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Chapter 1

Introduction

1.1. Introductory remarks

The principal theme of these lectures is ‘‘the existence and differenti-
ability of the solutions of variational problems involving multiple in-
tegrals.” I shall discuss the corresponding questions for single integrals
only very briefly since these have been adequately discussed in every
book on the calculus of variations (see, for instance, AKHIEZER [1],
BLiss [1], Borza [1], CARATHEODORY [2], FUNK [1], PARs [1].. Moreover,
I shall not discuss applications to engineering, physics, etc., at all,
although I shall mention some mathematical applications.

In general, I shall consider integrals of the form

(1.1.1) (2,G) = ff[x z(x), Vz(x)]dx

where G is a domain,

(1.1.2) x=(x,...,%"), 2= (21, ..., 2N),dx =dx'...dx,

z(x) is a vector function, V z denotes its gradient which is the set of func-
tions {z,}, where z}, denotes 0z4/dx*, and f(x,z p)(p = {pL}) is
generally assumed continuous in all its arguments. The integrals

/ V1 + (dz/dx)? dx and ff[(axx) (:—:2)2] dxldx?

are fa.m1har examples of integrals of the form (1.1.1.) in which V = 1 in
both cases, » = 1 in the first case, » = 2 in the second case and the
_corresponding functions f are defined respectively by

fxap)=V1+22  f(xzp) =i+ 13
where we have omitted the superscripts on z and p since N = 1. The
second integral is a special case of the Dirichlet integral which is defined
in general by

(113) D (2.G) = [|Vz2dx, f(x.20) = |p[2 = 3 ($2)?
G i,
Another example is the area integral

¢)(Az2 23) o (28, 21) 2 d (21, 22)
(11.4) A5 ffl/ i) + s + ek dardat

Morrey, Multiple Integrals 1




2 Introduction

which gives the area of the surface
(1.1.5) 2t = 28(x1, x2), (x1,22)€G, ©1=1,2,3.

It is to be noticed that the area integral has the special property that it
is invariant under diffeomorphisms (1—1 differentiable mappings, etc.)
of the domain G onto other domains. This is the first example of an #%-
tegral in parametric form. 1 shall discuss such integrals later (in Chapters
9 and 10).

I shall also discuss briefly integrals like that in (1.1.1) but involving
derivatives of higher order. And, of course, the variational method has
been used in problems which involve a “functional’” not at all like the
integral in (1.1.1); as for example in proving the Riemann mapping
theorem where one minimizes sup |f(z)| among all schlicht functions f(z)
defined on the given simply connected region G for which f(z9) =0 and
f'(20) = 1 at some given point zg in G.

We shall consider only problems in which the domain G is fixed;
variations in G may be taken care of by transformations of coordinates.
We shall usually consider problems involving fixed boundary values;
we shall discuss other problems but will not derive the #ransversality
conditions for such problems.

1.2. The plan of the book: notation

In this chapter we attempt to present an overall view of the principal
theme of the book as stated at the beginning of the preceding section.
However, we do not include a discussion of integrals in parametric form;
these are discussed at some length in Chapters 9 and 10. The material in
this book is not presented in its logical order. A possible logical order
would be §1.1—1.5, Chapter 2, Chapter 3, §§ 5.1—5.8, § 5.12, Chapter 6,
§§ 1.6—1.9, §§4.1, 4.3, 4.4. Then the reader must skip back and forth as
required among the material of § 1.10, 1.11, 4.2, 5.9, 5.10 and 5.11. Then
the remainder of the book may be read substantially in order. Actually,
Chapters 7 and 8 could be read immediately after § 5.8.

We begin by presenting background material including derivations,
under restrictive hypotheses, of Euler’s equations and the classical
necessary conditions of Legendre and Weierstrass. Next, we include a
brief and incomplete presentation of the classical so-called “‘sufficiency”’
conditions, including references to other works where a more complete
presentation may be found.

The second half of this chapter presents a reasonably complete out-
line of the existence and differentiability theory for the solutions of
variational problems. This begins with a brief discussion of the develop-
ment of the direct methods and of the successively more general classes
of ““admissible’’ functions, culminating in the so-called ‘‘Sobolev spaces”’.
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These are then defined and discussed briefly after which two theorems
on lower-semicontinuity are presented. These are not the most general
theorems possible but are selected for the. simplicity of their proofs
which, however, assume that the reader is willing to grant the truth of
some well-known theorems on the Sobolev spaces. The relevant theorems
about these spaces are proved in Chapter 3 and more general lower-
semicontinuity and existence theorems are presented in Chapter 4.

