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Preface to the second edition

This revision has two main purposes: first to correct various errors that crept
into the first edition and second to update our discussions of current work in the
field. Since the first edition of this book appeared in 2004, symplectic geometry
has developed apace. It has found new applications in low dimensional topol-
ogy, via Heegaard Floer theory [318] and the newly understood relations of em-
bedded contact homology to gauge theory [74, 219]. Several important books
have been published that develop powerful new ideas and techniques: Seidel [371]
on the Fukaya category, Fukaya-Oh—Ohta—Ono [128] on Lagrangian Floer ho-
mology, and Cieliebak and Eliashberg [63] on the relations between complex and
symplectic manifolds. Another exciting development is the introduction of sheaf-
theoretic methods for proving fundamental rigidity results in symplectic geometry
by Tamarkin [388] and Guillermou-Kashiwara—Shapira [166]. There has also been
great progress on particular problems; for example Taubes [394] solved the We-
instein conjecture for 3-dimensional contact manifolds using Seiberg—Witten—Floer
theory, Hingston [176] and Ginzburg [143] solved the Conley conjecture by new ad-
vances in Hamiltonian dynamics and Floer theory, and the nearby Lagrangian con-
jecture has been partially solved (by Fukaya—Seidel-Smith [131] and Abouzaid [1]
among others) using Fukaya categories. A comprehensive exposition of Hamiltonian
Floer theory is now available with the book by Audin-Damian [24], which presents
all the basic analysis needed to set up Hamiltonian Floer theory for manifolds with
c; = 0 as well as in the monotone case. Finally, the long series of papers and
books by Hofer-Wysocki-Zehnder [184, 185, 186, 187, 188, 189] develops a new
functional analytic approach to the theory of J-holomorphic curves. Their work
will eventually give solid foundations to Lagrangian Floer theory and the various
forms of Symplectic Field Theory.

We do not say much about the details of these developments. However, we have
updated the introductions to the chapters where relevant, and also have extended
the discussions of various applications of J-holomorphic curves in Chapters 9, 11
and 12, aiming to give a sense of the main new developments and the main new
players rather than to be comprehensive.

Many of the corrections are rather minor. However, we have rewritten Sec-
tion 4.4 on the isoperimetric inequality, the proof of Theorem 7.2.3, the proof of
Proposition 7.4.8, and the proof of the sum formula for the Fredholm index in The-
orem C.4.2. In Chapter 10 we added Section 10.9 with a new geometric formulation
of the gluing theorem for z-independent almost complex structures, in Appendix C
we expanded Section C.5 to include a proof of integrability of almost complex struc-
tures in dimension two, and in Appendix D we expanded Section D.4 to include
the material previously in Sections D.4 and D.5 and added a new Section D.6 on
the cohomology of the moduli space of stable curves of genus zero.

ix



X PREFACE TO THE SECOND EDITION

We warmly thank everyone who pointed out mistakes in the earlier edition,
but particularly Aleksei Zinger who sent us an especially thorough and useful list
of comments. ’

Dusa McDuff and Dietmar Salamon, April 2012



Preface

The theory of J-holomorphic curves has been of great importance to symplec-
tic topologists ever since its inception in Gromov’s paper of 1985. Its applications
include many key results in symplectic topology, and it was one of the main inspira-
tions for the creation of Floer homology. It has caught the attention of mathemati-
cal physicists since it provides a natural context in which to define Gromov-Witten
invariants and quantum cohomology, which form the so-called A-side of the mirror
symmetry conjecture. Insights from physics have in turn inspired many fascinating
developments, for example highlighting as yet little understood connections between
the theory of integrable systems and Gromov—Witten invariants.

Several years dgo the two authors of this book wrote an expository account of
the field that explained the main technical steps in the theory of J-holomorphic
curves. The present book started life as a second edition of that book, but the
project quickly grew. The field has been developing so rapidly that there has
been little time to consolidate its foundations. Since these involve many analytic
subtleties, this has proved quite a hindrance. Therefore the main aim of this book is
to establish the fundamental theorems in the subject in full and rigorous detail. We
also hope that the book will serve as an introduction to current work in symplectic
topology. These two aims are, of course, somewhat in conflict, and in different parts
of the book different aspects are predominant.

