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1. THIS IS MATHEMATICS

Why has mathematics become so important in recent years? Why is our government
spending millions of dollars to educate more mathematicians? Can the new electronic brains solve
our mathematical problems faster and more accurately than a person and eliminate the need for
mathematicians?‘" '

To answer these questions, we need to know what mathematics is and how it is used.
Mathematics is much more than arithmmhich is the science of numbers and computation. It
is more than algebra, which is the language of symbols, operations, and relations. It is much
more than geometry, which is the study of shapes, sizes, and spaces. It is more than statistics,
which is the science of interpreting data and graphs. It is more than calculus, which is the study
of change, limits, and infinity. Mathematics is all of these —and more.

Mathematics is a way of thinking, a way of reasoning. Mathematics can be used to
determine whether or not an idea is true, or, at least, whether it is probably ture. Mathematics
is a field of exploration and invention, where new ideas are being discovered every day. It is a
way of thinking that is used to solve all kinds of problems in the sciences, government, and
industry. It is a language of symbols that is understood in all civilized nations of the world. It has
even been suggested that mathematics would be the language that would be understood bme
inhabitants of Mars (if there are any)! It is an art like music, with symmetry, pattern, and
rhythm that can be very pleasing.

Mathematics has also been described as the study of patterns, where a pattern is any kind of
regularity in form or idea. ‘® This study of patterns has been very important for science because
pattern, regularity and symmetry occur so often in nature. For example, light, sound,
magnetism, electric currents, waves of the sea, the flight of a plane, the shape of a snowflake,
and the mechanics of the atom all have patterns that can be classified by mathematics.

i iC
mathematician{ mafima‘tisan Jn. ¥{Z &K thinking[ 6igkig in. 2%
electronic brain[ilek tranik brein |8 i reasoning 'ri:zonix |n. ff: ¥
accurately[ "aek'juritli Ja. HERH exploration{ eksplo:reifan Jn. (DR ; ()W
computation| kompju'teifan n. & civilized nation[ 'sivilaizd’neifon 3L E K
algebra[ zldzibra]n. {L¥(Z) Mars[maz n. X &
statistics[sta'tistiks |n. K (%) symmetry[ simitri Jn. X F#RE)
calculus( kzelkjulss Jn. f 45 (2%) regularity[ regju'leeriti Jn. #4214
limit['limit ]n. &R magnetism{ ‘maegnitizem Jn. B (2, ¥)
infinity[in'finiti Jn. IERB electric current[i'lektrik ‘karant Ji J
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2. MATHEMATICAL SYMBOLS AND EXPRESSIONS

Below are some of the more common symbols and expressions used in mathematics.

%— a (or one) half % three fourths (or quarters)
% a (or one) third % four fifths or four over five
1 113 ‘ )
T a (or one) fourth (or quarter) 300 one hundrec and thirteen over three
1 hundred
— a (or one) tenth 1
10 2 5 two and a half
L a (or one) hundredth 7 )
100 2 ) two and seven over eight or two and
1—0107) a (or one) thousandth 1 seven cighths
31 @ (or one) aver one (or a) 3 3 three and one eighth
thousand two hundred and 1 ‘
thirty-four 4 K four and a third
2 .
3 two thirds or two over three 125 % a {or one) hundred twenty-five and

three fourths Cor quarters)
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o point (or decimal) one; zero point (or decimal) one; nought point (or
decimal) one

nought point (or decimal) two five or point (or decimal) two five,

two point (or decimal) three five

forty-five point (or decimal) sixty-seven

X plus Y is (or are; equals; is equal to) Z

X minus Y is (or equals; is em

X plus or minus Y is (or equals; is equal t0) Z

X times (or w Y equals (or are; is equal to; make(s)) Z

X over Y is (or equals; is equal to) Z or X divided by Y is (or equals) Z

once one is one

twice two is four

the ratio of X to Y

the ratio of a to b equals the raticof ctod or ais to b as ¢ is to d.

X is equal to or equals Y

X is not equal to or does not equal Y

X is approximately equal to Y or X approximately equals ¥

X is lessthan Y

X is not less than Y

X is less than or is equal to Y

X is greater (or more) than Y

X is not greater (or more) than Y

X is greater (or more) than or is equal to Y

X is much less than Y

X is much (or far) greater than Y.

