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A Global Optimization Algorithm for a Class of

Nonlinear Programming and Its Implementation

Fang Weiwu Wu Tianjiao Chen Jianping

(Institute of Applied Mathematics, Academia Sinica,

Beijing, 100080, China and APORC*)

Abstract  To solve problems of system of nonlinear equations, Wu wen—tsun ([ 14— 16 ])
introduced a new efficient formative elimination method. Based on Wu’s method and the theory of
nonlinear programming, we here propose a global optimization algorithm, which is designed to deal
with the nonlinear programming problems where both the objective functions and the constraints are
rational. For the nonlinear programming problems mentioned above, such as quadratic or higher,
convex,nonconvex, geometric programming, and so on, we obtain a unified global algorithm for
solving them. The algorithm is already programmed and test results are satisfactory.

Key words Nonlinear programming, Global optimization algorithm, Covergence

1 The model of the problems

Assume that f(z), ¢,(z), 2 = (2, 25, ***, 7,), j= 1, 2, +=-, m, are continuously differen-
tiable, rational, and real functions defined on D € R*. Our problem is to find the global minimizers

(or global maximizers ), i.e. ,
min f(z)
g,(x) =0 J=1,2, -, 1
g,(x) =0 j=l+ 1,14+ 2, <y m

2 Basic steps of the algorithm
(1) Transformed into the standard problem.

The primal problem is transformed into one of the two classes of standard problems.

The first class of standard problems. there are some variables defined on open sets, but other

* This work has been supported by Chinese National Science Foundation under Grant GZ930505.
APORC: Asian— Pacific Operations Research Center.
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constraints are equality constraints.
The second class of problems; All of the constraints including variable constraints are equality
constraints except the slack variables are defined on open sets.
The transformation is done by the following two approaches.
Method 1 Partition the bounded closed set into several open sets. For instance, partition a; <
x, <), into a, << x,<C band z; = b;. By this method, some of the first class of standard subproblems
ate constructed.
Method 2 Add slack variables and transform all of inequality constraints into equality con-
straints. For instance, transform g,(¢) == 0 into g;(z) — ¢ = 0, etc.
By using method 1 or method 2, the primal problem is finally transformed into some of the
first class of standard subproblems P,
min f(z)
k(2) = 0, j=1,2, =, m
a, << x; << b, i € Ky, KC {1, 2, *,n}
or transformed into a second class of standard problems P,.
min f(z)
s.t. hi(x) = 0, jE J, JCT {1, 2, = ,m+ 2n}
(2) Transformed into the problem of solving systems of nonlinear equations.

According to the theory of the first —order necessary condition, the local minimizers z” of each

of the standard subproblems can be found in the solutions of the systems of nonlinear equations £,

{Vf(z’)=2 VG JC {1, 2, ey m+ 20},

je 7

hj(zﬁ)=0 j=1, 2y s P

ot P,,
ah, Ik ok
d t -—l N .—2. . *0y 2y = O
€ { dxr N dr
hj(.’l/',)=0, leo 2;"';17
where p = |J| . Thus, the primal problem is transformed into the problems for the solutions of two

sorts of systems of equations P, and P,.
( 3) Partition the rational functions of the system of equations consisted into the groups of
polynomials.

Partition the rational expression of each equation of the system of nonlinear equations into the
ki (z) _
ku)(x ) o
0, then all of &,(z) in the system of nonlinear equations is the group A, and all of k,(z) is the

group A of polynomials and the group B of polynomials. For instance, assume that P, =

group B.

(4) Find a characteristic set of the polynomial group A. How to find the characteristic sets in
a group of polynomials had been discussed in detail in Wu wen-tsun’s papers [14~16]. We here
give a brief description.

Assume that PS is a group of polynomials. Denote its correspondent basic sets (See the above
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references) by BS , also denote the remainder of PS/BS by RS . The procedure of finding the char-

acteristic sets of polynomials can be demonstrated by the following figure .