In Section 1.10 the differentiability results are stated and some preli-
minary results are proved. In Section 1.11, an outline of the differenti-
ability theory is presented. It is first shown that the solutions are ‘“weak
solutions’ of the Euler equations. The theory of these non-linear equa-
tions is reduced to that of linear equations which, initially, may have
discontinuous coefficients. The theory of these general linear equations
is discussed in detail in Chapter 5. However, the higher order differenti-
ability for the solutions of systems of Euler equations required the same
methods as are used in studying systems of equations of higher order.
Accordingly, we present in Chapter 6 many of the results in the two
recent papers of AGMON, DoucGLis, and NIRENBERG ([1], [2]) concerning
the solutions and weak solutions of such systems. Both the L -estimates
and the SCHAUDER-type estimates (concerning HOLDER continuity) are
presented. We have included sections in both Chapters 5 und 6 proving
the analyticity, including analyticity at the boundary, of the solutions of
both linear and non-linear analytic elliptic equations and systems; the
most general ““properly elliptic’’ systems with ‘““complementing boundary
conditions™ (see § 6.1) are treated. The proof of analyticity in this genera-
lity is new. In Chapter 2 we present well-known facts about harmonic
functions and generalized potentials and conclude with proofs of the
CALDERON-ZYGMUND inequalities and of the maximum principle for the
solutions of second order equations.

In Chapters 7 and 8, we present applications of the variational method
to the HODGE theory of harmonic integrals and to the so-called 3-NEu-
MANN problem for exterior differential forms on strongly pseudo-convex
complex analytic manifolds with boundary. In Chapter 9, we present a
brief discussion of »-dimensional parametric problems in general and
then discuss the two dimensional Plateau problem in Euclidean space
and on a Riemannian manifold. The chapter concludes with the author’s
simplified proof of the existence theorem of CEsAr1 [4], DANSKIN, and
Sicarov [2] for the general two dimensional parametric problem and
some incomplete results concerning the differentiability of the solutions
of such problems. In Chapter 10, we present the author’s simplification
of the very important resent work of REIFENBERG [1], [2], and [3] con-
cerning the higher dimensional PLATEAU problem and the author’s ex-
tension of these results to varieties on a Riemannian manifold.

1‘



4 . Introduction

Notations. For the most part, we use standard notations. G and D
will denote domains which are bounded unless otherwise specified. We
denote the boundary of D by d D and its closure by D. We shall often use
the notation D C C G to mean that D is compact and D C G. B(xo, R)
denotes the ball with center at x¢ and radius R. y, and I, denote the »-
measure and (v — 1)-measure of B(0,1) and dB(0,1), respectively. We
often denote dB(0,1) by 2. Most of the time (unless otherwise specified)
we let Ry be g-dimensional number space with the usual metric and ab-
breviate B(0,R) to Bg, denote by ¢ the (» — 1)-plane x* = 0, and define

R} ={x|»»>0}, R; ={x|x" <0}
(1.2.1) Gr = BrRN R}, 2Zr=0BrN R}, or=BrNo
Gz = BrNR,, 2z =0BrN R, .

If S is a set in Ry, | S| denotes its Lebesgue g-measure; if x is a point,
d(x, S) denotes the distance of x from S. We define

[a.b) ={x|la*<x*<b*, x=1,...,v, XER,}.

