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SOME THEOREMS ON INFINITE PRODUCTS*

In this paper we give some generalizations of well known
theorems and a simple proof of Weierstrass’ theorem on infinite
produets.

1. If m is a positive even integer, then we have the following
inequalities: ’

m 2 3
..._..__,'i_<u-—u_+u_—-oo
m (1 + u) R
w! N "
+ —log(l+uw)<=—, 1>u>0 (¢))
m—1 m :
m 2 3 m—1
Wy =" 4% o4 M
m 3 m—1
—log(l+w)<—Y ., —l<u<o0. (2
g( ) m(1+u)r ()
For it is easily seen that
* m—1 ]
S'T dx=§(l—x+x’—---+z'”"—- 1 >dx
0l + 0 . 1+=x
u! u! xm-—l
=y — =t —— — log (1 + u). 3
Lt E2 g1+ ). (@)

Since for 1 > u >0

4 pm—1 u
S r d:c<S :z;"'“da:='im~

6l +x o m
and
% m—] # em—1
[t gn (2 gm
01 + 0l +u m (1 + u)

the inequalities (1) follow from (3) immediately.

¢ k¥ H®T Tohoku Math. J, 20(1921), 44—47.



Stmilarly we can prove that for —1 <% <0
zn_ Su a;m—l dx < u” ,
m 01 + =z m (1 + u)

so that from (3) we get the inequalities (2).

Theorem I. Let {u.} be a sequence of real numbers whose

elements are all numerically less than unity. If the series Z Upy
n=1

ts convergent, m being a positive even integer, then the infinite

)

product H (1 + u.) converges, d/ivefges toi + oo, diverges

n=1

to O or oscillates according as the serics
u
Z(,—“"+———---+ ) (4
m—1

converges, diverges to + oo, diverges to — co or oscillates.

Proof. If A isthe lower limit of the numbers
1, 14w, 14w, ...... , T4, ...,
then by the inequalities (1), (2) we have

7

3 m—1
0< >, (u —&+%—---+L—)—log H Q+w)

r=p+1 2 3 R m
u;,"_,.l + ’u;".,_; + e + u;n.
mi,

<

Consequently, since the seriesZ u% is convergent, the difference

n=1
b 2 3 m—1 id
> (u —EL B W g [T @ w)
r=p+1 2 3 m—"‘l r=p+1

can be made arbitrarily small by properly choosing p, no matter
how large 7 is.

From this we get the following:

Corollary 1. Let {u.} be such @ sequence as described in the
theorem. The necessary and sufficient condition that, whenever

¢ 2



0
the series Z u™ s convergent, m being & positive cven integer,
. |

the infinite product H (1 + u.) may converge, is that the series
n=1
(4) converges.

When m=2 we get the following corollary which is well
known, ' ‘

Corollary 2. Let {u.} be such a sequence as described in the

theorem. If the series Z ud 5 convergent, then the infinite pro-

n=1

duct H (1 +ua) converges, diverges to + oo, diverges to 0 or
n=1

«

oscillates according as the series Zu,, converges, diverges to + <o,

n=1

diverges to — oo or oscillates.
N. B. For example the convergence of the infinite product
. , X

v o= g Do - e B

cannot be determined by Corollary 2, but it is determined by
putting m = 4 in Corollary 1.

Theorem II. Let {u.} be such a sequence as described in

o

Theorem I. If the sem’esz uy s divergenmt, m being ¢ posttive

n=1

even indeger, then the infinite product‘H (1 + u.) diverges to 0,

n=1
provided that the series (4) converges, diverges to — oo or oscid~
lates so that its maztmum limit is not + co.

Proof. If L is the upper limit of the numbers

(1) See Bromwich, Theory of Infinite Series, p. 99.



1, 14w, 14+u, ...... , 14w, ...... ,

then using the left hand parts of the inequalities (1) and (2) we
have

» 2 3 m—1 hid
(e — LB B e I (14w
r=p+1 2 3 m—1 r=pt1

u;‘+1+u;‘+z+ b +u:

= ml

Consequently, since the series Z u, isdivergent, if the series (4)
n=1

converges, divergesto — oo or oscillates so that its maximum limit

is not + oo, then

limlog [[ (1 4+ %) = —

r=1

must hold good, and so H (14 u,) diverges to 0.
n=1
Putting m =2 in this theorem we have as a corollary the fol-
lowing well known theorem>:

Let {u.} be such a sequence as already stated. If the series

Z u? 1s divergent, then the infinite product H (1 + u.) diver-

n=1 n=1

ges to O, provided that the series Z Uy converges or oscillates so

n=1

that its maximum Mmit is finite.

NB. When m is a positive even integer, the only cases not

©

covered by the foregoing theorems are those in whichz uy di-
n=1

verges and the series (4) either diverges to + oo, or has + co as
its maximum limit in case of oscillation.

(1) Bromwich, p. 99.
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2. In addition, we will give here, without use of Weierstrass’
inequalities, a simple proof to Weierstrass’ theorem® :

Theorem. 1f {u.} are numbers between 0 and 1, then the me-

cessary and sufficient condition that the infinite products H 1+

n=1

U.) and H (1 —u.) may converge 1s that the serics Z u,, CON-

n=1

verges.

Proof. Since

% “ dx

— < log(1+ u =§ <u, OI<u<l

2 g ) 014 x ’ ’

—;—Zu,<logH(1+u,)<Zu,. )
r=1 r=1 r=1

Similarly, since

u<—log(1—u)=r dz <2, 0o<u<i,
0l —2z 1—wu

if 4 is the lower limit of the numbers

1wy, 1—us ...... y 1= ua ...l ,

then we have ‘
.Z,"r,< -—1ogH (1—u,)<L Zu,. , (6)
r=1 . r=1 7 o ‘v r=1 7

Thus from the inequalities (1) and (6) we get the theorem
immediately. -

(1) Bromwich, p. 95—96.
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ON DIRICHLET’S FUNCTIQNALS*

The object of this paper is to give some properties of a func-
tional of the type

PIIS()]] = Z anexp(—j; LEOS@E), D

where k(1) forms a monotone increasing sequence of funetions in
the closed interval (0, 1), and tends to infinity uniformly as
n — oo. The a’s are given constants, real or complex, and

S(r) =0 (f) + 1t (1)
1S a complex function of a real variable 7 in the interval (0,1).
We call such a funetional a Dirichlet’s functional™.

In the following lines all integrals shall be taken in the sense
of Lebesgue, and by a function is understood the bounded and
summable function. Moreover, we assume for the sake of con-
venience that -

Mh(t) >0, for 0T << 1L

1. FUNDAMENTAL THEOREMS ON THE CONVERGENCY

OF THE SERIES

Theorem 1. If the series (1) is bounded® for a function
So(z) = 0(1) +ife(7),
then it is convergent for any funetion
S(r) =0o(r) +at()

* AXBT Tohotw Math. J., 28(1927), 287311,
(1) This nomenelature is due to Prof. M. Fujiwara,

Z':ay oxp (— J: Se A dv )z < a constant indepen-
1

{2) This means that
dent of n.
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