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Preface

“In order to make any progress, it is necessary to think of approximate techniques, and
above all, numerical algorithms ... Once again, what became a major endeavor of mine, the
computational solution of complex functional equations, was entered into quite diffidently. I
had never been interested in numerical analysis up to that point. Like most mathematicians
of my generation, I had been brought up to scorn this utilitarian activity. Numerical solution
was considered the last resort of an incompetent mathematician. The opposite, of course,
is true. Once working in this area, it is very quickly realized that far more ability and
sophistication is required to obtain a numerical solution than to establish the usual existence
and uniqueness theorems. It is far more difficult to obtain an effective algorithm than
one that stops with a demonstration of validity. A final goal of any scientific theory must
be the derivation of numbers.” This is an excerpt' from Eye of the Hurricane [30] on
page 185 by Richard Bellman. It seems appropriate to start the preface with this quote
considering advances in quantitative finance would have been impossible without utilizing
computational /numerical techniques and their impact on the evolution of the field in recent
years.

In most applications and physical phenomena, we are in search of a solution that hap-
pens to be an approximation of the true solution. As a result, some sort of a computational
method /technique or a numerical procedure is a must. In quantitative finance, aside from
a few cases with an analytical or a semi-analytical solution, we typically wind up with an
approximation as well. As today’s financial products have become more complex, quanti-
tative analysts, financial engineers, and others in the financial industry now require robust
techniques for numerical solutions. Computational finance has been a field that has been
growing tremendously and intricacy of products and markets suggests there will be an even
higher demand in the field.

This book is based on lecture notes I have used in my courses at Columbia University
and my course at the Courant Institute of New York University. The selection of topics
has been influenced by students and market requirements throughout my teaching over the
years. Rama Cont, my colleague and friend, suggested to incorporate these notes into a
textbook and referred me to the publisher.

My goal has been to write a textbook on computational methods in finance bringing
together a full-spectrum of methods and schemes for pricing of derivatives contracts and
related products, simulation, model calibration and parameter estimation with many practi-
cal examples. This book is intended for first/second year graduate students in the financial
engineering or mathematics of finance field as well as practitioners, quants, researchers,
technologists implementing models, and those who are interested in the field. My intention
has been to keep the book self-contained and stand-alone.

Overall T have been pretty informal about theory.? The aim has not been to get into detail
on stochastic calculus or martingales pricing as they are not prerequisites for understanding

1 This quote was brought up to my attention by Michael Johannes, a colleague and friend, of Columbia
Business School.

2An example of this is the It6 lemma for semi-martingales without defining semi-martingales or the
Girsanov theorem without stating the theorem.
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the procedures in the book. Yet in some cases it has been unavoidable, and I try to give
sufficient explanation so that the reader can proceed without any need to delve into the
derivation or the theory behind it.

This book is composed of two parts. The first part of the book describes various methods
and techniques for the pricing of derivative contracts and the valuation of a variety of
models and processes. In the second part, the book focuses on model calibration, calibration
procedure, filtering, and parameter estimation.

Chapter 1 reviews some basic concepts, principally relating to the construction of the
characteristic function of stochastic processes. It then shows how the characteristic function
can be used to generate the moments of the resulting distribution and some methods used in
our derivations of the characteristic functions of different processes. In addition, it reviews
various characteristic functions of standard distributions. I then provide a self-contained list
of some of the most commonly used stochastic processes that practitioners employ to model
assets for derivative pricing applications. However, this list is by no means comprehensive
and will certainly not cover every stochastic process used in practice. In describing these
processes, I provide as detailed a mathematical description of each process as possible,
including the characteristic function for every process, in closed form where available, as
well as the stochastic differential equation where a closed form exists. Finally, the chapter
contains a basic review of risk-neutral pricing and change of measure. When combined with
a model of the stochastic evolution of the underlying asset, this forms the basis for all the
derivative pricing algorithms in this book.

Chapters 2-6 cover many computational approaches for pricing derivatives contracts,
including (a) transform techniques, (b) the finite difference method for solving partial dif-
ferential equations and partial-integro differential equations, and (c) Monte Carlo simu-
lation. Chapter 2 presents a range of transform techniques that comprise the fast Fourier
transform, fractional fast Fourier transform, the Fourier-cosine (COS) method, and the sad-
dlepoint method. I discuss the pros and cons of each approach and provide plenty of cross
comparison. Chapter 3 introduces the finite difference method used for numerically solving
partial differential equations. This chapter focuses on the most commonly used finite dif-
ference techniques utilized to solve partial differential equations, namely, explicit, implicit,
Crank—Nicolson, and multi-step schemes. I discuss stability analysis of those schemes and
different structure for the stiffness matrix arising from the discretization of partial differ-
ential equations and provide routines for solving the linear equations. A generic approach
to derivative approximation by finite differences is also provided. Chapter 4 utilizes finite
differences introduced in Chapter 3 to price vanilla and exotic derivatives under models for
which a partial differential equation describing derivative prices can be formulated such as
the Black—Scholes model and the local volatility models in the one-dimensional case and the
Heston stochastic volatility model in the two-dimensional case. I discuss how to implement
boundary conditions and exercise boundaries, setting up non-uniform grid points and coor-
dinate transformation as well as dealing with jump conditions. Chapter 5 covers numerical
solutions of partial-integro differential equations via finite differences for pricing various
different derivative contracts. I look at PIDEs which arise in the pure jump framework, for
instance, variance gamma (VG) and CGMY processes.

Not having the characteristic function in closed form, having a fairly complex payoff
structure for the derivative contract under consideration, having a non-Markov process, or a
high dimensional process or model, we have to utilize Monte Carlo simulation for pricing and
valuation as the method of last resort. Chapter 6 covers Monte Carlo simulation. I discuss
different sampling methods and sampling from various different distributions. I also go
over Monte Carlo integration and numerical integration of stochastic differential equations.
The output from simulation is associated with a variance that limits the accuracy of the
simulation results. It is the major drawback to simulation and, naturally, various reduction
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techniques are studied and examined in this chapter. I also delve into simulation of some
pure jump processes.

In the second part, the book focuses on essential steps in real-world derivatives pricing
and estimation. In Chapter 7, I discuss how to calibrate model parameters so that model
prices will be compatible with market prices. Construction of the local volatility surface
and calibration of various different models in diffusion or pure-jump framework used for
equity, foreign exchange, or interest rate modeling are discussed. The two essential steps in
the calibration procedure, namely, the objective function and the optimization methodology
are addressed in detail. I also discuss the notation of model risk. Chapter 8, the last chapter
of the book covers various filtering techniques and their implementations used on the time
series of data to unravel the best parameter set for the model under consideration and
provide examples in filtering and parameter estimation of various different models and
processes. '

The book provides plenty of problems and case studies to help readers and students test
their level of understanding in pricing, valuation, scenario analysis, calibration, optimiza-
tion, and parameter estimation.

I would like to express my gratitude to several people who have influenced me directly
or indirectly on this book. I owe a particular debt to my PhD advisor and co-author Dilip
B. Madan. Special thanks to my co-authors Peter Carr, Georges Courtadon, and Massoud
Heidari. I gained enormously from our many discussions and working together on a variety
of different topics. I am thankful to Alireza Javaheri, Michael Johannes, and Nicholas G.
Polson; I benefited tremendously on joint work with them regarding filtering and parameter
estimation. I learned a great deal from my PhD advisor Howard C. Elman, Ricardo H.
Nochetto, R. Bruce (Royal) Kellogg, and Jeffrey Cooper on numerical analysis and scientific
computing; without their teaching and guidance I would not have been able to reach the
level I am today.
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