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Boundary Layer in Gompressible Fluids

TH. VON KARMAN and H. S. TSIEN, California Institute of Technology

Presented ar the Aerodynamics Session, Sizth Angual Meeting, 1. Ae. §.
January 26, 1938

Summary

The first part of the paper is coneerned wih the theacy of the
laminar boundary laver w eompiressible fluids. The known
solution for incompressible fids is cxtended (0 large Mach
Hutmbets by successive unprosimation  The cunpressilility ¢
fect ot surface friction is discossed, and the resy trs applied foesti
thate the ratio hetween wave resisiance and frictional drag of
projectiles and rockets  In the sceond part the heat transfer
between a hot fuid and & cool surface, then hetween a hot body
and a ccal Auid is discussd,  A-general relation betwsen diag
and heal transfer as fuetion of Mack's numlwr is given,  The
Itnits where cooling beeomes illusory hecause of the heat produced
by friction are deternute

HE solution of flow problems in which the density
s variablc is in general very difficult; hence, every
case i which an exact or cveu an approximate solution

of the equations of the motion of compressible fluids
can be obtained has consideralsle theoretical interest
Several authors noticed that the thearv of the lzminar
boundary layer can be extended to the case of cotnpres-
sible fuids moving with arbitrarily high velocities
without encountering insunmountable  mathematical
difficulties. Busemann! established the equatious and
caleulated the velocity profile for one speed ratin.  (Ry
speed ratio is understoad the ratir of the airspeed to
the velocity of sound ) Frankl® also made an aualys
of the same problem, bowever, it is complicated wnd
depends on se

eral arbitrary approximations. The sen
for author® obtained a first approximalion by a simple
but apparently ot sufficicntly evact ealewlation
Hence, in the tirst part of the present paper, 3 hetter
method for the solution of the probiem s developed
The houndary layer theory for very high velocities is
not without practical interest. Pirsr, the statement
can be found often in technical and semi-techuical litera-
ture on rockets and siinilar high-speed devices that the
skin friction hecomes more and more insignificant at
highspeeds. Of course, it is known that with increasing
Reynolds Number. the skin friction cocfficient |
ereasing, ie, the

de-

kist friction hecomes refaively small
in compatison with tle drag peodtced by

tion or direct shock

ave Tormi
Since ligh-sprer! flight will be
pectormed mosthy at hgh altitude where the wir is of
very low density, so that the Kinematic visensity is
large, the resulting Kevuelds Number will T 1
small in spitc of the high wpeed

Anather interestmg poiut in the theory of the bound-
ary layer 11 compressible fluids is the thermodzoantic
aspeet of the problem. In the case of low speeds the

atively

influency of the heat produccd i the bonndas laver
can be neglected botll i the caleulanon of the drag
and of the heat transferred to the wall. [n the case of
high speeds, however, the heat produced i (he bousd-
ary layer is 1ot neghgible, but determines the direction
of heat flow. In the second part of the paper a few
simple examples of leat fow through the boundary

Tayer are discussed.

[t has been found necessarv in thost parts of this
analysis tn make the assumption of lamipar Noew
This assumption was found nccessary because of the
lamentable state of knowledge concerning the laws of
turbulent flow of compressible fluids at high specds
This asswuplion is somewhat justified by the fact
that--as mentioned above -in many problems where
the Tesults of this paper can be applied, the Reynolds
Numi-er is relativety small, so that a considerable por-
tiou of the boundary layer is probably, de facle,
lanunar.  Ackeret® called attention to the possibility
that the stability conditions in supersonic Bow might
he quite different from those ovcurring in flow with low
velocities.  The authors also belicve that the stability
criteria as developed by Tollinien and athers, canuot be
applied without modification, Finally, some canch-
sions of the paper, ss will he pointed uit, are alse ap
plicable to turbulent Bow. e other caee in the
calenlagion of drag, the assmmption of lamimae fiow
surely gives at-least the lower limit of its value.

1

I the x-anis is taken along the plate in the directioe
At the Iree stream. the waxis perpendicular to the plate,
and 1w v indwate the x and y componeuts of the
velnonty at any point, then the simplified cquation of

otwon i the boundary layer is
(“ ?u)
o

where Lol ihe deisity p and the visensity 4 are vari
ables
‘The vpation of contingity ie (s case is

o
Qy

o o
ont - g )
Can T )

Q a .
oy 4 () = q 2
a3 {pm) (2)

A thared cquation determines the envegy balanee be
tween the heat producod by viseous dissipation and the
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heat transferred by conduction and convection. With
the same simplification as used in Eqs. (1) and (2),

onc can wrile
)
(]
(3
where ¢, is the specific heat at constant pressure, and
A is the coefficient of heat conduction. [ Prandtl's
number, ou/N is assumed to be equal to 1, then it can
be easily shown that bath Egs (1)} and (3) can be
satisfied by equating the temperature 7 to & <ertain
parabolic function of the velocity only. This rela-
tion between T and u is

I I AR
s e T b 0 T) = o (w ov)+"

L (Zfz - 1) 1 u
o T¢ T u U,
@)

where

U = freestream velotity.