PS = P8,
BS, (C PSy)
+= PSI
RS,
BS,
+=Ps,
RS,
PS,
BS,,I(: CS)
RS, = ©

In this figure, BS, is the basic sets, RS,is the remainder, RS, = { the remainder of pto BS,, p
€ PS,— BS,}, PS.,, = { BS,, RS}, k=0, «+, m — 1. There exists the following relationship

between the zero points of PS and CS§ .
zero(PS) = zero(CS/J) + Z zero(PS + 1))

J is the product of the initial formulae of ¢S , and

zero(CS/J) C zero(PS) C zero(CS)

(5) Find the zero points of characteristic sets by iterative elimination method. The zero points
of the €S can be found by means of solving a series of algebraic equations with one variable. First,
using Sturm sequence method we determine whether there are real roots for an equation. Secondly,
we determine the upper and lower bound of real roots. At last, we found all of real roots by itera-
tive algorithms, such as bi-part method, accelerated Newton method, Kuhn method, etc. .

(6) Exclude the zero points at which £,(x) does not equal to zero or any polynomial of the
group B equals to zero.

(7) Find the optimizer and its correspondent zero points,using scheduling sequence algorithms.
3 Global convergence of the algorithm

The so-called global convergence of the algorithm means the property that for any given preci-
sion ¢ , the algorithm approximates all the global optimizets in finite steps.

Lemma 1 (Wu Wen-tsun)  The characteristic set of a polynomial set can be obtained in a fi-
nite number of steps by a process of [ wu’s] elimination.

Theorem If the primal problem has only finite global optimizers in feasible regions, then the
algorithm is globally convergent.

We give a brief proof as follows,

Proof

1. Using step (1), the primal problem can be transformed into the finite number of standard

subproblems in finite steps. Using step (2), (3), the finite number of groups of polynomials can be
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obtained. Moreover, the finite number of groups of characteristic sets whose order is finite can be
obtained in finite steps by Lemma 1. Further, by the theory of first-order necessary condition and
the zero point theory of Wu’s method, we know that all of local minimizers are included in the zero
point set of characteristic sets.

2. Since the known problem has only finite optimizers z* , each z”" must be an unique local
minimizer in a sufficiently small region N (z* ). That is to say, z" belongs to the solution set which
is composed of the isolated zero points of the systems of eqguations P; and P, , (if the gradient vec-
tors Vh;(z") (j=1, 2, +,p) ate linearly independent, then the local minimizers are in solution
subsets of P,, others exist in the solution set of £,). This means that the optimizers belong to the
isolated zero point set of characteristic sets.

3. By Bezout theorem, we have known that the isolated zero point set of characteristic sets is
finite. From Wu’s method we know that they can be obtained by iteratively solving finite number
of equations with one variable. By the theory on polynomials, we can determine the upper and low-

er bounds of the real roots. Assuming that they are a, bthen, using the bi-part method, we can get

a—b

a solution with the required precision in less that log, steps. Given appropriate starting values,

Newton method will converge in fewer steps. At most, Kuhn algorithm can converge to all of the
real roots in n’ logz—e— steps. This means that it converges to all zero points of characteristic sets in fi-

nite steps.
4. Schedule the order of objective function values corresponding to the finite real zero points.
This can be done in O(nlogn) steps.

From the above arguments, steps (2—7) can converge to global optimizers in finite steps.
4 The implementation of the algorithm and results

For achieving the better implementation of the algorithm, we have adapted many mathematical
methods and software techniques. We have applied the programme to fifty examples computed in
386 microcomputers (4M) and obtained satisfactory results in respect of high precision, reliability ,
efficiency and convenience. Most examples are abstracted from the test examples of twelve books
([1~12D.