We have chosen to concentrate on setting up the foundations of the theory
rather than attempting to cover the many recent developments in detail. Thus, we
limit ourselves to genus zero curves (though we do treat discs as well as spheres). A
more serious limitation is that we restrict ourselves to the semipositive case, where
it is possible to define the Gromov-Witten invariants in terms of pseudocycles. Our
main reason for doing this is that an optimal framework for the general case (which
would involve constructing a virtual moduli cycle) has not yet been worked out.
Rather than cobbling together a definition that would do for many applications
but not suffice in broader contexts such as symplectic field theory, we decided to
show what can be done with a simpler, more geometric approach. On the other
hand, we give a very detailed proof of the basic gluing theorem. This is the analytic
foundation for all subsequent work on the virtual moduli cycle and is the essential
ingredient in the proof of the associativity of quantum multiplication. There are
also five extensive appendices, on topics ranging from standard results such as the
implicit function theorem, elliptic regularity and the Riemann-Roch theorem to
lesser known subjects such as the structure of the moduli space of genus zero stable
curves and positivity of intersections for J-holomorphic curves in dimension four.
We have adopted the same approach to the applications, giving complete proofs of
the foundational results and illustrating more recent developments by describing
some key examples and giving a copious list of references.

xi



xii PREFACE

The book is written so that the subject develops in logical order. Chapters 2
through 5 establish the foundational Fredholm theory and compactness results for
J-holomorphic spheres and discs; Chapter 6 introduces the concepts need to de-
fine the Gromov—Witten pseudocycle for semipositive manifolds; Chapter 7 is the
pivotal chapter in which the invariants are defined; and the later chapters discuss
various applications. Since there is more detail in Chapters 2 through 6 than can
possibly be absorbed at a first reading, we have written the introductory Chapter 1
to describe the outlines of the theory and to introduce the main definitions. It
serves as a detailed guide to this book, pointing out where the key arguments occur
and where to find the background details needed to understand various examples.
Each chapter also has an introduction describing its main contents, which should
help to orient the more knowledgeable readers. Wherever possible we have written
the sections and chapters to be independent of each other. Hence the reader should
feel free to skip parts that seem excessively technical.

We hope that Chapter 1 (supplemented by suitable parts of Chapters 2-6) will
provide beginning students with enough of the essential background for understand-
ing the main definitions in Chapter 7. Here is a brief outline of the contents of the
remaining chapters. After the basic invariants are defined in Section 7.1 (with im-
portant supplemental ideas in Section 7.2 and Section 7.3), Section 7.4 discusses the
fundamental example of rational curves in projective space. The chapter ends with
a discussion of the Kontsevich-Manin axioms for the genus zero Gromov—Witten
invariants, and deduces from them Kontsevich’s beautiful iterative formula for the
- number of degree d rational curves in the projective plane.

Chapter 8 sets up the theory of locally Hamiltonian fibrations over Riemann
surfaces and shows how to count sections of such fibrations. This allows us to define
Gromov—Witten invariants of arbitrary genus (but where the complex structure of
the domain is fixed). It also provides the background for some important applica-
tions, for example Gromov’s result that every Hamiltonian system on a symplec-
tically aspherical manifold has a 1-periodic orbit (see Theorem 9.1.1), and results
about the group of Hamiltonian symplectomorphisms: a taste of Hofer geometry in
Section 9.6 and a discussion of the Seidel representation in Sections 11.4 and 12.5.

Chapter 9 describes some of the main applications of J-holomorphic curve
techniques in symplectic geometry. Besides the examples mentioned above and a
discussion of the basic properties of Lagrangian submanifolds, it gives full proofs of
McDuff’s results on the structure of rational and ruled symplectic 4-manifolds as
well as Gromov’s results on the symplectomorphism group of the projective plane
and the product of 2-spheres. 7

The other main application, quantum cohomology, requires a further deep ana-
lytic technique, that of gluing. The first rigorous gluing arguments are due to Floer
(in the somewhat easier context of Floer homology) and Ruan-Tian (in the context
relevant to quantum homology). In Chapter 10 we present a different, perhaps
easier, method of gluing and derive from it a proof of the splitting axiom for the
Gromov—Witten invariants in semipositive manifolds.

With this in hand, Chapter 11 defines quantum cohomology and explains some
of the structures arising from it, such as the Gromov-Witten potential and Frobe-
nius manifolds. As is clear from the examples in Section 11.3, this is the place where
symplectic topology makes the deepest contact with other areas such as algebraic
geometry, conformal field theory, mirror symmetry, and integrable systems. This



PREFACE xiii

chapter should be accessible after Chapter 7. Finally, Chapter 12 is a survey that
formulates the main outlines of Floer theory, omitting the analytic underpinnings.
It explains the relations between Floer theory and quantum cohomology, using a
geometric approach, and also indicates the directions of further developments, both
analytic (the vortex equations) and geometric (Donaldson’s quantum category).