M = speed ratio, or Macl’s number of the free

stream.
7, = temperature of the free stream,
F. = temperature at the wall of the plate.

Differentiating Eq. (4) one obtains

L) -3 () 13)
F\dw /o T : Tt 0/
{3)
where the subseript e refers to conditions existing at the
surface of the plate. Now (du/dv), is always positive;
therefore, if {(x — 1)/2]13* > (T, /T¢) — 1 heat is
transterred from the fluid to the wall, if {(x — 1)/2]M?
= (Tu/To) — 1 there is no heat transfer hetween the
fAuid and the wall, and if |(x — 1)/2] M%< (T, 70 — 1
heat is transferred from the wall to the fluid. If there
is no heat transier. the energy comtent per unit mass
(u2/2) + £,I is constant in the whole region of the
boundary layer.®
The pressure being constant the relation between p
and T s,

p= m]z_” ®

The expression for, the viscosity based on the kinetic
theory of gases is
w= wolT/Te) ! @

However, the following formula is in closer agree.
ment with experimental data
B TS

{7a)

Husemaim' calculated the {imifing case for which
lix = D)/21M2 = (T,,/Te) — 1 using Eq. (7) and found

2
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Tasre 1
Moo b 2 3 10 ©
8 1.18 1.20 1.25 139 1.50 1.57

that for a high Mach's number, the velocity profile is
approximately linear. The senior author,® using this
linear velocity profile, the integral relation between the

friction and the momentum, and Eq. (7) found that
¢ _ Fritionat force por unit width of plate
L (e L4/2) X length of plate

'3

(8)

1

[PV R i 7
7 { v 3

The dimensioniess quantity © shown in Table 1 is a

function of Mach's number only.

However, if Eq. (7a) is used, then

=0 _“L{lJr"“Mz}""’ )
! ool 2

It is evident that this linear approximation is not
satisfactory for small values of Mach's number For
M = 0, the case is the same as the Blasius solution”
for incompressible fluids for which © is 1.325.

To solve the problem more rigorously, one has to
resort to Egs. (1) and (2). By introducing the stream
function ¢ which is defined by

[ P _ O

s oy o ox
the cquation of continuity, Eq. (2), is satisfied auto-
matically. Now, if in Eq. (1) ¢ is introduced as the
independent variable as was done by von Mises® in
his simplification of the boundars layer equation for
incompressible fluids, and all terms are sedused to non-
dimensional form then

ot 2 O1e*
o G ©
where
w = WU
wt = om/L
¥ = /UL UL ko
»* = p/m
o=l (8a)

and L is a convenjent length, say length of the plate.
Fiq- (9} can be further simplified by introducing &
new independent variable [ = ¢*/v/2%

_tde _d e de

2 dy Tar\""" @

This can be solved by the method of successive ap
proximations. As p* and u* are Functions of tempera-

then

(10)
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Fi6 2. Skin friction eocfficients.  (a) No heat trans
ferred to wall. (b) Wall temperature 7/, of free streami
Lemperature. (<) von Karmain's first appeoXimation.

ture only as shown in Egs. (6) and (7) or (7a) and the
temperature is a function of «* then by starting with
the known Blasius’ solution® the right-hand side of
Eq. (10) can be expressed in terms of ¢ Therefore,
one can write

ot = 1)
Consequently, the solution of Eq. (10} is

e ; i rn
where
T ot
Feep (- ‘;&)
¢ ( [ 7
and C is determined by the boundary candition,
! f "ff ds (11a)
L

A second approximation can be made based npon the
vahe of 1* obtained from Eq. (11). It has been found
in the cases investigated that the third ot fourth ap-
pruximation gives sufficzent accuracy.
‘Having computed the final «*, the y <orresponding
to u* can be calcplated from
2V Tnlies = ST drpte (12)
Also the skin friction can be computed by the mo-
mentum law,

r - .
Gy = B T .:ﬁ (1~ a*)
2 VR

03

The velocity profile, the temperature distribution,
and the frictional drag coefficient are calculated for

IN COMPRESSIRLI

3
K3
Veluetty und temperature distribution when no
Cat i transferred (o wa

differcut values of the Mach's number of the free stream,
for the ease [(¢ — 13/2)M2 = (T,,/T0) — 1 using the
approximate viscosty relation of Bq. (7a). The tesults
are shown in Figs. 2 and 3. The velocity profiles for
high speeds are verv nearly linear, but it can be seen
that the wall temperature for greater Mach's numbers
is very high. i the free stream temperaturs is 40°1,
then the wall temperature will be B00°F., 3620°F.,
6540 °F., and 10,170°F. for Mach's numbers of + 6, &
and 10, respectively  Therefore, there is no doubt that
he aw of viscosity as expressed by Ty (Ta) will not hold.
Alsn at such high temperatures, the heat transfer due
0 tadiation cannol be neglectecd.  Therefore, the re-
sults for extreme Mach's numbers are qualitative dnly