Each computation result of the fifty examples are exactly identical to that in the books except
that in one example, there is a difference at the eighth number after the fraction point, but this ex-
ample was computed in reference by the method of interval approximation, which is also an approx-
imated result ( See example 3 ). Among these examples, there are various ptoblems such as, the
problem of multi—optimizers, problem of multi—local minimizers, problem of convex and noncon-
vex programming, problem of geometric prbgramming and with general rational function, and spe-
cial problems in which the optimizers don’t satisfy K — 7' condition.

Now, we give the following five examples:

f2]

Example 1 Rational functions, two groups of global optimizers.
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objective = 10 + 6 « 2zl + 6 ¢ 21> — 22 « 22 — 20 * 21 » 22 + 21 » 22°

Y- x112/4 — 22%)
s. t. zl = 0.
Example 21 Rational functions, four groups of global optimizers.
objective = 5 « 217 — z2% - 23!
2
. L. _2_5;2221 +3;213>0
Example 3% Two groups of global optimizets.

objective == 12 » 21> — (63 « 21")/10 + 21° + 6 * x1 » 22 + 6 » z2°
1 — 16+ z1? — 25« 222 <L 0,
— 400 — 145 + 21 + 13 +21* + 8522 < 0,
— 4+ 21 220
Example 47 A group of global optimizets with multi - local minimizers.
objective= 14463 + 18340 + 21 + 10197 +» z1* — 34198 « 22 — 24908 +» 21 - 22 +
20909 » 22% + 4542 » 23 — 2026 + 21 + 23 — 3466 + 22 » 23 + 1755 + 23" +
8672 + 24 + 3896 ozl » 24 — 9828 + 22 » 24 + 2178 + 23 + 24 + 1515 - z24* +
86 ¢ z5 + 658 + z1 15 — 372-12°15 — 348 + 23 * 25 — 44 + x4 + 25 + 27 - 25°
sste. — 5 4+ 21 4+ 22 + 23 + 24 + 25 K 5,
—~20 +10+21 + 1022 —3+23 + 524 + 4+252>20,
— 40 +8ex] — 22 + 223 + 524 —3+25>20
— 11 +8+21 —22+ 223 +5-24—3-25=>0,
— 30 + 421l + 222~ 323+ 5+24 — 250
Example 5 A group of global optimizers with multi-local minimizers.
objective = 600 + 720 » 21 + 1260 » 21> — 1072 » z1® — 2454 « z1" + 1344 - 21° +
952 « 21° — 768 + 217 + 144 + z1® + 720 » 22 — 4680 + z1 » &2 + 7344 - z1® » 22 +
5784 + z1® « 22 — 7680 + 21" + 22 — 168 + z1° » 22 + 1344 + 21° - z2 — 288 «
217 « 22 + 3060 » 22° — 19296 + z1 « 22’ + 7776 « z1* + 22° + 9840 - r1® » 22’ —
5370 + z1" « 22% + 2592 » z1° «+ 22° — 648 + z1° - 22’ + 12288 - 22° —
23616 + 21 + 22° + 5040 « 217 + 22° + 1240 - 21 + 22° — 4080 - 21* - 22° +
1224 + 21° + 22° + 14346 « 22" — 11880 - z1 - 22" 4- 8730 » z1° - 22" —
3480 « z1® « 22" + 1305 « 21" + 22" 4+ 1944 « 22° — 1188 » z1 « 22° +
3672 + 212 « 22° — 1836 « z1° « 22° — 4428 + 22° 4 1944 « 21 + 22° —
1458 « 21% » 22° — 648 » 227 + 972 « 21 » 227 + 729 + 22°

sete — 2Ll <2, — 2222
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5 The features of the obtained results

.

(1) global property. The solutions obtained ate global optimizers. (2) For the nonlinear pro-
gramming problems in which both the objective functions and the constraints are rational, we obtain
a unified and global algorithm. (3) The starting iterative point is not required. (4) The data files
are entered by common writing form. (5) Combination of symbol calculation with numerical com-

putation.
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