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PREFACE

THESE lectures were delivered at the University of Virginia in December
1963 under the sponsorship of the Page-Barbour Lecture Foundation.
They present some topics from the beginnings of topology, centering
about L. E. J. Brouwer’s definition, in 1912, of the degree of a mapping.
The methods used, however, are those of differential topology, rather
than the combinatorial methods of Brouwer. The concept of regular
value and the theorem of Sard and Brown, which asserts that every
smooth mapping has regular values, play a central role.

To simplify the presentation, all manifolds are taken to be infinitely
differentiable and to be explicitly embedded in euclidean space. A small
amount of point-set topology and of real variable theory is taken for
granted.

I would like here to express my gratitude to David Weaver, whose
untimely death has saddened us all. His excellent set of notes made this
manuscript possible.

J. W. M.

Princeton, New Jersey
March 1965



H =%

F1ZE NEREFARBERET - 1
IR 1 - [ 7 1 L= Y- - S T TP T PP PRTR R 9
1.2 JEMUE - ovevreeemm e T
1.3 ARBEEACTETE - v v v oeammrtaetme et et 8

¥ 23 Sard TR Brown TEIBE- - - oorrriri 10
21 FIUPTG - - oo rrmrrr e 12
2.2 Brouwer AR E - - oo 13

$3E Sard FIERGUEAR - oo 16

Fa4E MBEAREE 2 B - 20

O -] [ i P 25

6= MEBIFES Euler - cvvrmi e 31

7 E REXLF Pontryagin #%& - 40

SH B UER BT+ orraiienion i o oo sitien a s i o ke S S e £ R 1 49

MR 1 4SRRI o cvviimisvainrinarrssisgsavinssingenmsswass 592

o A T T L L i e it 55



CONTENTS

Smooth manifolds and smooth maps
Tangent spaces and derivatives
Regular values
The fundamental theorem of algebra

The theorem of Sard and Brown
Manifolds with boundary
The Brouwer fixed point theorem

Proof of Sard’s theorem

The degree modulo 2 of a mapping
Smooth homotopy and smooth isotopy

Oriented manifolds
The Brouwer degree

Vector fields and the Euler number

Framed cobordism; the Pontryagin construction

The Hopf theorem
Exercises
Appendix: Classifying 1-manifolds
Bibliography

Index

DN -

12
13

16

20
20

26
27

32

42
50

52
55
59
63



F1E LERILERE

BOCERE—RTE. RY FoR b EREKZ N, TE—NE 2 e RF

B U CRFVCR BREIE WRNU BV B f (BIE
[:U V) BE RS onf/0x;, - - Ox;, #AFLE HIESE, WFR f A
—AN R B4t smooth map.

B —RMERER, % X ¢ RF UK Y ¢ R' ABREKZERNE
BTE [ X -Y. MRNTE Iz e X, FAEECLS « MITE
UcR* DRHGHBS F:U >R R F 5 fAEUNX B3
), R f —A 8 weAt.

WRf:X >Y Hg:Y - Z MEKENK, BaEEUH
gof: X — Z WRNGEN. EM—NES X FEFBS 2R E
T ).

EX WRMYG fX > Y ¥ X AR Yy B HH 5
f EEGRGH I, WIFR f A— #% B AE (diffeomorphism).

BUAETT LU B, #9484 % (differential topology) WFFLMHIE
—MEE X C R* 705 R IR T AR PR

BAINTHEZ SR T LERIES X, TS Fike Xk
VR 5 AE H AR A I — KA.

EX B McCRF WMRNTFE-NR 2 e M, #HHE AU
WM W5 RET KK R™ M3E—ANFF5E U, WK M —
m Y% X7 FH (smooth manifold).

