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Chapter 1:Functions, Limits and Continuity

1

Functions, Limits and Continuity
i &K . il PR S 1% Bk
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KiE @y — e FEHER.

The object of calculus is to study functions which formed in 17® centu-
ry. With the unceasing development of science and technology, peo-
ple’s understanding to functions also deepens and develops gradually.

Limit is a basic operation of calculus, and limit approach is a main
tool to study functions. Calculus consists of two parts, namely, differ-
ential calculus and integral calculus, in which numerous important
concepts are defined by using limit approach. Limit theory is the foun-
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Calculus

dation and ‘soul’ running through the whole calculus.

As an important property of functions, continuity is the impersonal
reflection and the mathematical depiction of the gradually variational
phenomena existing widely in the infinite universe. In theoretical re-
searches and practical applications, continuous functions always hold
the important status. This course is to mainly study continuous func-

tions.

In this chapter, we first introduce the concepts and properties of
functions as well as the notions of elementary functions.

Limit is the emphasis of this chapter. We mainly introduce the defi-
nitions of limits of functions, while the limit of sequence of numbers
will be dealt as a special case. The content of this part includes the
definitions, properties and operations of limits, two important formu-
las on limit, the concepts of infinity and infinitesimal, the properties
and applications of infinitesimal.

The later part of this chapter is to introduce the concepts of conti-
nuous functions, the concepts and classifications of discontinuity
points of functions. And then we discuss the properties of continuous
functions and the continuity of elementary functions. Finally, we will
introduce some important properties of continuous functions on a

closed interval in geometry.

1.0 Citing examples
51 %l

From the macroscopical space of universe to the microcosmic world of
particle and from the quotidian life to the fast development of high and
exact technologies, the word ‘quantity’ exists everywhere. Relations
of quantities, changes of quantities, changes of relations of quantities
and relations of changes of quantities are just important contents for
studying in mathematics.

According to the tax laws of our country, individual wage and sti-
pend should pay for personal income tax, and the tax rate is different
trom person to person. Can you list concisely the conversion relation
between person income and tax paid?

Let’s put a square stable with four equal legs on an uneven ground.

o 4 .



Chapter 1.Functions, Limits and Continuity '

Can you make the four legs contact simultaneously the ground such
that the table stands steadily?

Throwing shot is a sport game. What is the quantity relation among
the throwing distance, the initial speed and the angle when someone
throws the shot away from his hand? Which factors should be consid-

ered for achieving a perfect result in daily training?

You may have heard of the Fibonacci’s sequence which is also called
the interesting ‘rabbit problem’! You can find some similar results
from the ‘pedigree’ of honeybees, the arrangement of pianos’ sylla-
bles and the branches of trees. The phrase ‘golden mean’ put forward
by Da Vinci, a famous artist in middle ages, means a proportion rela-
tion between quantities. As the story goes, the relation can make
buildings more handsome and make tonalities more harmonious. Inter-
estingly, many blooming flowers and bonny builds of people also pos-
sess its traits. Surprisingly, the two problems which are seemingly in-

dependent have close immanent connection, would you like to know?

You should have learnt how to calculate the area and the perimeter
of a regular polygon when studying plane geometry in middle school.
As is well known, the area and the perimeter of any regular » polygon
inscribed in a unit circle, however large »n is, are always smaller than
7 and 2r, respectively. A question is that whether you can construct a
figure such that it is contained in a unit circle, and its area is not more
than w, while its perimeter tends to infinity.

These interesting problems with some application backgrounds are
related to the contents of this chapter, i. e., functions, limits and
continuity.

1.1 Functions
Key points of this section

1. Understand and master the concept and properties of functions,
such as the independent variable and dependent variable in the defini-
tion of a function, the domain and range of a function, the bounded-
ness, monotonicity, parity, periodicity and so on.

2. Understand the concepts of composite functions and inverse func-

5.



