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Theory of Limit Cycles

Abstract S L

Limit cyoles of plane - autonomous differential " systems-

appear in the very famous clagsical paper ““Mémvire sur les’
courbes définies par une équation différentielle” of . Peincars
(1881~1886) . In the 1930’s, van der Pol and’ A.' A. AHIpoEOB
showed that the closed orbit in the phage plane of a self-sustai-;
ned oscillatién occliring in a vacuum tube cirouit-is a limit cycle
as considéred by Poincaré. After this observation, the existence,
non-existence, uniqteness and other ‘properties. of limit cycles
have béen studied extensively by mathematicians and physicists.:
Then, from the 1950’s, very many mathematical models from
physics, éngiheering, cheihistry, biology, economiocs; eto., were
displayed as plane autonomous systems with limit dycles.: Also;’
due to the well-known paper of M. T. Herposckmi and K.~ Mii
Jhmgme, which conoerned with the maximum mnumber «of limit
oyoles of all quadlratic differential-systéms (the secorid part of
Hilbert’s 16-th problem) the problem' of limit cyeles hag becoms
more and moré important and has attracted “the -attentlon of
many pure and’ applied mathematicians. ~ -~ i

~ The purposa of tHis book is o bring togéther in one place
miost of the main contributions in the theory of limit eyoles.
Aside' from the introduction (2 brief historical  review), it
divides into three parts. § § 1-8 are cbncerned with' limit. eyoles
of the génoral plane autonomous systems, §§ 9-17 with limit
cyoles and the global topological structure of ::phase:portraity
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of quadratic systems. At the end of every section, a large
number of reference papers are listed. The last part § 18 has the
charaoter of an appeﬁdix, in which we inenﬁon briefly results
that either can not be included under the title of the foregoing
sections,or have appeared in periodicals very recently. We assume
that the readers have a basic knowledge of the qualitative and.
stability theory of ODE. . )
Here are the main oontents of each section in the first two
parts. § 1 gives fundamental concepts and examples of limit
oyoles, and also some criteria for the existence and non-exis-
tence of limit oyales, including well-known ones as well as
some new ones. § 2 gives oriteria for the, defermination of
the stability and. multiplicity. of limit cycles. Aside from the
olassical ones, we introduce alsp results of B. ®. Traues and M.
Urabe. § 8 deals with the theory of rotated vector fields due to
G. F. D. Duff and also many of its extensions and.applications
by X. Y. Chen and Z. E. Ma, We will use, this theory very
often in the second part..§ 4 is concerned with the. variation of
limit oyeles with the varying of a parameter in the ggmer#l oase,
the main eontents arg the olassical formula of H. Poincaré and
contributions of M. Urabe and X. Y. Chen. § 5 disousses the
guestion of the existence of limit cyoles. Aside from the well-
known theorems of A. ®, Pamannos and A. B. Jparaxés. we pre-
gent here also oontributions‘of K. Z. Hwang, Z. J. Wu and X.
W. Zheng.. This section is divided into six paragraphs according
to the methods of proof. §.6 is concerned with the problem of
uniqueness of limit cycles. It also divides into seven parag-
raphs, in whigh we introduce methods of point-transformation,
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H. Poincaré, A. A. AmgpooB and E. A. Jeorrosny, and. also
results of G. Sansone, J. L. Massera, Z. F. Zhang, JI. A. Yepkac
and I'. C, PuukoB, § 7 deals with the problem of the existence
of any given number of limit cycles, The main results almost
all belong to Chinese mathematicians, among which the contri=
bution of Z. ., Zhang is most excellent, which solves comple-
tely the question of the number and position of limit cycles of
the equation #+ usinz+x=0. § 8 is & short introduction to the
well-known neoessary and sufficient conditions for the siructnral
stability of a plane autonomous system.in.a bounded domain,
which we will use in the second part. It containg also some new
results of G.,'T. dos Santos and D. J. Luo about polynomial
gystems. § 9 deals with classical results of H. Dulac and. M.
Frommer on, the necessary and sufficienf: conditions for a
quadratic differential system to have a cemtfer, and presents
the corresponding phase-portraits due t0 Frommer. In this sec-
tion we also give a detailed proof of an important result of H.
H. Bayrns concerning the maximum order of fineness of a focus
of any quadratic system and the maximum number; of limit
cycles that can be generated from this foous. In. § 10, we analyse
the global topological structure of phase-portraits of three, typos
of quadratio systems without limit oycle, namely, the homoge-
neous systems (results of J. C. Jarmwa, L. Markus, eto.), the
gystem z=z+h. 0. i., y=y+h. o. t. (vesult of A. H. Beprerckati)
and at lagt, the structurally stable quadratio systems without
limit cycle (results of G. T. dos Santos and S. L. Zai). § 11
deals with general properties and possible relative positions of
limit cycles of quadratic systems, among which results of Y. Q.
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Ye, O. C. Tung, Y. 8. Chin, M. 8: Wang and S. L. Shi are pre-
sented. § 12 introduces the classification of quadratic ‘systéms
due 0 Y. Q. Ye, and proves a theorem on thé existende, non-
existence and uniqueiisss of limit cycles of systems of Type I,
due t0 Y. Q. Ye, Y. H. Deng, D. J. Luo, L.'S. Chen 'and X.
A:Yang: § 18 investigates the global topological structure of
phase-portraits of a special system of Type II, ‘which contains
two patdmeters'¢ and’ m and has no limit eycle. We obtain
global bifureation curves in the (a, m ) projective plane. § 14 is
.conoerned ' with:'the Felative position(especially coexistence),
uniqueness and 'the number of limit-cyeles of gystems of Type
II oontaining only w0 sécond degree ‘térms in-the- first equa-
tiont. These resulls dre due mainly to M: 8. Wang, K. T. Lee,
8. X! Yu'N: D; Zhu,"K. C. Chen, J. Y. #yrepga and J. Al
Yepxae:. § 15 disousses various interesting’ global properties of
gystems of Type IIT; especially, we give the detailed proof of a
theoremt (donocerning systerr 111, ;) simildr to that in -§'12,
which was conjectuzed ‘and partly proved by N. D. Zhu, and
later completely proved by JI. A. Yeprac, J. W. Hazesud and I'. €.
PrugoB. § 16 disousses the Dulac fundtion method used frequently
by Chinéss mathematicians in their research works on the quali-
tative investigation 0f quadratio systers, and use- this method
to prove an iriteresting theorem of L. 8. Chen and M. 8. Wang,
concerning thé' nesting of - limit eycles surrounding just ‘one
foous. § 17 introduces’X. A. Yang’s results-on the uniquneness-or
non-existence of limit eycles of bounded tuadratic systems. These
gystems were first studied by R. J. Dickson and’ L. M. Perko,
but the limit oycle problem remained open in their papers.
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