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Gauss’ Conjectures on the Quadratic Number Fields

Abstract

In 1801 Gauss had raised three famous conjectures
which can be restated in morden language as follows.

1) hg=h{(~D) >+ o a8=D-—> — co, where hg=5h(—D)
denotes the class number of the imaginary quadratic numbor
tields K=Q (/- D);

(2) There exist exactly nine imaginary quadratic num-
ber fields with class number one. Moreover, Gauss found
that the nine imaginary quadratic number fields with class
nun ber one are —D=-3, -4, -7, -8 -11, —-19, -43,
—67 and -~163, and there exist exictly 18 imaginary quad-
ratic number fields with class number 2;

(3) There exist infinitely many real quadratic number
fields with class number one.

The systematic and complete theory on the above Gauss’
conjectures is stated in this book. As the main part, we
have given the detail of the recent great achievements on
this problem, which are reached in last two decades.

In the first three chapters, as the basic knowledge, we
state systematically the arithmetical and analytic theory on
the quadratic number fields.

The contents of the chapter 4, 5 and 6 are the general
theory of the problem on class numbers of the quadratic
nuniber fields, the solution for Gauss’/ problem on the class
nuntbers of the imaginary quadratic number fields, and the
key difficulty and the present situation of the problem on
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the class numbers of the real quadratic mumber fields resp-
ectively. ifspecially, we have stated and rewritten the detail
of the works of Baker-Stark and Goldfeld-Gross-Zagier.
The reader will find that these great mathermaticians how to
use the transcendisl number theory and BSD conjeciure on
elliptic curve to the problem on the class nunbers respect-
ively. It would like to point out that these two famous
works have been awarded Fields Medal of 1970 and Cole
Prize of 1987 respectively.

Some new research on the fundamental units of the
real quadratic number fields are stated in chapter 7.

One will find that tiie works, published or unpublished,
of the author of the present book are also stated in details.
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