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F—F LHESITRER R

§ 1. Hilbert 25 [&] FH 1 L4 H F

A K RAEEE RBFBHS C HK R EXx K £
Hilbert Z¥[8]. A[A] Hilbert ZHE P K ARMBEHEE—H (1) X
|-l R, BAVARAR (z,y) KT = &M, XF y EHLHE.
MR EEEE R &K ¢ A4 RRAMERTHRMAEE.

1.1 BFRHES, ESRETSIE

BA1H L(H,K) k L(H,K) +3F£ xR H 8| K PRZKEETF
EERGHERATE2ME, 3FH LH) &k L(H) 438 L(H, H) X
L(H, H). iﬁ A€ L(H,K), Bi1HDA) EREEXN, B H K
GMEFZ=MR. 4FEX Ae L(H,K) {EfRE D(A) &£ H 9, A\
A — iﬁﬁﬁ D(A) = H. NERLGHEET A, BEEXE D(4)
WINERHEF—FSE. W Ae L(H K), %4

N(A) = {z € D(A): Az =0}, R(A) = {Az: z € D(A)},
SRR N(A) B R(A) A AW #&ELF=E) & Eif. R D(4)
£ H PH, WK AR BEMN. &7 N4) = {0}, MFK A £ AT
K. XA HEF A, X A K $EATW0TF:. DAY =RA); &
Az =y, M4 A 'y ==z.

FFAZER H x K I TF AR (-,-) A — Hilbert 25 [8]:

({a:,y},{z,w})=(a:,z)+(y,w), a:,zEH, y5WEK'
( Bf Hilbert ZF[EEM H® K.) % A€ L(H,K), &

G(A) ={{=z,Az} : =zeD(A4)}, (1.1)
W(A) = {{Az,z} : =z € D(A)}, (1.2)

1.



W G(A) B W(A) 43k He K B Ko H W&EF=NE. &A4014
FFREATAN AR BR M EER F AT, U WA) =g(4™1).

¥ A1, A; € L(H,K), # G(A1) C G(A,), B D(4;) C D(42) B
REITE D(A1) £ A2 5 A1 —3, MK A2 & A B B3R, 7k A, &
Ar 7E D(Ay) BB BREI, 128 A; € Ay BE Az D A;.

W Ae L(HK) I G(A) & Ho K WHAFZE (B} W(A)
2 KoHKMETEM), MK AN IBEF HEGA EHOK
HIE G(A) REANAGMET A WESR, WK A R TTH, K
AR AMAE BR, ARTHMMENY {0,y c(A) &S
y=0 HFARWETF, BEDA=H NHABRREEM ARLFE
RETF. AETFHTREHEAEATFEME.

® A€ L(H K) AFER, &

D(4*) = {y € K : 3, > 0, 78Vz € D(4),|(Az, )| < <, Iz},

NI Riesz RILEH, Vy € D(A*), FFE H PHE—ITTER, iBA A%y,
&
(z,A*y) = (Az,y) Vz € D(A). (1.3)
BRE A" € L(K,H), TAT#R A* A A K HEHF. F A B ¢
L(H,K) ATAER, B AC B, | B* C A*.
A€ L(H) InRE AFEH Ac A, B

(Az,y) = (z, Ay) Vz,y € D(4),

MR A B MERE); Eot—5H A=A% MK AR BEEH
513 1.1 ¥ Aec L(H) ATEH T, H (Az,z) =0, Vz € D(A).
(1) &% H AEZ=E, W AARET (B Az =0,Vz € D(A));
(2) & H HL=E, B AANKET, W AARHETF.
iERR (1) # =,y € D(A), N

(Az,y) + (Ay,z) = (A(z +y),z +y) — (Az,z) — (Ay,y) = 0. (1.4)

.2



% EAFRER i(= v=T) 3 iy Rk y 8
(Az,y) — (Ay,z) = 0. (1.5)

FRE (14) & (1.5) 8 (Az,y) = 0, Vy € D(A). BiF D(A) & H
R, XFEB Az =0.
(2) B (1.4) B A BRI FRIEIESE. g
wAe L(HK), Ti1A ||Al| ERHETF A 89 JE&, B

|All = sup{||Az|| : [j=]| = 1}.

T—5EEHTXHRERAETFEHENH—KEK.
51 1.2 W Aec L(H) AXNHRET, W

|All = sup [(Az,z)]. (1.6)
lzl|=1

iERR |ATH

(Az,y) + (y, Az) = (A=, y) + (Ay, z)
= 5[(A(@ +9),5+3) - (A~ )z~ )]

Liec]

(42,) + (v, 42)] < 5o+l +llo ~ vl*) sup |(42,2)

z||l=

= (l=l1* + llwll*) Sup (42, 2)|. (L.7)

z||=1

BE—%ARHTFITNLEERE. AiE (1.6), Rk A BEF
BHF. 2 a =supy=1 [(Az,2)|, M5 E 1.1 &0 a > 0. Z (1.7)
2 y=a"lAz, NB