In the case of boundary integrals, we often use dx, to denote #.dS
where 4SS is the surface area and #, is the x-th component of the exterior
normal. We say that a function # € C»(G) iff (if and only if) # and its
partial derivatives of order < are continuous on G and & C»(G) iff
u € C»(G) and each of its derivatives of order <<# can be extended to be
continuous on G. If 0 < u < 1, u € C%(G) (or C2 (G)) © (i.e.iff) u € C»(G)
(or C#»(G)) and all the derivatives of order << satisfy a HOLDER (Lip-
scHITZ if # = 1) condition on each compact subset of G (or on the whole
of G as extended). If uc CY (G), then A, (¥, G) = sup |xz — x| ~*.
| (x2) — %(x1)| for x; and x2€ G and x; # x2. A domain G is said to be
of class C» (or C%,0 < u <3 1) iff G is bounded and each point Py of 4G
is in a neighborhood n on G which can be mapped by a 1—1 mapping
of class C» (or C%), together with its inverse, onto Gg U or for some R
in such a way that Py corresponds to the origin and n U dG corresponds
to og. If € C1(G), we denote its derivatives du/dx* by % ,.. If u € C2(G),
then V2« denotes the tensor # ,«g where « and # run independently from
to ». Likewise V3% = {u ,apy}, etc., and |V2u|2 = Z’|u,,p| etc. If G is

also of class C1, then Green’s theorem becomes (m our notations)

fu,,(x)dx:fun,ds =fudx¢.
G a6 3¢

Sometimes when we wish to consider u as a function of some single x=,
we write ¥ = (x%, x,) and #(x) = %(x*, x,) where x, denotes the remain-
ing x. One dimensional or (» — 1)-dimensional integrals are then in-
dicated as might be expected. We often let & denote a ‘“‘multi-index”’,
i.e. a vector (1, . . ., %) in which each «; is a non-negative integer. We
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then define buc
olalu
Joo| = o1 + -+ + v, D*u = (020 ... (0x)% (we C ' (G))
jol!

al = () ... (o)), Ca =20 85 = (E)™ ... (&) .

ol

Using this notation
|Vmu|2 = 3 C.|D*ul2.
\a|=m

We shall denote constants by C or Z with or without subscripts. These
constants will, perhaps depend on other constants; in this case we may
write C = C(h, u) if C depends only on 4 and y, for example. However,
even though we may distinguish between different constants in some
discussion by inserting subscripts, there is no guarantee that Cs, for
example, will always denote the same constant. We sometimes denote
the support of # by spt ». We denote by C;°(G), C?(G), and C%, (G) the
sets of functions in C=(G), C»(G), or C%(G), respectively, which have
support in G (i.e. which vanish on and near dG). But it is handy to say
that % has support in Gg U or < % vanishes on and near Zg (see 1.2.1);
we allow %#(x) to be # 0 on or.

1.3. Very brief historical remarks

Problems in the calculus of variations which involve only single
integrals (» = 1) have been discussed at least since the time of the BER-
NOULLI’s. Although there was some early consideration of double inte-
grals, it was RIEMANN who aroused great interest in them by proving
many interesting results in function theory by assuming DIRICHLET’S
principle which may be stated as follows: There is a unique function which
minimizes the DIRICHLET integral among all functions of class Cl on a
domain G and continuous on G which takes on given values on the boundary
3G and, moreover, that function is harmonic on G.

RIEMANN’s work was criticized on the grounds that just because the
integral was bounded below among the competing functions it didn’t
follow that the greatest lower bound was faken on in the class of compet-
ing functions. In fact an example was given of a (1-dimensional) integral
of the type (1.1.1) for which there is no minimizing function and another
was given of continuous boundary values on the unit circle such that
D(z, G) = + oo for every z as above having those boundary values.

Thesfirst example is the integral (see COURANT [3])

x

(1.3.1) I(z,G) =f1[1 + (51)2]”4“, 6 = {a1),
0

the admissible functions z being those € C! on [0,1] with
z(0) = 0 and z(1) = 1.
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Obviously I(z, G) > 1 for every such z, I(z, G) has no upper bound and
if we define

z(x)_{o o< x<7 ,0<r<1,
Tl 14+ 430 —7)2(1 — )22, r < x <1

we see that I(z,,G) >~ 1asr — 1-.

The second example is the following (see COURANT [3]): It is now
known that Dirichlet’s principle holds for a circle and that each func-
tion harmonic on the unit circle has the form

(1.3.2) w(r,0) = %’ - f 7% (ap cosn O + by sinn@), (an, b, const),
n=1
in polar coordinates and that the Dirichlet integral is
(1.3.3) D(w,G) = n > n(ad + b2)
n=1

provided this sum converges. But if we define
ap =k 2 if n =~k! | a, = b, = 0 otherwise,

we see that the series in (1.3.2) converges uniformly but that in (1.3.3)
reduces to
S !
k4
k=1
which diverges.

