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E Introduction m

Introduction

Theoretic mechanics studies the mechanics motion of objects. By mechanics motion we
mean the object changes its relative positions. The mechanics motion is the basic motion
and is constituted of the complex motion. Theoretic mechanics is the guider to learn the
other theoretic physics and is the basic of the engineering technology.

The basic rule of macroscopic mechanical motion studied by theoretic mechanics can be
used to solve the problem of multi-degree-of-freedom motion of the object. The object of
this book is focused on the finite degree freedom of the object such as particle and rigid
body. The main task of the theoretical mechanics is the basic rule of inductive followed by
the mechanical movement and determine the movement of objects or the property of the
force on them. The method is a series of reasoning process by the help of the use of
rigorous mathematical tool. From the point of the order, we first study the mechanical
movement kinematics. And then further study the rules of the dynamics of mechanical
movement should follow. As for the statics of the balance problems can be as one part of
the dynamic for science. But the statics is very important in engineering. So it can be an
independent discipline.

Mechanics is one discipline which developed earlier. As early as in ancient times,
people started to manufacture and use some simple production tools due to the need of
agriculture. So people have had some knowledge and understanding for mechanical
movement. With the development of production, people gradually deepen the knowledge of
the mechanical movement. By the end of the 16th century, the understanding of the
mechanics also produced a leap when Western Europe started the formation and
development of capitalism. Newton published the famous three laws of motion on the basis
of predecessors’research work and laid the foundation of classical mechanics. Since then,
many scientists made in-depth research on the mechanics. And they constantly opened up

new areas and revealed the new law. Especially calculus and the other mathematical tools
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are widely used which provides a powerful weapon for the development of mechanics and
promoting the development of mechanics. By the 18th century, lagrange wrote a book
which is Analytical Mechanics. the mechanical problems can fully use the strict analysis
method to deal with. As the further research and contributions of Hamiltonian and
Jacobi’s, the classical mechanics gradually developed info a system subject.

Theoretical mechanics is closely related with other branches of natural science (like
mathematics, astronomy, meteorology, science and engineering technology and so on),
especially more closely to mathematics. Theoretical mechanics widely used mathematical
theory to deduction and reasoning of the theory system, Some problem on mechanics often
promote the development of mathematics itself. There are a lot of examples on the history
of science, j

Due to the rapid development of advanced science and technology, like the satellite,
the rockets and space, etc. , many new topics for mechanics is put forward. And it promote
the development of the modern mechanics. Although theoretical mechanics is  older
subjects, it has a strong vitality. Theoretical mechanics still has an important role in life

and in scientific experiments.
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Chapter 1 Kinematics of Particles

1.1 Description of the particle motion

1. Systerh of reference

The mechanical motion of an object or a system of objects is absolute. In order to
clearly describe the motion, the space position of the subject in different time should be
descried firstly. Since the position is always relative, it is meaningless to say the position
of a single object without specifying its spatial relation to another object. So the motion is
relative too. As the position is relative, we must have a reference body to define the
position or motion of an object. The object is the system of reference. Although the
reference object is limited in size, the system of reference should be considered as entire
infinite space fixed with the object.

. We can choose the system of reference freely when we describe the motion. The
description of the motion is different in different reference. The standard of the reference
selection is that the description of the motion is simple. Therefore, the system of reference
is different in different condition. For example, we always choose the ground as the
referencg when we discuss the motion of the car or the plane. When we study the motion of
the rocket, we caﬁ choose the earth as the reference system. We should choose the sun as

the reference if we describe the motion of the planet.
2. Coordinate System

We have to build a coordinate system in the reference system for quantitative

describing the position of the object.. The most commonly used ones are rectangular,
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spherical or cylindrical coordinate system. All those are three dimensional. In two-
dimensional case, we have plane polar coordinate system. The choice of coordinate system
is rather arbitrary in kinematics. We prefer the system in which the motion looks simpler.
For example, we choose a rectangular coordinate system for the motion on a straight line,
or a polar coordinate system for a circular motion, The transf'ormation from one coordinate

system to another is a mathematical event, which will be discussed in the next part.

3. Particle and Position

1) Particle

In the practical problem, the shape and the size of the object has nothing with the
problem. In such case, the object can be considered as a particle when we study the motion
of it. The particle is a geometric point with mass. For example, we study the motion of the
planet. Although the planet is very huge, it’s radius is smaller than the radius of the orbit
that the planet moves around the sun. The planet can be considered as a particle in such
problem,

All objects can be considered as the assembler of particles in any situation. Therefore,

the research of the mechanical problem usually start from the particle.
2) Description of the position of the particle

We can conveniently descript the spatial position when the reference system have been
choose. One point O can be chosen as the reference point, The position of the particle in
space P at moment ¢ can be descript as a vector r. The length of r is the distance between
the P and the reference ). The direction of r is the orientation from the space P to the
reference O.

