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A good beginning is half done.

Chapter 1 Mathematical Review and Introduction

This chapter contains a short review of those topics from elementary single-variable calculus that will

be needed in later chapters, together with an introduction to error analysis.

1.1 Mathematical Review

Definition 1.1 Let / be a function defined on a set X of real numbers. Then f is said to have the

limit L at x, ,written as lim f(x) =L, if, given any number & >0, there exists a number 6 >0, such

Eae )

that |f(x) —L| <&,whenever xe X and 0 < |x —x, | <8.

Definition 1.2 Let f be a function defined on a set X of real numbers and x, € X. Then f is

continuous at x, if lim f(x) =f(x,).

Theorem 1.1 (Lagrange’s Mean Value Theorem) If f is continuous on the closed interval
[a,b],i.e. feC[a,b],and f is differentiable on (a,b),then a number ¢ between a and b

exists with

f'(e) =f<b3):a(a). (1.1)

Theorem 1.2 (Rolle’s Theorem) Suppose that fe C[ a,b] and f is differentiable on(a,b). In
addition,if f(a) =f(b) ,then a number ¢ in (a,b) exists with

f'(e) =0. : (1.2)

Theorem 1.3 ( Generalized Rolle’s Theorem) Let x,,%,,... ,x, be n + 1 distinct zeros of f(x)
in [a,b]. Suppose that f and its derivatives of order up to n are all continuous on [ a,b]. Then there

exists a number ¢ in (a,b) such that

£ () =0, (1.3)

Theorem 1.4 (Intermediate Value Theorem) If fe C[a,b] and u is any number between
f(a) and f(b) ,then there exists a number c € (a,b) such that

fle) =u. (1.4)

Corollary 1.1 (Existence Theorem for Roots) Let fe C[a,b].If f(a)and f(b)are opposite
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in sign,then there exists a number ¢ in (a,b) such that

f(e) =0. (1.5)

Theorem 1.5 (Boundedness Theorem) If fe C[a,b],then there exist numbers M and m such
that

m<f(x)<M (1.6)
forallxe[a,b].
Corollary 1.2 Suppose that fe C[a,b],x,,x, € [a,b],and ¢, ,c, are positive constants. Then
there exists a number ¢ between x, and x, with the property

f(e) =le(x1) +sz(x2).

c, +c

(1.7)

Definition 1.3 The Riemann integral of f on [a,b] is the following limit, provided it exists

b n
Lf(x>dx:max}ﬁw§f<£i>Axi, (1.8)

where a = xy <x, <... <x, =b,Ax, =x, —x,_,,and &, is arbitrary in [«x, ,,x,] for each i =

1,2,... ,n.

i-12

Theorem 1.6 ( Weighted Mean Value Theorem for Integrals) Suppose that fe C[a,b],the
Riemann integral of g exists on [ a,b] ,and g(x) does not change signs on [ a,b]. Then there exists

a number ¢ such that

b b
[ frg(xydx=fce) [ gx)dx. (1.9)

Theorem 1.7 (Taylor’s Theorem) LetfeC"[a,b] andx,€[a,b]. Then foranyxe[a,b],
there exists a number ¢ =¢(x) between x, and x such that

flx) =P, (x) +R,(x), (1.10)

where, P, (x) ,called the nth Taylor polynomial,is in the form

, " (%) () .
P.(x) =f(x,) +f (%) (x —%,) +f 2‘0 (x=2)" +... +fT0(x—x0) (1.11)
and R, (x) ,called the error term or the remainder term,in the form
(n+1)
R (x) =L L0 o yret, (1.12)

(n+1)!
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1.2 Errors

Numerical answers to problems generally contain errors which arise in two areas—those inherent in
mathematical formulation of the problem and those incurred in finding the solution numerically. One
source of inherent errors incurs when the mathematical statement of a problem is only an
approximation to the physical situation. Such errors, called modeling errors, are negligible. Another
source of inherent error is the inaccuracies in the physical data. Such errors, called observational
errors ,are also generally negligible when they are caused by inaccuracies in physical constants(e. g.
the gravitational constant ). Numerical analysis is interested in the errors caused by solving the
mathematical models using numerical methods. Generally , two types of errors, called truncation error
and round-off error ,are mainly concerned in numerical computing. Truncation error is usually caused
by replacement of an infinite (i. e. summation or integration ) or infinitesimal ( i. e. differentiation )

process by a finite approximation.