There are five appendices. The first three set up the foundations of the classical
theory of linear elliptic operators that is generalized in Chapters 3 and 4: Fredholm
theory and the implicit function theorem for Banach manifolds in Appendix A,
Sobolev spaces and elliptic regularity in Appendix B, and the Riemann—Roch the-
orem for Riemann surfaces with boundary in Appendix C. Appendix D provides
background for Chapter 5. It explains the structure of the Grothendieck—Knudson
moduli space of genus zero stable curves using cross ratios rather than the usual
algebro-geometric approach. Appendix E was written jointly with Laurent Laz-
zarini. It contains a complete proof of positivity of intersections and the adjunc-
tion inequality for J-holomorphic curves in four-dimensional manifolds. Lazzarini
provided the first draft of this appendix with complete proofs and we then worked
together on the exposition. The results of Appendix E provide the basis for the
structure theorems for rational and ruled symplectic 4-manifolds.

Those who wish to use this book as the basis for a graduate course must make
some firm decisions about what kind of course they want to teach. As we know
from experience, it is impossible in one semester to prove all the main analytic
techniques as well as to describe interesting examples. One possibility, explained
in more detail in Chapter 1, would be to concentrate on Chapter 1 (amplified
by small parts of Chapter 2), Chapter 3 through Section 3.3 (together perhaps
with some extra analysis from Appendices B and C), the basic compactness result
for spheres with minimal energy in Section 4.2, very selected parts of Chapter 6
(the definition of pseudocycle), and then move to Section 7.1. Then either one
could go directly to some of the geometric applications in Chapter 9 (for example,
prove the nonsqueezing theorem or some of the results about symplectic 4-manifolds
in Section 9.4) or one could discuss the Kontsevich-Manin axioms for Gromov—
Witten invariants in Section 7.5 and then move to Chapter 11 to set up quantum
cohomology. The idea here would be to develop a familiarity with the main analytic
setup, prove some of the basic techniques, and then set them in context by discussing
one set of applications

The above outline is perhaps still too ambitious, but there are ways to shorten
the preliminaries. For example, it is possible to discuss many of the applications
in Chapter 9 directly after the foundational material of Chapters 2-4 (and rele-
vant parts of Chapter 8), without any reference to Chapters 5, 6 and 7. For if
one considers only the simplest cases of these applications, rather than proving
them in their most general form, the relevant moduli spaces are compact and so
the results become accessible without any formal definition of the Gromov—Witten
invariants. Alternatively, those aiming at quantum cohomology could state the
results on Fredholm theory without proof and instead concentrate on explaining
some of the compactness (bubbling) results in Chapters 4 and 5. These combine
well with a study of the moduli space of stable maps and hence lead naturally to
the Kontsevich-Manin axioms.

As indicated above, a first course, unless it moves incredibly fast or contains
almost no applications, cannot both cover Fredholm theory and come to grips with
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the analytic details of the compactness proof, even less go through all the details
of gluing. Even though this proof in the main needs the same analytic background
as Chapter 3, the proof of the surjectivity of the gluing map hinges on the deepest
result from Chapter 4 (the behaviour of long cylinders with small energy) and
relies on several technical estimates. We have written the gluing chapter to try to
make accessible the outlines of the construction, together with the main analytic
ideas. (These are summarized in Section 10.5.) Hence, for a more analytically
sophisticated audience, one might base a course on Chapters 3, 4 and 10, with
motivation taken from some of the examples in Chapter 9 or 11.

Despite the length of this book, its subject is so rich that it is impossible to treat
all its aspects. We have given many references throughout. Here are some books
on related areas that the reader might wish to consult both on their own account
and for the further references that they contain: Cox—Katz [76] on mirror symme-
try and algebraic geometry, Donaldson [87] on Floer homology and gauge theory,
Manin [286] on Frobenius manifolds and quantum cohomology, Polterovich [330]
on the geometry of the symplectomorphism group, and the paper by Eliashberg—
Givental-Hofer [101] on symplectic field theory.

This book has been long in the making and would not have been possible
without help from many colleagues who shared their insights and knowledge with us.
In particular, Coates, Givental, Lalonde, Lazzarini, Polterovich, Popescu, Robbin,
Ruan, and Seidel all gave crucial help with various parts of this book. We also
wish to thank the many students and others who pointed out various typos and
inaccuracies, and especially Eduardo Gonzalez, Sam Lisi, Jake Solomon, and Fabian
Ziltener for their meticulous attention to detail.

Dusa McDuff and Dietmar Salamon, December 2003
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CHAPTER 1

Introduction

The theory of J-holomorphic curves, introduced by Gromov in 1985, has pro-
foundly influenced the study of symplectic geometry, and now permeates almost
all its aspects. The methods are also of interest in the study of Kahler manifolds,
since often when one studies properties of holomorphic curves in such manifolds it
is useful to perturb the complex structure to be generic. The effect of this is to en-
sure that one is looking at persistent rather than accidental features of these curves.
However, the perturbed structure may no longer be integrable, and so again one is
led to the study of curves that are holomorphic with respect to some nonintegrable
almost complex structure J.