X is (directly) proportional to Y or varies (directly) as Y

X per cent T

the absolute value of X or modulus of X

X square; X squared; the square of X; the second power of X; X to the
second (power) or to the power two

X cube; X cubed; the cube of X; the third power of X; X to the third
(power) or to the power three

the fourth power of X; X to the fourth (power) or to the power four
the nth power of X; X to the nth (power) or to the power n

X to the minus nth (power)

the square root of X or root X

the cube root of X

the nth root of X

the fifth root of X square
n factorial

angle

right angle

triangle

infinity

Als parallel to B



log, X
InX
sin” !X
sinhX

2

I
(zyy,2)
(a,b)}
Ja,b(
La,b]
Ea,b)}
(a,b6C
N

U

3

p=q
=)
PS4
g
=
pr=>q
ACX
ATX
AceX
A&X
f(x)
y=1(z)

A is perpendicular to B
) brackets
parentheses; round brackets or curves
square (angular) brackets
braces or curly brackets

angle brackets

double brackets

bracket X +Y bracket closed
X bar; the mean value of X
X prime

X double prime

X triple prime

X dot

X two dots
X subm

X double prime, sub m

X super m

logX (or log of X to the base 10 (common logarithm)
log X to the base e (natural logarithm)

aro sine X

the hyperbolic sine X

sigma; summation of ; the sum of the terms indicazed
the product of the terms indicated
set of elements (or members) z,y,z

open interval
closed interval

half-open interval (open at the right)

intersection
union
there is a or there exists

2 is equivalent to or is identical with g;
2 is identically equal to or is identity to gq

p implies ¢ or if p then ¢

A is a subset of the set X or is contained in the set X

A is not a subset of the set X or is not contained in the set X
A is a member (or an element) of the set X; A belongs to X
A is not a member (or an element) of the set X; A does not belong to X

function f of x
y is a function of x



lim f(x)=0

r—+a

lim f(x)=b is the limit of f(x) as x approaches a
r=a —

f(z)—>b as z—>a

lim f(x)
z=a~ imit of f(x) as x approaches a from the left
fCa™)
HEIY b} . . .
f(z) Ab)" f(x) increase, approaching the llmlf b
f(x)\b} f(x) decrease, appoaching the limit &
o)y b
JAN (finite difference or increment) delta
Az or 8x (the increment of x) delta x
dx dee z; differential =
g% the first derivative of y with respect to x
2
gﬁ—; the second derivative of y with respect to x
g% the nth derivative of y with respect to =
:% the first'partial derivative of y with respect to x
F vector F
v i 24524k 2 gels nabla; vector differential operat
iztiz 5, dels nabla; vector differential operator
\vAd nth del (nabla)
vf } .
grad f gradient of f
vV .
div V} divergence of V
VXV
curl V curl of V
rot V
v 2
A } Laplacian
div. grad.
b
_[. integral between limits 2 and &

L f(x) dV(z)- the integral of function f over set E with respect to measure V

i8] iC
decimal{'desimol Ja. +3# UPNEOE; n. /M modulus[ 'modjulas n. BL¥L
nought[noit In. & factorial] faek orial Ja. B3 H ;n. B3k
approximately[ o' proksimitli jad. 3T {5l Bl right angle[ rait'seengl 15 £

absolute value[ ebsalu:t'vaelju: ]2 Xt {8 infinity [in'finiti In. JoFR



brackets[ ‘breekits In. F55

parentheses pa'renfises |n. &5 ; @55
(H¥O
round brackets [E¥ES
square brackets HIEE
braces[ breises |n. KI5

curly brackets FEIES
angle brackets M5

double brackets IIES

prime[ praimIn. (1) i %%; (2) 7RS4 L A a9
2

triple[ tripl Ja. =K (589

sub subscript[ sabskript J# {8 5 sn. T &

super superscript] 'sjupaskript J# & 5 ;n. LR

base| beis In. FE%{

logarithm[ 'logarifem Jn. X} %

common logarithm 38 XT 4

natural logarithm B SR X%

arc sine fLIE3%

hyperbolic sine XX B 28 IE. 5%

sigma{ 'sigmo n. & fgF Bk 2_) oo
summation| sa'meifan ]. 3K F

term [toum Jn. IR

set{set In. £ (&)

open interval JFF [X|d]

