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'PREFACE

This book is suitable for either a sophomore-level course or for a
junior- or senior-level course. The student should have some familianty
with the basics of differential and integral calculus. This prerequisite
can be met by either one semester or two quarters of elementary
calculus. If the text is to be taught at the sophomore level, one should
probably spend more time on the earlier chapters and omit many of the
sections in the later chapters. On the other hand, if the course is to be
taught on the junior or senior level, the instructor should probably
spend less time on the early chapters and cover more of the later
material. The explanations in the text are given in sufficient detail so
that students at either level will have little trouble reading and under-
standing. To further aid the student, a large number of examples have
been worked out completely. Applications have been scattered,
throughout the book rather than put together in a chapter at the end. In
this way they can be used to motivate new material and to illustrate the
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WHAT’S NEW IN THE SECOND EDITION?

PREFACE

' - ,
relevance of the material that has just been presented. When applica-
tions are included at the end of a book, they are more likely to be
omitted because of lack of time.

During the past six years, the author has taught from the book nine
times. He has had ample opportunity to carefully review and revise

. each section. Many improvements have been made in order to make the
second edition more accessible to students. .

The following are some of the major changes in the new edition.

. All of the exercise sets have been expanded, some more than

doubled. There are many new exercises at all levels. The exercises
have -generally been ordered so that the more routine problems are

‘presented first and the more difficult theorencal exercises follow

afterward.

. There are more worked examples and more applications. Abstract

concepts such as linear independence (Chapter 3) and similarity
(Chapter 4) are introduced by worked examples. All of the applica-
tions in the first edition have been retained and additional applica-
tions have been included that show how to use linear algebra in
cryptography, digital imaging, and numerical integration.

. Chapter 4 on linear operators has been expanded from three sections

to four. Much of the chapter has been rewritten. The subject is
presented from a less abstract peint of view. There are many more
worked examples.

. A discussion of the matrix exponential and its application to solving

systems of linear differential equations has been added to Section 3
of Chapter 6. This is the student’s first exposure to matrix functions
and I believe it will be well received.

. The discussion of positive definite matrices in Chapter 6 has been

greatly expanded. Indeed, all of the material on positive definite
matrices in the first edition has been moved up from Section 6 to
Section 5. The new Section 6 deals with the properties of positive

“definite matrices in much more depth. Positive definite matrices arise
.« in many modern applications of mathematics. This is an important
~ subject; it deserves the expanded coverage.
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GUIDE TO THE CHAPTERS

Ix

The book gives fairly complete coverage of a very broad subject.
Consequently, there is probably more material included than can
possibly be covered in a one-quarter or one-semester course. The
instructor then has some freedom in the choice of topics and can design
the course to meet the needs of the class. Some instructors may decide
to emphasize the mathematical theory in Chapters 3 and 4 and others
may decide to skip over these chapters and spend more time on the
applied topics in Chapters 5 and 6. As a general rule, if you ask n
mathematicians what should go into a course, you will get n different
answers. Even if many of the topics in the book are omitted, the

~ students should get a feelireg for the overall scope of the subject matter.

Furthermore, many of the students may use the book later as a
reference and consequently may end up learning many of the omitted
topics on their own. Sections designated by an asterisk in the table of
contents are optional. These sections are not prerequisites to any of the
following sections—they can be skipped over without any loss of
continuity. The following is a guide to the various chapters in the book.

Chapter 1. The first two sections. deal with systems of equations
and the last three sections are concerned with matrices and matrix
algebra. The block multiplication introduced in Section § is not used in

. the book until Chapter 6. Consequently, in sophomore level courses it

may be possible to skip this section.

Chapter 2. This is a short chapter on determinants. The concept
of the determinant is introduced by first studying the 2 X 2 case and
then generalizing. In the first section the standard definition using
permutations is presented. Those preferring the cofactor definition can
skip over that material and go directly to the next subsection, where the
cofactor expansion is presented. The properties of determinants pre-
sented in Section 2 can all be derived from the cofactor definition.
Some instructors believe that Cramer’s rule generally receives more
attention than it merits. Therefore, Section 3 has been listed as op-
tional.

-Chapter 3. The basic theory of vector—spaces is presented m thls N

ehapter All five sections should be covered. -
.. Chapter 4. Chapter 4 is devoted to linear transformauons In-

structors wnshmg to present a more applied course may omit all or- part r

of this chapter.

Chapter 5. This is a long chapter on orthogonality and its applica-
tions. Most of Sections 1, 2, 3, 5, 6, and 7 should be covered if at all
possible. Section 4 on matrix norms could probably be omitted if one is
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pressed for time. This section did not receive an asterisk, since it is a

prerequisite for Section 7 of Chapter 6 and the last five sections of

Chapter 7. The last section is an optional section on orthogonal

polynomials. Orthogonal polynomials play an important role in many

areas of mathematics, but they never seem to get the attention they"
. deserve in the standard courses.