DiIrICHLET’s principle was established rigorously in certain important
cases by HILBERT, LEBESGUE [2] and others shorly after 1900. That was
the beginning of the so-called ‘“‘direct methods’’ of the calculus of varia-
tions of which we shall say more later.

There was renewed interest in one dimensional problems with the
advent of the MORSE theory of the critical points of functionals in which
M. MorsE generalized his theory of critical points of functions defined
on finite-dimensional manifolds [1] to certain functionals defined on in-
finite-dimensional spaces [2], [3]. He was able to obtain the MORSE
inequalities between the numbers of possibly ‘“‘unstable (i.e. critical
but not minimizing) geodesics (and unstable minmal surfaces) having
various indices (see also MORSE and ToMPKINSs, [1]—[4]). Except for the
latter (which could be reduced to the case of curves), MORSE’s theory
was applied mainly to one-dimensional problems. However, within the
last two years, SMALE and PArLAls and SMALE have found a modification
of MoRSE’s theory which is applicable to a wide class of multiple inte-
gral problems. N

Variational methods are beginning to be used in differential geometry.
For example, the author and Eells (see MORREY and EELs, MORREY,
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[11] and Chapter 7) developed the HODGE theory ([1], [2]) by variational
methods (HODGE’s original idea [1]). HORMANDER [2], KOHN [1], SPEN-
CER (KoHN and SPENCER), and the author (MORREY [19], [20]) have
applied variational techniques to the study of the d-Neumann problem
for exterior differential forms on complex analytic manifolds (see Chap-
ter 8; the author encountered this problem in his work on the analytic
embedding of real-analytic manifolds (MORREY [13]). Very recently,
EELLs and SAMPSON have proved the existence of ‘““harmonic’ mappings
(i.e. mappings which minimize an intrinsic Dirichlet integral) from one
compact manifold into a manifold having negative curvature. Since the
inf. of this integral is zero if the dimension of the compact manifold
>2, they found it necessary to use a gradient line method which
led to a non-linear system of parabolic equations which they then
solved; the curvature restriction was essential in their work.

1.4. The Euler equations

After a number of special problems had been solved, EULER deduced
in 1744 the first general necessary condition, now known as EULER’s
equation, which must be satisfied by a minimizing or maximizing arc.
His derivation, given for the case N = » = 1, proceeds as follows: Sup-
pose that the function z is of class C! on [4, b] (= G) minimizes (for
example) the integral I(z, G) among all similar functions having the
same values at a and &. Then, if { is any function of class C! on [g, b]
which vanishes at 2 and &, the function z + A is, for every 4, of class
C1 on [a, b] and has the same values as z at a and b. Thus, if we define

1]
(1.4.1) @A) =I(z +28,6) = [flx,2(x) + AL(x), 7 (%) + AL (V)] dx

@ must take on its minimum for 2 = 0. If we assume that f is of class C1
in its arguments, we find by differentiating (1.4.1) and setting A = 0 that

b
(1.4.2) & @) folx 2(2), 2 (0)] + £(®) felx, 2(x), 2 (9)]} dx = ©
a . bf
(f,, =35 etc.).
The integral in (1.4.2) is called the first variation of the integral I; it is
supposed to vanish for every { of class C! on [a, b] which vanishes at a
and b. If we now assume that f and z are of class C2? on [a, b] (EULER

had no compunctions about this) we can integrate (1.4.2) by parts to
obtain

b
(143)  [E@{fe — /a}dx =0, fp = folx,2(0), Va(2)], etc.
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Since (1.4.3) holds for all { as above, it follows that the equation
a

(1.4.4) nlr=1r

must hold. This is Euler’s equation for the integral I in this simple case.
If we write out (1.4.4) in full, we obtain

(1-4.5) Jop 72" + o2 + foz =12

which shows that Euler’s equation is non-linear and of the second order.
Itis, however, linear in 2’ ; equations which are linear in the derivatives of
highest order are frequently called guasi-linear. The equation evidently
becomes singular whenever f,, = 0. Hence regular variational problems
are those for which f, never vanishes; in that case, it is assumed that
fpp > 0 which turns out to make minimum problems more natural than
maximum problems.