The change in the constant /R is appreciable,
but not great. It decreases from 1.328 for A/ = 0
10 0.970 for A = 10, or about 30 percent. However,
for ¢ <3 <i the clange of the constant is very small”

Fig. 2 also shows that Eq. (Sa) which was obtained
by using the linear approximatiomnsis fairly accurate for
very high Mach’s numbers

As exarnples, consider first a projectile and second, a
wingless sounding rocket. Taking the diamcter of the
projectile to be 6 in., the length 24 ., the velocity
1500 ft./sec. and the altitude 32,800 ft. (10 ki), then
the Reynolds Number based on the total length is
7.86 X 10° and the speed ratio is 1.52
the skin friction coefficient is

From Fig' @

Cp = {1285 X 1073/ 786 = 0000439
Changing the skin friction coefficient (based on the
skin atea) to the drag coefficient (based on the maxi-
mum eross-section). one obtains

Cp, = 0.0055.
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Fro- 4. Veloaty amd wmperatare disteluion when the
wall temperatnre B 1 of 1the free sream temperatire

The drag cocfficient due to wave formation takon tronr

Kenl’s expeoments® s

Cp, = 0450

Ihetetore, the ratio of skin iriction to wave resistance
1 DO0S30.800 = 6,029,

Ilowever, the ratio is greatly changed in the case of
the tocket  Taking the diamister of the rocket to be 9
sn,, the length 8 ft., and the altitude of flight 50 km.*
(1,000 1L, the velocity 3400 ft./sec., then the Reyv-
nulds Number based on a densily ratio at that altitude
of Q00067 and temperature 253°C. (deduced from data
on meteors) i 6.14 X [0 and the speed ratio is 3 00
From Fig. 2, the shin friction cocfMicient 15

Cr = (VAR X 1073/ /11.1 - 600360,
Thei

Cn/ =012

* The hydrodyna
vath of the molecules
ol the boundary layer.

1 equationt holds <o long as the mean free
smail in eomparison with the thickness

lior this case the chickness of the
boundary layer is zero 4t (b nuse, however, £t 5 1w ., of
the length of the recket jt already wmounts 10 3 7 e, , while the
caleulated mean free path of the mir riokeule. 10 the alifede
considered 15 about 1.1 > 102 cm.  Hence n appears that even
for this case the theory can be safely applied  Thus conclasion
i sybstavtiaied by the experimental results of H Ebert in
Darsteilung des Stromungsuorginge von Gusen bei neidrigen
Drsscken mitttels Reynoldsscher Zuhlen,” Zeuschiris firr Physik Bl
85, 5. 561- 564, 133
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The drag coefficient due 1o wave formation from Kent's
experiments” is

Cp, = 0.100

Thereiore, the ratio of skin friction and wave resistance
is now (112370100 = 1.23. 1If the boundary layer is
partly tutbulent, the ratio will be even greater. This
shows clearly the importanct of skin friction in the
case of a slender body moving with high speed in ex-
tremely rarefied air. It also disproves the belief that
wave resistance would always be the predommating
part in the total drag of a body moving with a velocity
figher than that of sound. The reagon underlying this
fact can be easily understood when one recalls that the
wave resistance of a body is approximately directly
proportional to the velocity, whilc the skin friction fs
proportional to the velocity raised to a power between
1.5 and 2. Thercfore, the ratio of skin friction to wave
stance increases with the speed. With very high
vulncities and high kinematic viscosity, the wave re-
sistance may even be a negligitle pottion of the total
drag of the body

u

1n arder to point out the thermodyuamic aspect of the
probiem two cases will be considered: the flow of a hot
fluid along a surface whick is kept at a constant tempera-
ture inferior to that of the fuid, and the case of a hat wall
conled By 4 Anid of lower temperature  The problems
treated in this part have heen discussed before in two
intercsting papors by L. Crocen.*® He especially
an elegant treatment of the couling problem in.
the case of very high welocities (“Hyperaviation').
The authors feel that their treatment is somewhat more
general and extended thaa Craceo's previous atialysis.

An interesting general relation between the heat
transferred through the wall and the frictionat drag can
Ve abtained asing the asswnption that Prandtls num
her, d.e., the ratio ¢pu/ A, is cqual to unity, The same
assumption was used also in the previous caleulations.
It i« remarkable that the relation holds also as well for
latninar as for turbulent flow. The heat flow ¢ per unit
time and anit area of the wall surface is

¢ = A (0T O

and the frictional drag ¢ pet unit area i
\

.

1, (O 0¥},

Using Eq. (4) the ratio ¢. 1 can be caleulated Trom the
relation

vhere Ty is the absolute temperature, and {' the veloeity
5f the fluid in the free stream, T, the absolute tempera
wure at the wall, A, and a, are the heat conduction and



