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A book’s apology

able current of thought that holds that the use of advanced mathematics is of

little real use in physics, and goes sometimes as far as to say that knowing
mathematics is already by itself harmful to true physics. However, 1 am and remain
convinced that mathematics is still a precious source of insight, not only for students of
physics, but also for researchers.

Many only see mathematics as a tool — and of course, it is in part a tool, but
they should be reminded that, as Galileo said, the book of Nature is written in the
mathematician’s language. Since Galileo and Newton, the greatest physicists give
examples that knowing mathematics provides the means to understand precise physical
notions, to use them more easily, to establish them on a sure foundation, and even
more importantly, to discover new ones.” In addition to ensuring a certain rigor in
reasoning which is indispensable in any scientific study, mathematics belongs to the
natural lexicon of physicists. Even if the rules of proportion and the fundamentals of
calculus are sufficient for most purposes, it is clear that a richer vocabulary can lead
to much deeper insights. Imagine if Shakespeare or Joyce had only had a few hundred
words to chose from!

Is is therefore discouraging to sometimes hear physicists dismiss certain theories be-
cause “this is only mathematics.” In fact, the two disciplines are so closely related that
the most prestigious mathematical award, the Fields medal, was given to the physicist
Edward W1ITTEN in 1990, rewarding him for the remarkable mathematical discoveries
that his ideas led to.

W‘ HY SHOULD A PHYSICIST STUDY MATHEMATICS? 1here is a fairly fashion-

How should you read this book? Or rather how should you not read some parts?

' “Philosophy is written is this vast book which is forever open before our eyes — I mean, the Universe
— but it can not be read until you have learned the tongue and understood the character in which it is
written. It is written in the language of mathematics, and its characters are triangles, circles, and other
geometric pictures, without which it is not humanly possible to understand a single word |[...].”

? I will only mention NEwTON (gravitation, differential and integral calculus), Gauss (optics,
magnetism, «// the mathematics of his time, and quite a bit that was only understood much
later), HamiLToN (mechanics, differential equations, algebra), HeavisiDe (symbolic calculus,
signal theory), GiBes (thermodynamics, vector analysis) and of course EinsTEIN. One could
write a much longer list. If Richard FEYNMAN presents a very “physical” description of his art
in his excellent physics course [35], appealing to remarkably little formalism, it is nevertheless
the fact that he was the master of the elaborate mathematics involved, as his research works
show.
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Since the reader may want to learn first certain specific topics among those present, bere
is a short description of the contents of this text:

o The first chapter serves as a reminder of some simple facts concerning the funda-
mental notion of convergence. There shouldn’t be much in the way of new
mathematics there for anyone who has followed a “rigorous calculus™ course,
but there are many counter-examples to be aware of. Most importantly, a long
section describes the traps and difficulties inberent in the process of exchanging
two limits in the setting of physical models. It is not always obvious where,
in physical reasoning one has to exchange two mathematical limits, and many
apparent paradoxes follow from this fact.

e The real beginning concerns the theory of integration, which is briefly presented
in the form of the Lebesgue integral based on measure theory (Chapter 2). For
many readers, this may be omitted in a first reading. Chapter 3 discusses the
basic results and technigues of integral calculus.

o Chapters 4 to 6 present the theory of functions of a complex variable, with a
number of applications:

~ the “residue method,” which is an amazing tool for integral calculus;

— some physical notions, such as causality, are very closely related to analyt-
icity of functions on the complex plane (Section 13.4);

~ harmonic functions (such that /\f = 0) in two dimensions are linked to
the real parts of holomorphic (analytic) functions (Chapter 5);

— conformal maps (those which preserve angles) can be used to simplify
boundary conditions in problems of hydrodynamics or electromagnetism
(Chapter 6);

o Chapters 7 and 8 concern the theory of distributions (“generalized functions™)
and their applications to physics. These form a relatively self-contained subset of
the book.