27 || Az|* < (l=]* + 77| Az[|*)a,



BE ||Az|? < a®|||?, AT || Al < a. BHERBAERERL, &
(1.6) F%iE. i
% A€ L(H,K), Be L(K,E). B5 A ) & & XI0TF:

D(BA) ={z € D(A): Az € D(B)}, (1.8)
(BA)z = B(Az), = € D(BA). (1.9)

F R BA€ L(H,E).
5178 1.3 ¥ A€ L(H,K),Be L(K,E). in® A,B Js BA#
RFAER, W

A*B* C (BA)*. (1.10)
EH¥— BREFETF, N
A*B* = (BA)". (1.11)

MEAR (1.10) A\ E FE X R EERIE. AiE (1.11),
H&EiE (BA)* C A*B*. #&% B € L(K,E), HHF D(A) = D(BA),
D(B*) = E: mﬁ&'—' Y E D((BA)*)7 ﬁ

(Az, B*y) = ((BA)z,y) = (z,(BA)*y), Yz € D(A).

iXFEW B*y € D(A*)()\T y € D(A*B*)) HF A*B*y = (BA)*y,
FR (BA)* C A*B*. (1.11) {8iF. 3

B MK HB—IATFER, MtAMEHPHERH,
WXt S « € H, = 7 40T HE— 53

z=y+z,

HfyeMzeM- BAVA Pz ERy, WPz Az B M LK 3§
¥ BERPAHH FHERNIKREEET, BE BEX, B P2=P.
BIHRBEHNFEANKREEETH BRET.
T—EBAHTHREETFH—NZE.
513 1.4 #® P € L(H). WHHNY R(P) = N(P): H
P:=Pat P HERET.
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iERE # R(P)=N(P):, B P?=P. | Ve,yec H,z— Pz €
N(P),y—Pye N(P), #§F

= (Pz, Py + (y — Py)) = (Pz, Py)
= (Pz + (z — Pz), Py) = (z, Py).

XRHA P RNHRK, NTIKEX PREERETF RZ, ® PR
wRET, N

z € N(P)<=Vye€H, (z,Py) =(Pz,y)=0
<z L R(P), '

B N(P) = R(P):. X i P? = P #% R(P) = N(I — P), AT
R(P) % H WHTFZE. ENE R(P) =R(P)LL=N(P)*.

1.2 AHEF. NHREFEHLEEET

EHE 1.5 & Ac L(H,K) AFERN, W

(1) A* K, H G(4*) =W(-A)%

(2) H A ARy, W A* e, BHA™ =4

(3) HHEANY A* FER AW, X A™ & A KNHHE.
R (1) tyeK,ze H, MNF

{y,z} €G(A*) <=y eD(4"),2= A"y
< (z,z) = (y, Az), YV € D(A)
= ({v, z},{—Az,z}) =0, Vz € D(A).

XK G(A*) = W(-A)L. #5751 G(A*) X Ko H HHTFZRE, B
A* HHAETF. |
(2) BT -ANHETF, #HI(-4) R He K HHATZ=ME, A
MW(E-A) RKoH MAFERE. () MKOH FUWTFTERS
.
K& H=W(-A)®G(A"). (1.12)
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B z € K, B z L D(A*), W {2,0} L g(A*). #&H (1.12) 4n
{2,0} € W(—A), \Tii 2= —A0 =0. iXE8 D(4*) & K $F. %t
A* B —A N (1.12) 18

He K =W(-A")®G(A™), (1.13)

K®oH=W(A) e G(—A"). (1.14)
{8 (1.14) 0 T H © K B30 F IE3Z 53+

Hoe K =G(A)e W(—A"). (1.15)

HeE (1.13) & (1.15) 18 G(A) = G(A*), BiF A = A™~.

(3) W ATH, AR AWHE, WADA HEEHFEX
51 A* D A*. 5] D(A*) D D(A%), ¥ (2) & A* EFEN. Xt
—-A N (1) %

b K@ H=W(A)®G(—A"). (1.16)

EREHMTF
Ho K =G(A) @ W(—A"). (1.17)

He#E (1.13) & (1.17) &1 G(A) = G(A**), Bl A** % A W A.

Rz, #& A* FE, ik A7TH. BT A* AWEF, (1.13)
RS, B—HEIEHF (1.17), #H G(4) = g(A™), XFEH A &
A] F Y. 1

EME 1.6 ) Ae L(H) BAXI#, WH TFTRESL:

(1) A7TH, A™ A AKHE, A XK;

(2) & D(A)=H, N A AFFREAREHETF;

(3) # A HILSRETW, N R(A) £ H hHE A~ B

(4) & R(A) % H H#, N A ¥k,

(5) F R(A)=H, W A B34 H A~ AF R BHHHET.

iERR (1) HF A* D A, #% A* W, NTTHEH 1.5(3) & A
B, B A™ A AKEAE. A, BT A C A%, # A C A,
T A** XK.

N