Example 1.1 The formula

f’(x)zf(“hzl'f(x) (1.13)

is not exact for f'(x) ,but it gives a useful approximation if h is small enough. The formula (1.13)

can be obtained by truncating the first two terms of Taylor’s series
! hz " h3 "
flx+h) =f(x) + b (%) +55 f"(x) +35 7 (x) +...

for finite process and the truncation error is

e LI D) _py = Dpnigy, (1.14)

where £ is between x and x + h.

Table 1. 1 lists the results by using formulas (1. 13) and (1. 14) when we take f(x) =xe',x=1,
and several h values. The exact value of f'(1) is 5.436 563 6... .

Table 1. 1
h 0.3 0.01 105 10-% 10710
f 6.839 3 5.4775 5.436 604 5.436 564 5.436 562
| err | 1.402 7 0. 040 96 4.08 x1073 5.76 x10 7 1.35x10°¢

Round-off error is produced when a calculator or computer is used to perform real number
calculations. It occurs because the arithmetic performed in a machine involves numbers with only a
finite number of digits, with the result that the calculations are performed with only approximate

representations of the actual numbers.



-4 - BUE 5 BT (FE30R)

The machine numbers are usually represented in the normalized decimal floating-point number of the
form
+0.d\d,...d, x10", 1<d,<9, and 0<d,<9fori=2,3,...,k

A real number within the numerical range of the machine can be normalized in the form

y= +0.d,d,... dyd,, d; ,... x10".

There are two methods to obtain the kth-digit floating-point number of y,denoted fI(y). One method
called chopping ,is to simply chop off the digits d,,,d,,,... to obtain
fl(y) =0.d,d,...d, x10™.

The other method, called rounding,adds 5 x 10"~ **" o y and then chops the result to obtain a
number of the form’
fl(y) =0.8,0,:.: 6, X10".

When rounding,if d,,, =5 ,we add 1 to d, to obtain fI(y) ; that is,we are rounding up. If d,,, <5,
we merely chop off all but the first £ digits; so,rounding down.

Example 1.2 Consider the irrational number 7 =3. 141 592 65... . It is normalized in the decimal
floating-point form w =0. 314 159 265... x10'.

Then,
fl(w) =0.314 15 x10' =3.141 5 using five-digit chopping,
fl(mw) =(0.314 15 +0.000 01) x10' =3. 141 6 using five-digit rounding,
and fl(w) =0.314 159 x10' =3. 141 59 using six-digit rounding.

Using the symbol © denotes any one of the arithmetic operations: addition + , subtraction —
multiplication X ,and division +.For any numbers x and y,we will assume a finite-digit arithmetic
given by

xOy =fI(fl(x) Ofl(y)).

For example , using three-digit rounding arithmetic ,we have

1 3).3
(3 _HJ+2—0_(0.333 ~0.273) +0. 150

=0. 060 0 +0. 150 =0. 210.

Definition 1.4 If p” is an approximation to p,the absolute error is
e,=|p-p°| (1.15)

and the relative error is
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e =ﬁﬁ§%i (1. 16)

provided that p #0.

Example 1.3 Consider the absolute errors and relative errors in representing p by p* .
(1) p=0.3000x10", p* =0.310 0 x 10" ;
(2) p=0.3000x107°, p* =0.310 0 x 10 *;
(3) p=0.3000x10*, p* =0.310 0 x 10*.

Solution Using formula( 1. 15)and (1. 16) respectively ,we have the results listed in Table 1. 2.