The vector r can compactly descript the position of the particlee. When we need to
operafe the physical quantity, the operation of the vector is difficult. Thus we build the
coordinate system which origin is the point O. The vector r can be descript as one function
or the coordinates.

In a rectangular coordinate system (Fig. 1. 1), the position of particle is denoted by

a vector

r=zi+yj+z (.1.1)
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Where i, j, k are the basic vectors of the coordinate system. They have a unit length and

are normally perpendicular to each other, x, y and z are the coordinates of the particle,

. P(x.y.2)

o J ¥ y
i X
X

Fig. 1.1 Rectangular coordinate system

In a plane polar coordinate system, the two basic vectors are i and j(Fig, 1. 2), which
are both unit vectors in the direction of increasing the corresponding coordinate and

perpendicular to each other, The position of the particle is denoted by

r=ri (1.1.2)
Where r is the length of the line OP and the @ is the polar angle. The basic vectors are
variables. The length of the vectors are always equal to unite. But the orientation of the
vectors are changing with the moving of the particle. The coordinates of the particle are

and 0. They are the time function

{r=r(t)
(1.1. 3)
0=0Ct)
¥
J
i
P
r
[ -3
0 polar axis

Fig. 1. 2 Plane polar coordinate system

The nature coordinate system, cylindrical coordinate system and sphere coordinate

system are also usually used to confirm the position of the particle.
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3) Kinematical equation and trajectory

If the coordinates vary with time ¢, or x (and thus r) are the function of time ¢, then
we have a change in the position of the particle of a motion. The equation (1. 1, 4) is the

kinematical equation

r=r() (1.1.4)
In a rectangular coordinate system, then '
r()=z() i+y@ j+=zk (1.1.5)
The parameter equations are A
r=x(t)
y=y(t) : (1.1.6)
z=2(¢t)
In a rectangular coordinate system, the parameter equations are
r=r(t) '
(1.1.7)
0=0(1)

We get the trajectory equation when eliminating the' parameter ¢ of the parameter
equations. All information about the motion is included in the trajectory or the function
r(¢). It is important to realize that all the parameter equations are continuous and
differentiable as the space and time (and thus motion) are continuous by nature. The

differential properties of r(z) represent the fundamental quantities of kinematics.
4. Velocity and Acceleration

1) Velocity
The most fundamental quantity in kinematics is the velocity v, which is the first order
derivation of r(z) with respect to time )
Ar__dr

L retAd () . Ar_dr_ .
v—m AL EToAt ar r (1) (1.1.8)

Or, if we write v in component form

y=u,i +v,j +vk=xi+yj+zk (1.1.9)
Where
=&
v, =7 ) 1.1.10

A

U,
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It is important to realize that the velocity v thus defined is belonging to an instant, not
a time interval. For the latter we have only the average velocity, which is less powerful as
it is not able to describe how the velocity varies in the time interval.
Obviously, velocity is a vector, as can be seen from Fig. 1. 3. The direction of v is

always along the tangent of the trajectory at each point. The magnitude of v is called the

speed, which is calculated by the general rule for the norm of a vector

'v=\/vf+v§,+v,=v_'rz+j/2+%2 (1.1.1D)

=y

Fig. 1.3 The definition of velocity
2) Acceleration

As the velocity v(¢) is also a function of time ¢(Fig. 1. 4), its time rate can be defined
as the acceleration a '

iy DY
a=lim S=g=v=g7 =7 ® (1.1.12)

which is the second order derivative of the trajectory r(z).

Fig. 1.4 The definition of acceleration
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The magnitude of an acceleration can also be calculated by the general rule for the

norm of a vector, i.e., we have

a=Vata Tt =viitoit+it=vVi+y+7% (1.1.13)
Where
a,=v,=2
@y =1, ¥ (1.1.14)
a==1}~='z.

However, the direction of acceleration needs some explanation: Since the velocity is always
in the tangential direction of the trajectory, the acceleration usually isn’t in the tangential

direction. The direction of acceleration is along the direction of the vector dv.

