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PREFACE

The history formed a ring being full of comedy.
The infinitesimals have appeared on the mathematical
stage again as both rigorous and fruitful role which
has considerable potentialities.

In 1960, Abraham Robinson gave a rogorous logi-
cal foundation for the .infinitesimal analysis, thus re-
calling the infinitesimals to life,Robinson’s infinitesimal
method, nowadays called nonstandard analysis or mo-
dern infinitesimal analysis, has become a powerful
and living new method for research in many bran-
ches of pure and applied mathematics and in some
fields outside of mathematics, which has made re-
markable achievements, The reason why Robinson’s
method has aroused the enthusiasm of research ma-
thematicians is that it possesses of mathematical sim-
plicity, expressiveness, intuition,inherent beauty and
the far-reaching application, Robinson’s work may be
regarded as one of the most significant mathematical
achievements of the twentieth century,

In 1670's W. G. Leibniz created a general frame-
work in which he treated infinitesimals as “ideal”
| numbers which- were smaller in absolute value than
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any ordinary strictly positive real number and posses-
sed of all the usual properties of arithmetic, Since
Leibniz’s view necessarily led 'to‘the paradox of the
infinitesimals, it was replagced by the &-J method of
Weierstrass, which has provided a strict logical foun-
dation for calculus, but the vitality of the infinites-
simals has all gone, thus the indirect inference has
not given full play to the wisdom and creativeness
of mathematicians. .

In 1960 Robinson used methods from the branch
of mathematical logic known as Model Theory (the
compactness theorem and the completeness theorem)
to solve completely Leibniz’s problem of the infinite-
simal and showed that the real number field can be
regarded as a subset of the hyperreal number field -
which contains infinitesimals as well as infinitely lar-
ge numbers and,which in 2a well-defined sense satis-
fies all of the arithmetic rules obeyed by ordinary
real numbers. /

But Robinson’s proof of the existence of hyper-—
real numbers was based on mathematical logic which
was unfamiliar to most mathemalicians and made it
difficult to study the method. In the past twenty
years, many books have been written for use in pre-
senting such method. Stroyan and Luxemburgﬂf"]
Keisler 41", Davis {8 |, Hurd and Loeb!7? ,etc,have
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made brilliant contributions to interpret and expound
the nonstandard methods, which have propelled‘noxf—
standard analysis forward into the far-reaching app-
lication, .

In China, such books have seldom been published
so that the condition prevants the method from sprea-
ding among mathematical research. The present book
is a popular literature, whose purpose is to make the
modern infinitesimal method available to students ha-
ving only a knowledge of calculus and to make the
newly .acquived téol fruitful for the classical fields of
interest to mathematicians with few basic facts of
nonstandard analysis. To achieve this purpose we
treat infinitesimal analysis at the elementary level,
in which we have tried to gi‘ve as clear and simple
an explanation as possible insteadl of proof of the
Transfer Principle to do our best to lighten the bur-
den on mathematical logic of the readers.This seems
especially important in a popular text because it ser-
ves to emplasize the fact that the Transfer Pri.nciple
is the most basic one, but the logic used in proving
it is unavailable for nonstandard analysis, Here care
is taken to select the necessary material for descri-
bing the Transfér Principle. We aiso have tried to
enhance thé intuitive understanding of the readers
and to vary, by proiting some classical results, their
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old train of thought, which occurs so easily when
studying the new methods. ‘ . ‘

The main differences between this book and the
previous textbooks on nonstandard analysis is, first
to introduce (Chapter ]1') the concept of ¢ procedure
quantities” into the ultrapower construction, which
eases perhape the readers of understanding the pre-
cession of the sequences of real number;secondly in
view of the present situation of Chinese readers, to
make (Chapter [I) a clear explanation of significan-
ce instead of proof of the transfer princple; thirdly
to present (Chapters IV—I{) the contrasts between
the nonstandard and standard expressions in order to
demonstrate the power of expressions of the former
in the most of the book; fourthly to establish quasi-
Duhamel Principle, which simplifies many proofs in
Chapter XII and parts of the rest of the book such
as the existence of the various integrals and the in-
terchangeability of the integration and the infinite
summation; fifthly to study nonstandardly ( Chapter
XI) the Riemann-Stieltjes integral,in which we have
the aid of relative derivate and relative primitive
function of a function with respect to another func-
tion to in.pect some properties of the Riemann-Stielt-
jes integral. S. ialy, to make improvements on what

has been achieved in the first eleven chapters, we
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summarize some fundamental concepts found in the
research literature, This is a bridge between the ele-
mentary treatment in chaplers I—XI and the needs
of the far-reaching application of nonstandard ana-

lysis .

This book is divided into five parts. In the first
part (Chapter I: Introdnction) we give a brief account
of how things are in the rapid development of non-
standard analysis (section 1), and so .far as we
superficially know, the significance of the method is
appraised from the historical developments in section
2. Section 3 summarizes the achievements, the excel-
lent character and the philosophy of A. Robinson to
cherich the memeory of him, whose untimely death
has been a great loss to scientific world,

In the second part [Chapter II: Hyperreal Fields
(H-fields)] we use “ultrapower” construction instead
of the compactness theorem and the completeness
theorem to establish the existence of nonstandard
models of analysis, which affords us an insight into
the structure of nonstandard models of analysis, and
which may be helpful to the beginners unfamiliar to
model theory. ' .