It is clear that this derivation generalizes to the most general integral
(1.1.1) provided that f and the minimizing (or maximizing, etc.) function
z is of class C2 on the closed domain G which has a sufficiently smooth
boundary. Then, if z minimizes I among all (vector) functions of class C1
with the same boundary values and { is any such vector which vanishes
on the boundary or G, it follows that z + A{ is a ‘““competing” or ‘“‘ad-
missible’” function for each A so that if ¢ is defined by

(1.4.6) @A) =I(z+ AL, G)
then ¢’(0) = 0. This leads to the condition that
N v .
(14.7) [ E{ St + tratax=o
¢ =1 la=

for all { as indicated. The integral in (1.4.7) is the first variation of the
general integral (1.1.1). Integratine (1.4.7) by parts leads to

G[ZNc*-{fze—Z"

=1 a=1

0 ;
P fpt}dx = 0.
Since this is zero for all vectors , it follows that

(1.4.8) Za%f,,i =i, B e

a=1

which is a quasi-linear system of partial differential equations of the
second order. In the case N = 1, it reduces to

Za_?wf”“:fz’ or
(1.4.9) ] =
a,ﬂz:_lfm.ppzmﬁ = 12;1 (fpaz2ra + fo,22) = fz.



1.4. The EULER equations 9

The equation (1.4.9) is evidently singular whenever the quadratic form
(1.4.10) gﬂfﬂu pﬁ (x, Z,P)AaAﬁ*

in 4 is degenerate. '
We notice from (1.4.5) that if N =» = 1 and f depends only on
and the problem is regular, then Fuler’s equation reduces to
2" = 0s
In general, if f depends only on p(= %), Euler’s equation has the form
2 foipiZg=0, i=1,.. ,N
jap P

and every linear vector function is a solution. In particular, if N = 1
and f = |p|2, Euler’s equation is just Laplaces equation

Az = Zz,aa = 0.

In case f = (1 4 |£|2)1/4 as in the first example in § 1.3, we see that
4fop = (2—p2) (1 +p774

which is not always > 0. On the other hand fpp > 0 if |p| < ]/5 so
classical results which we shall discuss later (see § 1.6) show that the
linear function z(x) = x minimizes the integral among all arcs having
17 (x)| < 2.

We now revert to equation (1.4.9). If we take, for instance, N = 1,
v =2, f = p% — P2, then (1.4.9) becomes

22z 02z
zan = 200 (= 53 — 5e) = O

which is of Ayperbolic type. Moreover, the integral (1.1.1) with this f
obviously has no minimum or maximum, whatever boundary values are
given for z. Anyhow, it is well known that boundary value problems are
not natural for equations of hyperbolic type. If » > 2 a greater variety
of types may occur, depending on the signature of the quadratic form
(1.4.10). A similar objection occurs in all cases except those in which the
form (1.4.10) is positive definite or negative definite; we shall restrict
ourselves to the case where it is positive definite. In this case Euler’s
equation is of elliptic type. The choice of this condition on f is re-enforced
by analogy with the case v = 1; in that case fpp = 0 implies the con-
vexity (see § 1.8) of f as a function of p for each (x, z) and the non-negative
definiteness of the form (1.4.10) is equivalent to the convexity of f as a
function of #y, . . ., p, for each set (x1, . . ., 2%, z). Our choice is re-enforced
further by the classical derivation given in the next section.

* Greek indices are summed from 1 to » and Latin indices are summed from
1 to N. Hereafter we shall usually employ the summation convention in which
repeated indices are summed and summation signs omitted.
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1.5. Other classical necessary conditions

Suppose that f is of class C2 in its arguments, that N = 1, that z is
of class C1 on the closure of G, and that z minimizes /(z, G) among all
functions Z of the same class which coincide with z on the boundary and
are sufficiently close to z in the C! norm, i.e.

|Z(x) — z(x)| <o, |VZ(x) —Vz(x)| <6, xonG.