' Chapter 6. This chapter treats one of the most unportant subjects
in linear algebra, eigenvalues. Sections 1 ané 3 shou!d deﬁmtely be
covered. Section 2 presents one of the main cal
If the instructor does not wish to cover the eqtse secuon, we recom-
mend that the material through Example 1 bewennd. Sections 4, S,
and 6 should be covered in junior or semol%level oopfss but are
optional for sophomore-level courses. Section;7 Is ¢

Chapter 7. In a sense this whole chapteris:
cases there will not be enough time leftmthemtetﬁcover it. This
is unfortunate because it may well be the most: impx
students planning to work in industry. If the Snly
topic, I would strongly recommend Section'T:oq 1
decomposition. This section is included in € e 7
importance to numerical linear algebra, but it could jﬂst -as well be
covered in Chapter 6. Part of Section 9 is theoretical and could also be
covered earlier, along with Section 7. Instructors who want to integrate
numerics into the course may consider teaching the first three sections
of this chapter immediately after completing Chapter 1. Section 4 could
* then be taught with the section on matrix norms in Chapter 5.

SUGGESTED COURSE OUTLINES

I. Two-Semester Sequence e

In a two-semester sequence it is possible ﬁ cover all 41 sections of
the text. I generally average about two- da‘}ts per section and only
cover 35 sections. I omit the optional sections in Chapters 3, 6, and
7. 1 also skip the first three sections of Chapter 1, as they are usually
covered in numerical analysis courses.

II. One-Semester Course
In a one-semester course most of the secuons éan be covered in one

lecture. The longer sections require two lectures.: e
A. Sophomore-Level Course .
Chapter 1 Sections 1-4 6 lectures
Chapter 2 Sections 1-3 - 3 lectures
Chapter 3 Sections 1-5 - 8 lectures

Chapter 4 Sections 1-4 5 lectures
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Chapter 5 Sections 1, 2, 3, 6. 7 8 lectures
Chapter 6 Sections 1, 2, 3 S lectures
Total 35 lectures

B. Junior- or Senior-Level Courses
The coverage in an upper division course is dependent on the
background of the students. Below are two possible courses w1th
35 lectures each.

Course 1

Chapter 1 Sections 1-5 6 lectures

Chapter 2  Sections 1,2 2 lectures

Chapter 3  Sections 1-5 " 6 lectures

Chapter 5 Sections 1-7 10 lectures

Chapter 6 Sections 1-6 9 lectures
Section 7 if time allows

Chapter 7 Section 7 2 lectures
Part of Section 9 if time allows

Course 2 o

Review of Topics in Chapters 1-3 4 lectures

Chapter 4  Sections 1-4 4 lectures

Chapter 5 Sections 1-7 10 lectures

Chapter 6  Sections 1-6 9 lectures

o Section 7 if time allows

Chapter 7 Sections 4,5,7, 8,9 8 lectures
: If time allows, Sections 1,2, 3

SUPPLEMENTARY MATERIALS-

The Solutions Manual contains complete, worked-out solutions to all of
the nonroutine exercises in the book. The manual also contains answers
to all elementary exercises that were not already listed in the answer
key in the textbook.
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MATRICES
AND SYSTEMS
~ OF EQUATIONS

INTRODUCTION

Probably the most important problem in mathematics is that of solving
a system of linear equations. It would not be conservative to estimate
that well over 75 percent of all mathematical problems gacountered in
scientific or industrial applications involve solving a linear system at
some stage. Using the methods of modern mathematics, it is often
possible to take a sophisticated problem and reduce it to a single
system of linear equations. Linear systems arise in applications to such
areas as business, economics, sociology, ecology, demography, genetics,
electronics, engineering, and physics. It seems appropriate,.then, that
this book should begin with a section on linear systems.
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1. SYSTEMS OF LINEAR EQUATIONS

A linear equation in n unknowns is an equation of the form
ax; +ax,+--- +a,x,=b
where a,,a,,...,a, and b are real numbers and x,, x,,...,x, are

variables. A linear system of m equations in # unknowns is then 3
system of the form '

ayx; + apx, + -+ +a,x,=b

alel + azzxz + e + azn.xn = b2
1)

amlxl + am2x2 + -+ ainnxn = bm

where the a;;’s and the b’s are all real numbers. We will refer to
systems of the form (1) as m X n linear systems. The following are
examples of linear systems: _ o
(@ x,+2x,=5 (b) x,—x,+x;=2 (¢) x;+x,=2
2x; +3x, =8 2, + x, —x;=4 x,—x,=1 4'
et

xl‘ =4

System (a) is a 2 X 2 system, (b) is a 2 X 3 system, and (¢) is a3 X 2
system, -

By a solution to an m X n system, we mean an ordered n-tuple of
numbers (x,, x,,..., x,) that satisfies all the equations of the system.
For example, the ordered pair (1, 2) is a solution to system (a), since