B —MEERBAIFEE g U > WM FAKR WM K
— B ¥ AL (parametrization). WS FEME ¢ WM — U KN
WM ER—A &4 & (system of coordinates).]
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BR S? &2 2 IBWE. Bk, X 2%+ % <1 B, AR

(:1"7y) - (:I:aya V 1—m2—y2)

¥ S2H >0 MIRESEWLT. AE# o, v, 2 URKBERHFSH
INE B 2>0,y>0,2<0,y <0 LK 2z < 0 DXL S
ik, BT REXIEER 52, bl §2 B— P RIBRE.

BEA—RIIEER, HFAWHETE S22=1 A (21, 2.) A
BHIERTIS™ 1 ¢ R B— n — 1 4E%BHE. Flin SO c R 2HE
A AT

— AR RGP T AW ERN e 20 F y =
sin(1/z) B (z,y) € R? MESHH.

1.1 {YI=EFFst

AT XCRMIEE TS f: M — N £ X $4 (deriva-
tive) df, MIMES, BAKE R re M c RF BRR— m BLHT
26 TMy, C RF, FFRZ K M 7 « 4bH) $9% 1 (tangent space). 4R
JG, dfe FR—DM TM, 3| TN, FIEHBE, Kby = f(2). MRE
8] TM, FITCERRKA M 7E/ = &/ 3961 (tangent vector).

MIEMHBAEE] R PTE R « MIEBFHIEIT M K m 448
S, T M, R R AT SCHAT T ERE PR IRANE . (S
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FESA H SEBR 2 2B, S LT AR [A] B BR A X — 4 BRIE B X
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AR f:U -V, 4

df, : R* — R/
HFIIAREN: M recl, heRF,
dfe(h) = im(f(z +th) — f(z))/t.

B, dfe(h) & h MRS Ebr L, df, BIFRE5EA ¢ BYE
HI—Fr i FEE © < k BYAERE (0f;/02;). Yo N AR BLET )
TR S HE AR A R
(1) (BEEN) 2 f:U >V A g: V- W HZLERSE, fz) =y,
)
d(go fle = dgy o dfs.

HBEZ, RF. R R™ FFFARZ RGO G — TS e
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1%
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v—2f  w

HRXT L — Ak B K AT A B = A T
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e A ust, 1) AL, &2 RF 6918 F Bebt
T2EF:
(3) # L:R* - R! A& Must, N dL, = L.
Y Ay 3K T 4% e SR 8 BEL S, A R A A
CBE B fRFEUCRF SV C R ZER—ANMES RE, 1
k BEST 1, 3 g

df, : R¥ — R!

W 5E SRR L.

R BEAB fo f 2 U MEFEBU, B d(f1),0df. &
R flE RIS, R, df. o d(fY), 2 R MEFEBS. T£ df.
BRAME, NS k=1

X—mBRHrEaEAE. 4 f:U— RF AEBS, Kb U
A RF FFFE.

REHERE HoR$4 df, :RF - R" 23Ry, 0 f AL
z ET—ANAS DN TFE U Ry RERBS 2 F5£ f(U) L.

(M. Apostol [2, p.144] B¢ Dieudonne [7, p.268].)

FR: RS R4, df, BRIERLK, H—RTS f &0
AR ——BS. (— M B RS FRE P2 B & et

MEXERKIBRE M c RF @ m= | TM, WF. EE M
o AR g(U) — NS 8L

g:U — M c RF,

Hep g(u) = 2. B4 U 2 R™ —AFFFE. ¥ g WERMN U 3 RF
(I, BT A St
dg, : R™ — RF
EHEN. 4 TM, %F dg, K% dg.(R™). (ZRHE 1.)
WS B X P M s K T 200k g S HORER. 4 bV —
M C RF B M FHA ¢ M (V) BN SH, BS v =
h=Y(z). W h1og ¥ u IFE—ARIR U, 245 R 3] o B—AN40
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Image(dg,,) = Image(dh,,).
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T A veTM,, &3 df.(v) FF dF,(v).

A TWIFIX—5E X, WIEH dF, (v) BT TN, 3FAAEKBT F
FRIARF IR B HY.
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