i

to be equal to  ZT

(to be) multiplied by  FERL

(to be) divided by B&LA

to be(much) less than /pF

to be(much) greater (more) than KT

to be (directly or inversely) proportional to

P4 X 8]

half —open interval #FFIX [d]

intersection[inta'sek[an In. %2

union junjon]n. (D% (B G () FH(H)

identity [ai'dentiti Jn. (DfE% R ; (2) &R

subset[ sabset Jn. FHEE)

limit[ limit n. PR

finite difference HFEEH

increment[ ‘inkriment |n. 3 &

deltal delton. FHEFEEAE 8

deeldi: Jn. D F

differential[ diforenfol Ja. % (ZEHDH sn. T4
i

derivative| di'rivetiv Ja. S H /0. S8 %

partial derivative 1R F%{

vector[ ‘vekta n. & (7)) &

del n.B=HEV

nabla[ ‘neeblo In. B EFV

operator ‘oparetio Jn. (DH T (D) EIEANR

gradient[ greidiont n. # B

divergence[ dai've:d3ens In. B{E

curl kol n. €

Laplacian[ lo'pla:sian Jh7 E 1 i &+

integral[ 'intigral Ja. F143#7 ;. R4

measure] 'me3a n. & &, M E

closed interval

)

to vary (directly or inversely) as
s % H (B kD

to be parallel to  Ff7F

to be perpendicular to FEHF

to be equivalent to  HF, Hrero FERL

to be indentical with e+ e

b R



3. SETS: A USEFUL MATHEMATICAL IDEA

One of the greatest new ideas in mathematics developed in the past century is SET
THEORY, invented by the German mathematician Georg Cantor (1845-—1918). It has been a
means of finding new facts and of proving old facts.

The idea of a set is very simple. A set is a collection of objects, numbers, persons, or ideas.
You are already familiar with sets such as a sMa set of dishes, or a set of tools. You
are even a membemmaset()f people such Mr mathematics class, your scout troop, or your
family.

Set ideas are used in many fields of mathematics. In arithmetic, we talk about sets of
numbers. For example, the set of prime numbers lgisNEIEn 101s (2,3,5,7).

In algebra, we talk about the solution sets for sentences"’. For example, the solution set for
X—5=7 is the number 12.

In geometry, we talk about the set of points that meet certain conditions. The set of points
on line AB and also on the boundary of the
circle is the points P and Q.

In statistics, we talk about sets of data.

For example, the set of scores on a weekly

rnathgu_izwas (7910,5,699,798’49698759 A P Q B
7.

In probability we talk about the set of
all possible events. For example, the set of
ways three letters, A,B,C, can be arranged
is (ABC, BAC, BCA, CAB, CBA).

In measurement, we talk about a set of Fig. 1
units of measure. A set of metric units of
length is (kilometer, hectometer, decameter, meter, decimeter, centimeter, millimeter).

In everyday situations, we talk about sets of persons or objects with certain characteristics.
The set of all students in the algebra class and also on the basketball team, for example, might be
(John, Bill, Steve). ®

Set theory has been the basis for a new philosophy about mthematics. It has freed
mathematics from working with individual numbers, permitting it to consider sets of numbers® .
Set ideas have also mgsible to solve many problems that involve relationships rather than
numbers. And sets have been proved useful in setting up problems for electronic computers.

i\ iC
set theory 4B (E)® B —HF, bR B 2
scout [skaut] troop EFE math =mathematics
prime number & (F)¥ quiz[kwiz In. L&
solution set &4 measure[ 'me3o |1 B , B B

sentence| 'sentons |n. ) ¥, W R —ZBEHE hectometer| "hektoumi:ta Jn. B ¥



decameter[ 'dekomi:te In. + % basket ball team 22 BRBA

decimeter['desimita 4} K (+43Z —K) electronic computer 8, EH
i8] ]
a collection of —Hb(EE,HE) less than /pF
to be familir with 3, %58 to free M from N fff M 2 N
asetof —ZE(H,B,H#D to work with L eeeeor—3H T 4E; [G]eeee- i
to talk about R H
x B
(1) In algebra, ===+ for sentences.

/8] 8 sentence HFE A IFRFH 4 FRBERTHHOE, X EBEIRBTH T E
R, 2ETER:

EREET, RITT AR TR BEA.