o Chapters 9 to 12 deal with Hilbert spaces, Fourier series, Fourier and Laplace
transforms, which have too many physical applications to attempt a list. Chap-
ter 13 develops some of those applications, and this chapter also requires complex
analysis.

o Chapter 14 is a short (probably too short) introduction to the Dirac notation
used in quantum mechanics: kets |() and bras (| The notions of generalized
eigenbasis and self-adjoint operators on Hilbert space are also discussed.

o Several precise physical problems are considered and solved in Chapter 15 by the
method of Green functions. This method is usually omitted from textbooks on
electromagnetism (where a solution is taken straight out of a magician’s hat) or
of field theory (where it is assumed that the method is known). I hope to fill
a gap for students by presenting the necessary (and fairly simple) computations
Jrom beginning to end, using physicist’s notation.
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o Chapters 16 and 17 about tensor calculus and differential forms are also some-
what independent from the rest of the text. Those two chapters are only brief
introductions to their respective topics.

o Chapter 18 has the modest goal of relating some notions of topology and group
theory to the idea of spin in quantum mechanics.

e Probability theory, discussed in Chapters 19 to 21, is almost entirely absent
Sfrom the standard physics curriculum, although the basic vocabulary and re-
sults of probability seem necessary to any physicist interested in theory (stochastic
equations, Brownian motion, quantum mechanics and statistical mechanics all
require probability theory) or experiments (Gaussian white noise, measurement
errors, standard deviation of a data set...)

o Finally, a few appendices contain further reminders of elementary mathematical
notions and the proofs of some interesting results, the length of which made their
insertion in the main text problematic.

Many physical applications, using mathematical tools with the usual nota-
tion of physics, are included in the text. They can be found by looking in the
index at the items under “Physical applications.”
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Remarks on the biographical summaries

The short biographies of mathematicians which are interspersed in the text are taken from
many sources:

e Bertrand HaucHECORNE and Daniel SURATTEAU, Des mathématiciens de A 4 Z, Ellipses,
1996 (French).

e The web site of Saint-Andrews University (Scotland)
www-history.mcs.st-andrews.ac.uk /history/Mathematicians
and the web site of the University of Colorado at Boulder
www.colorado.edu/education/DMP

from which certain pictures are also taken.

e The literary structure of scientific argument, edited by Peter DEAR, University of Pennsylvania
Press, 1991.

e Simon GINDIKIN, Histoires de mathématiciens et de physiciens, Cassini, 2000.

e Encyclopedia Universalis, Paris, 1990.

Translator’s foreword

I am a mathematician and have now forgotten most of the little physics I learned in school
(although I've probably picked up a little bit again by translating this book). I would like to
mention here two more reasons to learn mathematics, and why this type of book is therefore
very important.

First, physicists benefit from knowing mathematics (in addition to the reasons Walter
mentioned) because, provided they immerse themselves in mathematics sufficiently to become
fluent in its language, they will gain access to new #ntuitions. Intuitions are very different from
any set of techniques, or tools, or methods, but they are just as indispensable for a researcher,
and they are the hardest to come by’ A mathematician’s intuitions are very different from
those of a physicist, and to have both available is an enormous advantage.

The second argument is different, and may be subjective: physics is hard, much harder
in some sense than mathematics. A very simple and fundamental physical problem may
be all but impossible to solve because of the complexity (apparent or real) of Nature. But
mathematicians know that a simple, well-formulated, natural mathematical problem (in some
sense that is impossible to quantify!) has a “simple” solution. This solution may require inventing
entirely new concepts, and may have to wait for a few hundred years before the idea comes to
a brilliant mind, but it 7 there. What this means is that if you manage to put the physical
problem in a very natural mathematical form, the guiding principles of mathematics may lead
you to the solution. Dirac was certainly a physicist with a strong sense of such possibilities;
this led him to discover antiparticles, for instance.

* Often, nothing will let you understand the intuition behind some important idea except,
essentially, rediscovering by yourself the most crucial part of it.
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