1-(1)+2-(2)=5
2 (1) +3-(2)=8
The ordered triple (2,0, 0) fs a solution to system (b), since
1-2)-1-(0)+1-(0)=2
2-2)+1-(0)-1-(0)=4

Actually, system (b) has many solutions. If a is any real number, it is
easily seen that the ordered triple (2,a,a) is a solution. However,
system (c) has no solution. It follows from the third equation that the
first coordinate of any solution would have to be 4. Using x;, = 4 in the
first two equations, we see that the second coordinate must satisfy

4+x,=2
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Since there is no real number that satisfies both of these equations, the
system has no solution. If a linear system has no solution, we say that-
the system is inconsistent. Thus system (c) is inconsistent, while systems
(a) and (b) are both consistent.

The set of all solutions to a linear system is called the solution set
of the system. If a system is inconsistent, its solution set is empty. A
consistent system will have a nonempty solution sst. To solve a con-
sistent system, one must find its solution set.

2 X 2 SYSTEMS
Let us examine geometrically a system of the form
axy + apx; = by
ayx; + axpx, = b,

Each equation can be represented graphically as a line in thc plane. The
ordered pair (x,, x,) will be a solution to the system if and only if it Lies
on both lines. For example, consider the three systems

) x;+x,=2 (i) x; +x,=2 (i) X tx,= 2
x1~x2=i X+ x,=1 —X; =X, =—2
The two lines in system (1) intersect at the point (2,0). Thus {(2,0)} is
the solution set to (i). In system (ii) the two lines are parallel. Therefore,
system (i1) is inconsmistent and hence the solution set is @. The two

equat_ﬁ)ns in system (iii) both represent the same line. Any point on that
line will be a solution to the system (see Figure 1.1.1).

Ax A x, A x,

/

(i) Gi) (i)
FIGURE 1.1.1 '
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In general, there are three possibilities: the lines intersect at a
point, they are parallel, or both equations represent the same line. The
solution set then contains either one, zero, or infinitely many points.

The situation is similar for m X n systems. An m X n system may
or may not be consistent. If it is consistent, then it must either have
exactly one solution or infinitely many solutions. These are the only
‘possibilities. We will see why this is so in Section 2 when we study the
row echelon form. Of more immediate concern is the problem of
finding all solutions to a given system. To tackle this problem, we
introduce the notion of equivalent systems.

EQUIVALENT SYSTEMS

Consider the two systems
(a) 3x, +2x; =x;=—-2 (b)) 3x;+2x,—x3=-2
2xy= 4 36, +2x, + x3= 2
System (a) is easy to solve because it is clear from the last two
equations that x, = 3 and x; = 2. Using these values in the first
equation, we get .
' 3x1+2 3—-2=-2
= =2
Thus the solution to the system is (—2,3, 2). System (b) seems to be

more difficult to solve. Actually, system (b) has the same solution as
system (a) To see thxs add the first two equations of the system

3%, +2x, —x3=—2

X, = 3

If (x,, x,, x3) is any solution to (b), it must satisfy all the equations of
the system. Thus it must satisfy any new equation formed by adding
two of its equations. Therefore, x, must equal 3. Similarly, (x, x,, x3)
must satisfy the new equation formed by subtractmg the—ﬁrst equatlon
from the thlrd — o

2.

3x;, + 2):2 + x5

2x,= 4

Therefore, any solution to system (b) must also be a solution to system
(2). By a similar argument, it can be shown that any solution to (a) is
also a solution to (b). This can be done by subtracting the first equation
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from the second:
b2 = 3

3x; + 2xy —xy3 =2

~ 3%, — Xy+x;= 5

and by adding the first and third equations:
Ix; +2xy— x3=-2
2‘Jc3 = 4

Iy + 20,4 Xy = 2

Thus (x,, x,, x5) is a solution to system (b) if and dnly if it is a solution
to system (a). Therefore, both systems have the same solution set,
{(=2,3,2)}.

Definition. Two systems of equations involving the same variables are
said to be equivalent if they have the same solution set.

Clearly, if we interchange the order in which two equations of a
system are written, this will have no effect on the solution set. The
reordered system will be equivalent to the original system. For example,
the systems .

X+ 2x, =4 A+ x,=6
4x, + x,=06 x, +2x,=4

clearly have the same solution set.

If one of the equations of a system is multiplied Lhrough by a
nonzero real number, this will have no effect on the solution set and the
new system will be equwalent to the original system. For example, the
systems

X+ X+ x;=3 2x; +2x,+ 2x3=6
- and ‘
-2x; —x; +4x;=1 =2x, - x;+4x,=1

are equivalent.

) If a multiple of one equation is added to another equation, the new
system will be equivalent to the original system. This follows since the
n-tuple (x,, ..., x,) will satisfy the two equations

a‘1x1 + A +ai"xn = b’

pxy+ - t+ax,=b

J1