(2) The set of all students «+-+- might be (John, Bill, Steve)

B8 FE1E - The set of all students, &} might be, 28] 7]&FR .

Bl , B _EACHER N 2 m = BREA i) 2 B 4E W] §E 2 John, Bill M1 Steve,

(3) Tt has freed ------ of numbers.

8] A B4 B 7E 43181 4218 permittingeee-es numbers A & RAR1E, T to consider=-- numbers
HREIE it BAME. F4] it has oo R it FE ()R, T permitting it «+- TR it MRECE.
ECILIR P

BEREBYRFERT SR MITEE, MAFE G ZBEMEER.

4. AXIOMS, DEFINITIONS AND THEOREMS

The claim has been made for mathematics that it is the best and most precise language
known for the statement of complicated ideas, ‘> We would like now to examine the structure of
this language and analyze the rather extravagant claims we have made for it.

One of the bases for the claim to precision is that careful definitions are made for most of the
words used in mathematics. ¥ For example, in geometry a set of points is collinear if and only if
there is a line which contains all the points of the set, or a set S is called convex if for every two
points P and Q belonging to S, the entire segment PQ lisg\i_n S. However, you will note that
these definitions for collinearity and convexity are given in terms of other words which are

assumed to be known, in this case ”set” , "point” ,"line” ,”belongs to” , and ”segment”. Some of
these may have been defined previously. If so, they must have been defined in terms of other
words. If you have ever tried to look up an unfamiliar word in the dictionary, you will grasp the
idea. A dictionary is helpful OB!XJf you already know a good many words. The same is true in
mathematics. " Collinear” is made clear by the definition given above if you already understand
what "set”, "point”, "line”, and ”contains” mean. Where, then, is our precise language? One
of the differences between mathematics and other disciplines is that in mathematics we state
clearly at the beginning that we realize it is impossible to define every term. Consequently, we
state which terms we shall not try to define. These terms are called, reasonably enough,

8

14



undefined terms. This does not mean that we are operating completely in the dark. We talk
about how these undefined terms will be used, and we try to explain what we assume concerning
their properties, but we recognize their logical status at the outset. This is what Bertrand

Russell® meant by, ” »++++« mathematics is the subject in which we never know what we are
talking about. ”

Once the set of undefined terms has been agreed upon, definitions of other terms are then
made in terms of these. We make no pretense that all words will be defined in our mathematical
system. By a mathematical definition, we simply mean an agreement on the way in which certain
words or symbols will be used.

If we stopped here, our language would be pretty useless. The next step is to state precisely
what properties of our undefined terms we plan to use in this mathematical structure. These
statements about the undefined terms are called axioms or postulates. Axioms were once said to
be ” self-evident truths”; however, modern devlopments in mathematics have shown this
description to be at best inadequate and usually meaningless”. Instead of claiming that axioms are
obviously true, we simply assume that the undefined terms have the properties given by the
axioms, and investigate the consequences of these assumptions. This set of undefined terms,
together with the set of statements about these terms (axioms of the system), and a special set of
statements which give the rules of logic used in developing the structure constitute the basis for
the mathematical theory being studied. > The theory is then developed by making new
definitions and proving statements (called theorems) which are logical consequences of the axioms
of the system.

Hence when we say-that a theorem in a mathematical system is true, we are not making a
claim about the physical world or about any absolute standard of truth, but siaply that it is a
consequence of the axioms and rules of logic which are the basis for the theory. That is, we claim

only "If «+,then+”. This is perhaps the most characteristic feature of mathematics.
i\ - iC
axiom[ ‘zeksiam |n. 2> F convexity [ kon'veksiti In. v, fy¥E (F)
theorem{ ‘Siaram Jn. & ¥ term[tam In. (1) ARiE; (2)IH
complicate[ komplikeit Jv. (fff )2 & 4 pretense[ pri'tens |5, pretence n. (1) %;(2)
extravagant[ iks'treevigant Ja. 15 {5 Bk
collinear[ko'linjo Ja. 3LZR Y postulate[ "postjuleit Jv. {5 & (i)
convex[ 'kon'veks Ja. (& ;n. rR self-evident a. A5 M Wy
segment[ 'segmant Jn. (1) 7 B ; ()4 inadequate[in'sedikwit Ja. RiE4H, AT EH
collinearity [ko'linjari'ti In. 3£k characteristic feature JH& B4 45 1E
1 |
to make a claim for (about, to, o)W E;E R only if Y
known for-s BEHl--§Y at the begining 7ETFi4
aset of —HL(E, B4 in the dark 7EE B
if and only if 4 HA{Y Y4 to talk about R
to liein 4&bF at the outset FFi4
in terms of HFER to agree upon (on) Jfeese FR—FK
to be assumed to be REN to make no pretense NB