In classical terminology, we say that z furnishes a weak relative minimum
to I(z, G). We shall show that this implies the non-negative definiteness
of the form (1.4.10) when z = 2(x) and p = V z(x). We note that our
hypotheses imply that for each { of the type above, vanishing on the
boundary, the function ¢(4), defined by (1.4.6) is of class C2 for |A| <
Ao(>0) and has a relative minimum at 2 = 0. This implies that

¢ 0 = [[ZaP@ elip+ 2 Zb () Ll + 0(3) £ dx = 0
@ @, x

a*f (x) =fp¢pﬂ[x,z(x), Vz(x)], b =fp¢Z» ¢ = fzz,

for all { as described. The integral in (1.5.1) is called the second variation
of the integral (1.1.1). By approximations, it follows that (1.5.1) holds
for all LipscHiTz functions { which vanish on the boundary. Now let us
select a point x9 € G and a unit vector A, and let us choose new coordina-
tes y related to x by a transformation

(1.5.2) yr = ' dy(x* — x8), x*— xF= 3aLyY, Au=d}
-3 v

(1.5.1)

where 4 is a constant orthogonal matrix so that 4 is the unit vector in
the y1 direction, and define

o) =ClxW)], ‘@’ =aflx(y)]drd;,
o (y) = b*[x(y)]dy, ‘c(y) =clx(¥)].
Then if G’ denotes the image of G,
9”0 = [ [zd'avd(y) W,y 0,6+ 2 ©0-w,, + ’ch] dy=>0.

G LY

(1.5.3)

Now, choose 0 << 2 << H so small that the support of ® C G’, where
(150 ...y = {6 DO B B <h o< <H)
72 = (y2)2 4 - - - + (y*)2.

Then if we divide ¢’’(0) by the measure of the support of w and then let
h and H — 0 so that #/H — 0, we conclude that

‘all(0) = a*f(xo) d} dj = a*P(xo) Audp = 0
which is the stated result. This is called the Legendre condition.
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If we repeat this derivation for the case of the general integral (1.1.1),
assuming f€ C? of course, we obtain

9'0) = [(Z ZafCath+2 TW0 0L+ ey ') dx =0
G LN @, @

a3 (x) = fob o3 (%, 2(0), V2 (1)), U= foiph, C1g=fitsl-
Making the change of variables (1.5.2) and (1.5.3) and setting
oty ..., y) =Ew@®,...,y), ¢t=1,...,N)

where £ is an arbitrary constant vector and w is defined by (1.5.4), and
letting 2 and H — 0 as above, we obtain

(15:5) 3 oo lro5(x0), Valuo) Aedg £87 = 0 for all 4.¢,
7.,

which is known as the Legendre-Hadamard condition (HADAMARD [1]). In
this case, we say that the integral (1.1.1) or the integrand f is regular if
the inequality holds in (1.5.5) for all 4 # 0 and & # 0. It turns out that
the system (1.4.8) of Euler’s equations is strongly elliptic in the sense
defined by NIRENBERG [2].

Let us suppose, now, that f€ C2 everywhere and that z€ C! on G
and minimizes I (z, G), as given by (1.1.1), among all such functions with
the same boundary values. A simple approximation argument shows
that z minimizes I among all LipscHITZ functions with the same boun-
dary values. Let us choose %9 € G and a unit vector 4, and let us intro-
duce the y coordinates as in (1.5.2) and let us define (using part of the
notation of (1.5.4)

(1.5.1)

Gh(x) = Eony(#)]

(Ot + h) p(rh112) , —h<yl<o , 0<r7r<hl2,
w;_.(x) = {nl2(RLiz — yl) - @(rA-112), o< yl<hll2, 0<7r<hll2,
’ 0 ) otherwise

(1.5.6)
where ¢ € C* on [0,1] with ¢(0) = 1 and ¢(g) = O for g near 1. Since
the first variation vanishes, we have

[z + V2 + Vin) — f(%,2,V2) — G fot — G.ufpi]dx > 0,
G

(15.7) fi=fx2. V), foh = foi(0.2 V2).

We notice first that the integrand is 0(4) (since (s and V {j are both
small) for x€ R? where 0 <yl < h12, 0 <7 << hV2. By setting y!
= hnl, r = hl2p in Rj(—h <yl <0, 0 <7 < AV2), dividing by A®+V/2
and letting ~ — 0, we obtain

J (0. 20, b + 2 £ 9 (€)] — (%0, 20, Po) —
— 2% & 9(0) f5i (%0, 20, po)} drjy = 0.