Table 1.2
Exact Value p 0.300 0 x 10! 0.3000x10"? 0.300 0 x10*
Approximation p " 0.310 0 x 10 0.3100x107? 0.310 0 x10*
Absolute Error e, 0.1 0.1x10°* 0.1x10°
Relative Error e, 0.333 3 x10' 0.3333 x10" 0.333 3 x10!

Example 1.3 indicates that the same relative error,0. 333 3 x 10", occurs for widely varying absolute
errors 0. 1,0. 1 x 10 and 100. As the measure of accuracy,the absolute error can be misleading
and the relative error is more meaningful since the later has the consideration on the size of the value

itself.

Definition 1.5 p° =0. d,d,... d, x 10" is said to approximate p to n significant digits ,or p~ retains

n significant digits as an approximation to p,if n is the largest nonnegative integer for which

lp-p°|<0.5x10"" (1.17)
or
iﬂﬁﬁ—ls5x10”. (1.18)

Example 1.4  Assume that p,;” =20.03, p, =20.031,and p, =20.032 are all approximations to
p =20. 031 73. Determine the number of significant digits for p,", p, and p, ,respectively.

Solution Rewriting p, p,, p, ,and p, in the floating-point decimal form ,respectively , gives
p=0.200 317 3 x10%,
p; =0.200 3 x10?,
p, =0.200 31 x10%,
and p, =0.200 32 x10%.
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Then with m =2 and using inequation( 1. 17) ,we have
lp-p; |=0.000017 3 x10*> =0.173 x10° * <0.5 x 10*7*,

|p—p; | =0.000 007 3 x 10> =0. 073 x10°~* <0. 5 x 10°~*,

and

|p—ps | =0.000 002 7 x10* =0.27 x 10*° <0. 5 x 10> .
Thus,p,”, p, ,and p, agree with p to 4,4 ,and 5 significant digits,respectively.

Theorem 1.8 (a) If p* = +0.d,d,... d, x10™ is an approximation to p accurate to n significant

digits , then the bound of lp=p'| is L. x107"*,
lP’ 2d,

(b) If the bound of lp=p”| is : x10™"*" then p* = +0.d,d,... d x10™ has n
[Pl " 2(d, +1) ! e
|

significant digits.

Proof (a) The hypothesis,p” = £0. d,d,... d, x 10" has n significant digits, means that

L l m-n
lp—p lS?XIO .

Therefore ,

1
|P—p.|<—”: 1 —n+1
x 10 .

d

(b) p* = 0. d,d,... d, x10™ has n significant digits since

_lp-p" 1,

lp-p" | = ] Ip|

< -n+l m—1
24((1'“))(]0 (d, +1) x10

;—XIO""".

Example 1.5 Let p~ be an approximation to +/70. Determine the least number of significant digits

of p* such that the relative error bound is within 10 .

Solution Note that the first nonzero digit of /70 is d, =8. Using Theorem 1.7(a) ,we have

_IELSL -n+l =L —n+l -3
o] 2dlxl() 16xl() <10
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and n=2.795 9. Thus, p~ should have at least 3 significant digits to guarantee the given accuracy.

1.3 Avoiding the Loss of Accuracy

In the process of computation, errors will be accumulated after initial errors are given. Several rules

in computing should be followed in order to keep results as accurate as possible.

Rule I Avoid subtraction of nearly equal numbers

For example ,using the quadratic formula and four-digit rounding arithmetic to find the roots of x> +

62. 10x +1 =0 produces

oo —62.10 + J/(62.10)* —4. 000 x 1. 000 x 1. 000
L= 2.000 x 1. 000

and

. —62.10 - +/(62.10)° —4.000 x 1. 000 x 1. 000
= 2.000 x 1. 000 ‘

Calculating directly gives

. _=62.10+ /3852 -62.10+62.06 _ -0.04000 _ _, o000
% = > 000 2. 000 ~ 2000

and

. -62.10-62.06 -124.2
Y2 = 2. 000 =Z.000 - 210

while the actual roots are approximately x, = —0.016 107 23 and x», = —62. 083 90.

x," ,a poor approximation with a large relative error

| =0.016 11 = ( =0.020 00) |
| -0.016 11 |

is obtained by the subtraction of nearly equal numbers

-62.10 + /3 852 = —-62.10 +62. 06 = —0. 040 0.