These curves satisfy a nonlinear analogue of the Cauchy—Riemann equations.
Before one can do anything useful with them, one must understand the elements of
the theory of these equations; for example, know what conditions ensure that the
solution spaces are finite dimensional manifolds and know ways of dealing with the
fact that these solution spaces are usually noncompact. As explained in the preface,
this chapter introduces all the basic concepts and outlines the ingredients needed to
establish these results. Readers, specially those unfamiliar with the theory, should
start by reading this chapter and then branch out into more detailed study of
whichever aspects of the theory interests them.

We assume that the reader is familiar with the elements of symplectic geom-
etry. There are several introductory books. One possible reference is McDuff-
Salamon [277], but there are now more elementary treatments such as Berndt [35]
and Cannas da Silva [59] as well as classics such as Arnold [15].

1.1. Symplectic manifolds

A symplectic structure on a smooth 2n-dimensional manifold M is a closed
2-form w which is nondegenerate in the sense that the top-dimensional form w™
does not vanish anywhere. By Darboux’s theorem, all symplectic forms are locally
diffeomorphic to the standard symplectic form

wo =dri Adyy + -+ dxy Adyn

on Euclidean space R?" with coordinates (x1,y1,...,Tn,¥n). This makes it hard
to get a handle on the global structure of symplectic manifolds. Variational tech-
niques have been developed which allow one to investigate some global questions in
Euclidean space and in manifolds such as cotangent bundles which have some linear
structure: see [190, 277] and the references contained therein. But the method
which applies to the widest variety of symplectic manifolds is that of J-holomorphic
curves.

Here J is an almost complex structure on M which is tamed by w. An almost
complex structure is an automorphism J of the tangent bundle TM of M which

1



2 1. INTRODUCTION

satisfies the identity J2 = —1. Thus J can be thought of as multiplication by i,
and it makes 7'M into a complex vector bundle of dimension n. The form w is said
to tame J if )
w(v, Jv) >0

for all nonzero v € TM. Geometrically, this means that w restricts to a positive
form on each complex line L = span{v, Jv} in the tangent space T, M. Given w
the set J,(M,w) of almost complex structures tamed by w is always nonempty
and contractible. Note that it is very easy to construct and perturb tame almost
complex structures, because they are defined by pointwise conditions. Note also
that, because J,(M,w) is path connected, different choices of J € J,(M,w) give
rise to isomorphic complex vector bundles (T'M, J). Thus the Chern classes of these
bundles are independent of the choice of J and will be denoted by ¢;(TM).!

In what follows we shall only need to use the first Chern class, and what will
be relevant is the value ¢;(A) := (¢1(TM), A) which it takes on a homology class
A € Hy(M). If A is represented by a smooth map u : ¥ — M, defined on a closed
oriented 2-manifold ¥ then ¢;(A) = ¢1(F) is the first Chern number of the pullback
tangent bundle F := u*T'M — X. But every complex bundle E over a 2-manifold
¥ decomposes as a sum of complex line bundles E = Ly &®- - -@ L,. Correspondingly

c1(E) = Z c1(L;)-

Since the first Chern number of a complex line bundle is just the same as its Euler
number, it is often easy to calculate the ¢;(L;) directly. For example, if A is the
class of the sphere S = pt x §% in M =V x S? then it is easy to see that

TM|;=TS®L; & & Ly,
where the line bundles L are trivial. It follows that
c1(A) = e1(TM|g) = e1(TS) = x(S) = 2

where x(S) is the Euler characteristic of S. 5

A smooth map ¢ : (M,J) — (M’,J’) from one almost complex manifold to
another is said to be (J,J')-holomorphic if and only if its derivative d¢(z) :
T:M — TyyM’ is complex linear, that is

dé(z) o J(z) = J'(¢()) o do(z).

These are the Cauchy—Riemann equations, and, when (M, J) and (M’, J') are both
subsets of complex n-space C", they are satisfied precisely by the holomorphic
maps. An almost complex structure J is said to be integrable if it arises from
an underlying complex structure on M. This is equivalent to saying that one can
choose an atlas for M whose coordinate charts are (J,%)-holomorphic where i is
the standard complex structure on C™. In this case the coordinate changes are
holomorphic maps (in the usual sense) between open sets in C*. When M has
dimension 2 a fundamental theorem says that all almost complex structures J on
M are integrable: for a proof see Section E.4. However this is far from true in
higher dimensions.

1There is another space of almost complex structures naturally associated to (M,w), namely
the set J(M,w) of w-compatible structures defined in Section 3.1. For the present purposes
one can use either space. In fact, to make our results as general as possible, we will often work
with J(M,w) because this is very slightly harder: J-(M,w) is open in the space of all almost
complex structures, while 7(M,w) is not.