In the third part (Chapter [ : Transfer Principle),
in order to give main principle (Transfer Principle),
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which is not only suitable for the properties expres-
sed in a first-order language but also appropriate for
various structures under consideration(real and comp-
lex analysis, algebra, topology, and the like), this
chapter begins by constructing a superstructure V(X)
which contains all of the entities involved in the ma-
thematics of a basic set X. Second,we introduce the
formal language for superstructures and, with the aid
of the interpretation map, the formal language, espe-
cially the bounded sentences,are endowed with ma-
thematical meaning, Third,we define a superstructure
embedding map »: V(X)—V(*X) and show clearly the
method forming »-transform. Finally we give the
Transfer Principle, In the - remaining parts. of the
chapter, the notions of internal and externai entities
and sentences or formulae are defined because of
which the readers will comprehend profoundly the
implication of the Transfer Principle,and which are
the most important ones of modern infinitesmal ana--
lysis, .

In the fourth part (Chapters IV—IX: Nonstandard
Mathematical Analysis) we present the nonstandard
alternatives to some classical basic concepts, essential
statements and main methods of elementary and ad-
vanced calculus, and some typical elementary appli-
cations of infinitesimals to classical analysis. The
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students who are the users of this book will learn
how to use “downward or upward transfer principle”
to yield the desired results, in which they will have
an'intimate knowledge of internal and external enti-
ties playing a key role in our methdds as mentioned
above. They can see that classical results very fami-
liar to them are expressed in a way clearly distinct
from the classical ones and may compare the effect
of both methods. It will leave a deeper impression
on the readers that expressiveness of the way of
thinking of infinitesimal analysis is directer and more
conformable to the art of invention than the classi-
cal one as Leibniz has realized in 1701. This part
contains Robinson’s Sequential Lemma and its appli-
cations as to show the conservation theorem of the
continuity, which reminds the readers in case that
one may use the Transfer Principle wrongly to the
external sets. In Chapter VI, in particular, we gené—
ralizé a conclusion from many similar facts involved
with two sums of n infinitesimals,in which the clas-
sical Duhamel theorem is extended to H-field *R.

' Duhamel theorem is as follows ,

If the sum of » infinitesimals(each being a func-
tion of n) approaches a limit as n increases(becomés
infinite), then the same limit is approached by the
sum of the infinitesimals formed by adding to each
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of these infinitesimals other infinitesimals_ which are
uniformly of highter order than the ones to which
they are added.

We have obtained quasi- Duhamel Principle as
follows. Let {s,} = {s, 53522y 5,)and {5} = {s], 535, 5.}

‘be internal »-finite sequences in H-field ’R» so that
sj'/.s:,zl (j=1,2,%, 0) and ilsjl =[ is finite, where
j=1

a)_(.N— N3 and let {rj} ={rysras,rpand {rj} ={n,r,
»ssy r,} be internal =-finite sequences so that r =~rj
(j=1,2,%, @), where r,, r/¢'R is finite. Then

@ @
IMIUEDME
_ j=1 i=1

This result is elementary, but as stated befo_re,
has widespread applications.It will be expected that
this result is very useful for asymptotic approximation
of sums and integrals, It has become a strong and
convenient way by which standard infinite structu-
res can be aﬁproximated by i»-finite‘structures, e,
g., we can use it to justify easily Infinite Sum The-
orem due to Keisler{4) (Chapter X) and to show
many classical theorems (ChapterX).

A few material found in literature is selected in
the appendix. It contains enlargments, concufrent re-
lations, exhaustiveness, comprehensiveness, x-satu-
rated superstructures, and the more sophisticated
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Ultrapower  construction  of superrstructures as
well, It is aimed at the advanced learners who wish
to take some fundamental notiohs as an elective
course.

It is still our belief that teaching content should
be fewer but better, For this reason, in chapters [V
—IX we have chosen to include only a brief sketch,
rather than a datailed treatment, of the classical cal-
culus, which seems sufficient for the needs learning
new methods, ,

Most c_haipters contain introductory remarks and
the gist of their coetents, We offer a small amount
of exercises, of which most are trivial and others
give additional theoretical developments. The book
is indexed in detail,

On the whole, while paying attention to the ele-
mentary fé’cts, we haven’t gone more deeply into
the subject in the book. It seems desirable to present
only the simplest and most fundamental results, so
that we left this rather sketchy book here especially
for Chinese beginners to read.

We hope that our book might serve not only as
a text but also as an introduction to infinitesimal
analysis for some of experts who want to unders-
tand the methods at an advanced }evel,.

Vigour revived in infinitesimal‘, whose applications
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are now in the ascendant, we dedicate the booklet
to a new era of revival of infinitesimals, '

We are indebted to Prof. Li Bang-He for his
help in writing this book and to Prof. W.A.J. Cu-
xemburg for informing the recent developments be -
ing made in the applications of nonstandard analysis
and presenting his excellent works to us.Our thanks
are due to Prof, Edwin Hewitt who gave us friendly
support. We also wish to acknowledge Professors H.
J.Keisler, A. E, Hurd, P, A, Loeb, W. A, J.Luxem-
burg, E.A. Zakon and many other eminent savants
whose valuable works are the source of “our writing .

L. C. Hsu (Dalian University of Technology;
Dalian, China)
Sun Guangrun (Qufu Normal University, Qufu,
‘ ' China>

Dong Jiali (Jilin Polytechnic University
Changchun, China)
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