1.2 Representation of velocity and acceleration

in components

1. In the rectangular coordinate system

In a rectangular coordinate system, the basic vectors are i, j, k which are invariant.
If in the time ¢, the particle locate in the point P. The origin point of the rectangular coordinate
is O. The vector OP define the location of the particle. It’s coordinate is (x, y, 2), then

r=axi+yj +zk (L.2.1)
The velocity is
v= it 3+ k=, o +ok (1.2.2)

Where &, y, = are the components of the velocity v in the axle x, y, z. The speed is

v=v 2 +y+2F =i+ + (1.2.3)

From the definition of the acceleration a, we get
a=g—:= Tityj+ 2k=a,i+a,j+ak (1.2.4)

Where 7, y, z are the components of the velocity a in the axle z, y, z. The magnitude

of a is
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a=VETatE =V 2+ttt =V 7+ yi+ 22 (1.2.5)

The vector r, the velocity v and the acceleration a are the function of time. The
components of them must be the function of time. From the equations (1. 2. 1), (1. 2. 2)
and (1. 2.4), we can find out of the other two if we know one of them. For example, we
want to determine the velocity and the acceleration of the particle. We can choose one
prober coordinate system. Then we confirm the location coordinate. Calculating the first
and second order derivation of r(z) with respect to time #, we get the velocity v and the

acceleration a. If we know the velocity v, we have to integral to calculate the vector r.

2. In the plane polar coordinate system

In a plane polar coordinate system, the two basic vectors are i’ and j' (Fig. 1. 5),
which are both unit vectors in the direction of the increasing the corresponding coordinate
and perpendicular to each other. They are related to the basic vectors of Cartesian

coordinate system y, we have

{}’=‘icos9+}'sin0

R L o (1. 2.6)
Jj'=—lisinf+jcosd
¥y 14
J
i
P
r
C
g ¥
0
Fig. 1.5 The plane polar coordinate system
The general vector r is written as

r=ri' 1.2.7)

Where i’ is the unit vector in the radial direction. The derivative of r with respect to time ¢
18

_dr__dr, d?_d_r?,

dr__dr di _ dg; -
Y4 dl “+r i d +r ar (1.2.8)
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Where in the last step, the derivative of i’ is calculated from (1. 2. 6) as following

4 — —sing Li+cos9 2 =90 —singi +C050])—dtj (1.2.9)
The two terms of (1. 2. 7) represent the radial v, and angular vy velocities, respectively.
We have .
v,=r '
: : (1.2.10)
'U0=r0

The acceleration is the derivative of v. It can be calculated from (1. 2. 8) as following

_dv_d'ry drdds E0s dgdy’
=& af’ Tdadd T7Ta TTads o1 2. 113

d r*/_,_z drd0‘/+ dzﬁ“/_{_ dﬁ( d_ﬁ)‘l‘/

drde! az? de\  dr
Or
d*r  (dg\* drdg , d*6 '
—la (@) Fregatr@)i (1.2.12)
Where the first term in radial component is the radial acceleration, the second term is the
angular acceleration,
——— |
.. .. 1d. .. (1. 2.13)
{ag=r ) +2r«9=75(720)

In the polar coordinate system, the direction of the radial velocity and the angular
velocity are changing with time. The radial acceleration usually don’t equal to the 7
although the radial velocity is the first order derivation of r. In plane polar coordinate
system, the component of the acceleration is complex. “It just can be solved with the

problem of the plane curve motion.
3. In the cylindrical coordinate system

The cylindrical coordinate system can be thought as the plane polar coordinate plus the

vertical axial z. In cylindrical coordinate system, coordinates r, § and = are related to

x=rcosf
%y=rsin€ (1.2.10)
z

—Z

Cartesian coordinate by
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Similarly, the three basic vectors are (Fig. 1. 6)
e, = cos(?l? = siné)}
9= —sindi +cost)j (1.2.15)

e.—k

ty
~
~

P(r0, z)

Fig. 1. 6 The cylindrical coordinate system
They are in the direction of increasing the corresponding coordinates and perpendicular
to each other. The general vector OP is represented in this coordinate system by
OP=ré,+zé. (1.2.16)
To find out the expression for velocity and acceleration, we first perform differentiation on

(1.2.15) and obtain the following differential relations between basic vectors

de, s s dg_d

dez 2(*51n61+c050])£:g?;0

R ¢l 2 17
%—*(Cosﬁz-FsmH])gg fjlf;'

Then we differentiate (1. 2. 16) with respect to time ¢. By using (1. 2. 17) we calculate the

expression for the velocity to be

_dr__ drA dd. | dz.
=@ T AT g (1.2.18)
And the expression for the acceleration to be
_dv_rdr_ (d\*7, |y drdd &z,
S de l:d[z r(dl) ]e"+(2 de dr ) +df (1.2.19)

Then various terms have similar explanations as in the case of plane polar caordinate

system,.




