of "
the form

81rhv 1

E() = W’ (1.8)

where k 1s Boltzmann’s constant. This expression, which agrees surprisingly well
with the experimental values of E(v) at different temperatures, has been accepted
as the correct expression for blackbody radiation. It is called Planck's radiatzon law.

An interesting aspect is that Planck’s derivation cannot presently be considered
as physically sound (which is the reason we have omitted it). In other words, the
problem which precipitated the birth of the quantum theory was first solved by
means of an unsatisfactory method. The problem had to wait several years until
the quantum theory was developed along other lines of thought before an adequate
method of calculation was found. This revised derivation will be given in Sec-
tion 13.6. However; Planck’s ideas, especially Eqs (1.6) and (1.7), prompted new
thinking by many other physicists who were working on the interpretation of other
related phenomena; this led to rapid development of quantum theory.

In Eq. (1.6) we introduced an arbitrary constant k, called Planck’s constant. Its
value, obtained by making Eq. (1.8) fit the experimental results for E(v), is

h = 6.6256 X 10734 J 5. (1.9)

Planck’s constant is one of the most important constants in physics.

EXAMPLE 1.2. Express the monochromatic energy density of blackbody radiation in
terms of wavelength.

Solution: Sometimes 1t 18 preferable to express the monochromatic energy density in
terms of wavelength nstead of frequency e define E(A) according to the relation
E(A) d\ = —E(») dv We introduce the minus sign because d\ and dv have opposite
signs, although E(») and E(\) are both positive Thus, since » = ¢/A, we have

dv/dN = —c¢/N?
and
EQ) = —E@®) dv/d\ = E(¥)c/\2.

Replacing E(v) by the value given 1t 1n Eq (18) and setting » = ¢/X, we finally obtain
Srhe 1

5 hc/MET :
PN |

EQ\) = (1.10)

The graph of E(A) is shown 1n Fig 1-5 for different temperatures It shows a pronounced
peak at a wavelength which depends on the temperature
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EQ)

=
o, 1 2 3 4 5 6108 m
Wavelength A

Fig. 1-5. Monochromatic energy density of blackbody radiation at different tempera-
tures as a function of the wavelength,

EXAMPLE 1.3. Find the wavelength at which the monochromatic energy density of
blackbody radiation is maximum at & given temperature.

Solution: Let us use Eq. (1.10) and, to ssmphfy our exposition, we shall set z = he/AT,
so that E(A) becomes

gxkbr® AP
At -1

E(A) =

To find the maximum of E(Q\), we first find dE/dr and equate 1t to gero. The resulting
equation 18

e+ —1=0

This is a transcendental equation, which we solve by successive approximation to obtain
z = 4.9651. Thus AT = b, where

b = hc/4.9651k = 28978 X 1073 m°K
15 called the Wien displaceménl constant. The expression

AT =b (1.11)
constitutes 1ien’s desplacement law, discovered 1896 by Wilhelm Wien. This law states
that the mauma of E(\) at different temperatures Ty, T2, T3, ... fall at wavelengths

A1, Az, A3, .. such that

MTy = AeTg = N3T3 = -+



