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Some “Anzahl” Theorems for Groups
of Prime-Power Orders

By Loo-Keng Hua(4 % B ) and Hsio-Fu Tuan(& ¥ &)

In the theory of p-groups, or groups whose orders are powers of a
prime p, there are a number of the so-called “Anzahl” theorems which
relate to the number of sub-groups with a certain property. We shall
define a group & of order p" as of rank &, if the highest order of the ele-
ments of @ is equal to p"~°. By means of this notion the “Anzahl” theo-
rem due to Miller can be restated as follows:

If & is a group of order p"(p=3,n223) of rank =1, then the num-
ber of sub-groups of order p”(1<Im<n) of rank 0 is congruent to zero,
mod p.

The main object of the present paper is to establish the following
theorem:

If ® is a group of order p"(p==3,72=>5) of rank =>2, then the num-
ber of sub-groups of order p"(2<<m<n—1) of rank 0 is congruent to
zero, mod p°, and the number of sub-groups of order p"(3<<m<<n) of
rank 1 is congruent to zero, mod p.

In the proof of this theorem we employ mathematical induction
over # in two ways, according to whether @ does not contain or actually
contains a sub-group of index p of rank 1. In the first case, we estab-
lish the theorem by a direct application of the enumeration principle due
to P. Hall. (') In the second case, we shall make use of the following the-

orem which seems to have some interests in itself.

) Proc. London Math. Soc. €2) 36 (1933), 29~95.
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If ® is a group of order p"(p>=3,n>25) of rank 2, then & has one
and only one sub-group of index p of rank 2. (%)

In the following pages, we shall always denote by p an odd prime
number.

§1 Throughout this section, & always denotes a group of rank 2.
It contains a (normal) sub-group M, of index p of rank 1. It is known
that M, is of the form(®)
(1) M= (A1, A}s AT =1, AL=1, (A A)=A!
where =1 or 0, for n=4. Evidently

(ATAT' =AY’

Let B be any element of @ but not in M,, then = {M,,B}. Since

B? belongs to M, and the p-th power of each element of M, belongs to

n—3+8

the central of M,, we have then

A'B*=PB*A’.

Let
B™'A,B=A"A".
Then
BT'A'B=A""
and
AP=B*AIB* =AM,
Therefore

;=1 (mod p""%).
Consequently, for n==5,
a,=1 (mod »"™*).

Thus the commutator (A,,B) is of order <p?, and can be written as

(2)  The proofs of Miller’s and Kulakoff’s “Anzahl” theorems as given by Hall (loc. cit. ) by the
application of his enumeration principle both depend essentially on an analogous result, namelf, If
® is a group of order p"(p>==3,2223) of rank 1, then @ has one and only one sub-group of index p
of rank 1.

(%) See, for example, H. Zassenhaus. Lehrbuch der Gruppentheorie 1(1937), 114.
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(2) (A,,B)=AY 'A%

Consequently we have
(3) (A?,B)=AF"
and
4 af’,B)=1.

Since B” belongs to M,, by (1) and (4), we have, for n==5
(5) (A;,B)=A""".

Using mathematical induction, we can easily obtain

(B A =BAAY "9 4%  (for e>0).

where
c(e)E%e(e—l) (mod )

and d(e) is a certain integer depending on e, since
(A,B)=A"*"""A2 e=¢ (mod p).
In particular, for p=e, we have
(B A?=B*APAY AL,
The right hand side belongs to M,, and therefore
(6) (B A¥' =B Ar.
Further
(B A))'=B’A'(A,,B)'*** V=Pp*

Since B is any element which belongs to &, but not to M,, we can easi-
ly obtain that .
(7 (B A1 A" =B* A7

Lemma. For p=3 and n=5, in a group O of order p" of rank 2:

(i) There is one and only one sub-group of index p of rank 2;

(i1) There is no sub-group of index p of rank ==3;

(iii) The number of sub-groups of index p of rank 1 is congruent to
zero, mod p; and

(iv) The number of cyclic sub-groups of order p"(3<m<n—2) is

2

P
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Proof. There exists an element B of &, not in M,, of order <p”.
In fact, if B is an element of order p"(2<<m< n—2) belonging to &,
but not to M,, then

B'*=A" "4 and B =AY "
Let B=B'A7* " . Thus, by (6)
B =p*¥A7" =,
We have @={I,,B}={A,,A,,B}. More precisely,

B*A A, 0Su<lp, O0O<n<p% 0<u,<p,
give p" different elements of 8. We shall prove that
(8) BrAPI A, 0<p<p, O <p, 0<u<p,
form a group M}, of index p of rank 2. By (1), (3) and (5), (8) evi-
dently form a group which contains an element A? of order p"°. Fur-
ther, by (7), no element of (8) is of order p" °. Since (8) contains all
elements of order <{p"° of &, the uniqueness in (i) and the result in
(11) follow immediately.

It is known that the number of sub-groups of index p of & is con-
gruent to 1 (mod p). We have shown that one of them is of rank 2 and
none of them is of rank 0 and >>3. Therefore the number of sub-groups
of index p of rank 1 is congruent to zero, mod p.

The elements of order p"(m==3) are of the form

BPAY TThgk, pla,
Thus there are p’p(p™) such elements and therefore the group @ has p*
cyclic sub-groups of order p™.

§2 Enumeration Principle('). Let ® be any p-group and let D be
its principal sub-group of index p»°. Let M, denote a typical major sub-
group of index p"of & with 0<Ca<(d (naturallyp)?,,:@ and M, =),
Let N be any set of sub-groups of &. Let n(IM.) denote the number of
members of N which belong to M,. Then

*)  loc.cit.