~2.4x10""

An alternative method for more accurate x, is to rationalize the numerator;

. —62.10+ +/(62.10)* —4. 000
i = 2. 000

__ (-62.10)" - ((62.10)” -4.000)
2.000 x ( —62.10 - +/(62.10)* —4.000)
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- 2. 000
-62.10 - +/(62.10)% =4. 000

Then,x,” = —0.016 10 with a small relative error 6.2 x 10 ~*.

Reforming the calculations is a useful technique to avoid the subtraction of nearly equal numbers.

Rule I Avoid division by numbers with small magnitude

For example ,the solutions of the linear equations

E,: 0.003 000x, +59. 14x, =59. 17,
E,. 5.291x, 6. 130x, =46. 78

are x;, =10.00 and x, = 1.000. Now we find them using elimination approach and the four-digit

rounding arithmetic.

Let

5.291 B
My = 5002000 = | 763 66... =1 764.

Performing the elementary transformations ( E, — m, E, ) —E, gives
0. 003 000x, +59. 14x, =59. 17,
—-104 300x, = — 104 400,

and then using back substitutions gives

. _ « _59.17-59.14 x1.001 _
%, =1.001 and %, = 0.003 000 = —10.00.

What a poor approximation of x," | The reason is the division by a small number 0. 003 000.
Change the order of Eq. E, and E, ;
5.291x, -6. 130x, =46.78,
0. 003 000x, +59. 14x, =59. 17.

Repeating the elimination process gives the accurate values x, =10. 00 and x, =1. 000.

This technique, called pivoting for solving linear systems of equations, will be discussed in
Chapter 3.
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Rule I Avoid big number “swallowing” small numbers

100

For example , calculate the sum 259 453 + Z 8, where 6, =0. 4.

k=1

If addition operations are performed successively using six-digit rounding arithmetic , then
1000 999

259453 + Y 8, =259453+0.4+ Y 6,
k=1 k

=

999
~0.259 453 x 10° +0. 000 000 x 10° + Y, &,
k=1

998

~0.259 453 x 10° + Y, 8, ~---~259 453,
k=1

The result indicates that one by one, 100 small numbers are “swallowed” by the large number

259 453. In order to avoid this,we mix all small numbers together firstly,
1000

Y 6,=0.4x10°,
k=1

and then add the sum above in the large number:

1000

Y 5, +259 453 =0. 000 400 x 10° +0. 259 453 x 10° =259 853.

k=1

Rule IV Reduce the number of calculations

For example, the exact value of f(x) =x" —6. 12" +3.2x + 1.5 at x =4.71 is — 14.263 899. By
using three-digit rounding arithmetic to evaluate f(4.71) ,we have '
f(4.71) =(4.71)° =6.1 x(4.71)* +3.2x4. 71 +1.5

~105-6.1x%x22.2+3.2x4.71 +1.5=105-135+15. 1 +1.5

=((105-135) +15.1) +1.5=-13.4 (1.19)
with the relative error 0. 06. On the other hand,rewrite f(x) in the nested form

flx) =((x=-6.1)x+3.2)x+1.5

and we have

J(4.71) =((4.71 -6.1) x4.71 +3.2) x4.71 +1.5= -14.3 (1.20)

with the relative error 0.002 5. In fact, the nested form reduces five multiplications and three
additions in Eq. (1.19) to three multiplications and three additons in Eq. (1.20). The nesting

approach is also called Horner’'s method and often applied to evaluate polynomials.