together with JE[E] , Fl+-- -+ —i

T B
(1) The claim has been made for ««:«-: complicated ideas.
WA Y that it is seeees complicated ideas & ¥ 1E The claim BRI M EN A, H A it £35

mathematics, /8] A[ %R .

HACXMEEN T, EROCHM, FRE RIS RFVFREFENIES .

(2) One of the bases ++«-+ in mathematics

A A that «eeeee in mathematics S —F1EMNA], LB 0[1FEN:

W E B ERENREZ —REREPHE AR RR S AICREL 74 e H.

(3) Bertrand Russell (1874— 1970 EE T ¢ FK, FH “B¥ERHE”(1903,1910) 5“7 E
HE(1946)%H,

(4) This set of undefined terms, <=+ being studied.

i /] 8 F & & This set of undefined terms, together with -+« FI a special set of
statements, 1H15} constitute, Which give «+---- the structure 24 a special set of statements B
& ] , being studied KBTI A ENZS , F LAULR theory, £ F[iEA .

XERINE XHARIE, EF—ESXERIER R FRE ELX RFEN 23— AR %R
iR —— B4 H T R B X g5 b By Bl 49 38 38 3 0 WA T Bl EE#ITH R
WHER .,

5. LIMITS OF FUNCTIONS

5.1 Limits from the left (right)
Suppose that f is defined on an interval (a,5). We say that f(x) t(ﬂlwcllf (or converges) toa
limit / as x tends to & (a) from the left (right) and write )
flx) >lasx—>b-—
(ab>

or, alternatively,
lim f(x) =1
x—=b—

(a +>

if the following criterion is satisfied.

Given any €20, we can find a >0 such that
| fl)—1]|<e
p{g\ﬁ%t b—d<Tx<lh.

(a<zx<la+0)

The number | f(x)—{] is the distance between f(x) and I. We can think of it as the error
in approximating to [ by f(z). The definition of the statement f(x)—>/ as x—>b— (a+) then
amounts to the assertion that we can make the error in approximating to / by f(x) as small as we
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like by taking z sufficiently close to & (a) on the left (right).

. ‘ f
f
== /"}(;f§
| f—
I
| !
( \ I
a\ D Y \
a\ 7
Fig. 2 Fig. 3
(limit from the left) (limit from the right)

5.2 f(x)—>x as x—>§

Suppose that f is defined on an interval ( a,

b) except possibly for some point § € (a, &). We f
say that f(z) tends (or converges) to a limit / as x - W

tends to § and write

]
]
f(zx)—>t as & |
or, alternatively, / : \
lim f(z)=1 a\ ¢ 75
xr—>

if the following criterion is satisfied.

Given any €0, we can find a >0 such that | f(x)—1]<le
provided that 0<<|z—§|<§

If @ and B are real numbers , it 1~s often useful to note that the inequality |a| <C
|B| is equivalent to —B<a<fB, or, what is the same thing, —B<—a<[f ((see 5. 14 exercise
(17

Thus, in the definitions above, the condition |f(x)—1|<(e can be replaced throughout by
—e<f(x)—[<e or, alternatively, by —e<I— f(z)<e.

Similarly , the condition 0 < | z — & | <Cd in the last definition is equivalent to the assertion
—8<<z—&<Cd and 7§, Thus to say that 0<|z—&| <3 is to say that x satisfies one of the two
inequalities §—3d<x<(§ or §<x<<€+3

With the help of the last remark it is easy to prove the following result.

5. 3 Proposition

Let f be defined on an interval (a,6) except possibly at a point §€ (a,b). Then f(x)—! as

r—£ if and only if f(x)—>l as x—>&—and f(x)-—>! as z—>§+.

Example Let f be the function from R (2) to itself defined by

x (<)

1__
flx)= 2x (x>1)

11



