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Problem of Large Deflection
of Circular Plate

Abstract Presented before the 3rd Scientific Congress organised at Karpacz, August
1955, by the Department of Mechanics of Continuous Media, IBTP, Polish Academy

of Sciences.

Consider a circular plate of radius a and thickness A under uniformly
distributed load g per unit area. We denote the lateral deflection by w, the radial
membrane stress by N, , and the circumferential membrane stress by N, ; they are
functions of the radial distance r from the centre of plate. They satisfy the

following von K4rman equations for large deflection;

i[i_d_ d_w}_ dw | gr

Ddr rdr(rdr) =Ny dr+2,

4714y, By

rdr rdr(rNr) + 2 (dr> =0 kL
d

N‘_dr(rNr)’

where E is Young’s modulus of the material of the plate and D = Eh*/12(1—v?)
is the flexural rigidity of the plate.

These equations will be solved for the following general edge conditions:

dPw v dw dw
w=0 D(dr2 T dr)z_K2 dr’
atr = a, (2)
N, K‘[ GlN’+(1 )N]
=i —_ Y 9
" Eh " dr "
dw i
P and N, finite at » =0, (3)
>

Reprinted from Archiwum Mechaniki Stosowancj , Warszawa, 1956, 8(1): 1-12.

001



%%ﬂ%&%ﬁw&i% - F_%

where K, and K, are elastic constants for the support. It is evident that for

various edge conditions we have the following particular values of K, and K, :

(a) K; =10, K, =0 for simply supported edges,

(b) K, = oo, Ky, =0 for simply supported but fastened edges,
(o) K| = oo, K, = oo for rigidly clamped edges,

() K =0, K, = oo  for clamped edges but free for slipping,
(e) K, =0, K, =0 for all kinds of elastically supported edges.

Equations (1) have been studied by S. Way', with the power series method
for the case of clamped edge condition. However, the power series method is too
laborious to be applicable to any other more important cases.

We shall now treat this general problem by the method of successive
approximation based upon a small parameter related to the ratio of deflection to
thickness.

In order to simplify these equations and edge conditions, let us introduce the

following dimensionless variables:

2 ZN
z=1-5, W=/30—" 7, S=3(1—u2>“Eh;,
a

ZN 4
i ST LN Ty e
ER® 4 Eh*

(4)
T = 3(1 —v?)

In terms of these variables, von Karman’s equation (1) can be written in the

following form:

& [ dW} dw
0 ' PR L PR LA )
da? . ) dx = dx Q
& [ dS] 1 (dWy
— |l —a)—= 4= =0, 5)
a2’ I)dx+2(dx> .
T=S—2(1—2x) d_S
dx
The corresponding edge conditions may be written in the form
- aw . &wW ds
W=0,—=A—,S=pu— = 0,
dx da? a dx 2t
T (6)
cw and S finite at =z =1,
dx

where A and ¢ take various values for various edge conditions:
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2 2
A = ) #: . (7)
Kya Bh o

We shall now solve Egs. (5) under the edge conditions (6) by the
perturbation method based upon the smallness of the maximum deflection at

centre.

Let

W, =Wl =«/3<1—v2>[ﬂ . (8)

r=0
It is evident that
W=WW,,2,S=SW,, ), T=TW,, ), Q=QW,). (9
For small W,,, we may expand every quantity in ascending powers of W,

Q= alwm +a3W,3n Rf sy
W = w, (x)W,,, —{—wg(x)Wf,, ey,
S = 3§ (I)an + Sy (x)an + tety

T = t,(D)W?: + ¢, (W + -,

(10)

where a’s are constants, and w, (x), s, (x) and ¢, (x) are functions of x to be
determined.

We substitute the expressions (10) into (5) and (6). By collecting terms of
successive orders in W,,, we obtain a sequence of linear differential equations for
@y Wy Sy Lys Qs Wyy S4» L3 ***, successively accompanied by the corresponding
boundary conditions.

For @, and w, , we find the following problem:

g d
d_[(].—l') wl}:_al,

dz* dx
’ ” an
wl(l) = 1, wl(O) = 09 wl(o)_Awl(O) — 09
w7 (1) remains finite,
The solution of (11) is
_ 1 2
12
4
oy = ——,
1+ 2A
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This is the well-known solution of a circular plate under uniform load with
very small deflection (or the solution of Poisson’s theory).

For s, (x) and t, (x), we have the equations and boundary conditions as

follows:
dz 1 dw1 .
gt Pslt+3 ( dx ) -
ds, (13)
t, =5, —2(1—1) —
dx

5,(0) — us5,(0) = 0, 5,(1) remains finite.
The solution of this problem is

1
T 61+ 20)°
+ 21+ 424627,

1
T 6(1420)°
+ (=21 +4A+6A2)].

5 (22 + A+ +A+42A+622)x
(14)
[72 —(1—200) 2 — (1 4+42A —18%)x

12

The next approximation gives the equations

d? [ dwz]_ dwy,
1 11—z 1= S5 1z
wy (1) = 0, w;(0) = 0, w5(0) —Aw’(0) =0,

w' (1) remains finite,

—ay,

(15)

where s, and w, have already been found as in (12) and (14). The solution of this

problem is
1
=———[73+ 388 + 825A% -+ 840A° + 360A*
%= Qs T st
+ 10p(5 + 351 + 10822 + 1624° +108*) ], (16. 1)
w, = —1——{2(1—}—2/1)16+6(1+5/\+6A2)15

1080(1 +20)°

4+ 15€¢1 4+ 644 132° 4 10A*) 2" 4+ 20[1 +7A+192% 4 244° 4 124

+ p(1 + 64 + 14A% +-122%) ]2® — [43 4+ 1754 + 255A% 4-1204°

+ (20 4+ 80A + 120A%) J=* — [86A + 356A% 4 5104° + 240A*

+ p(40A 4 160A% 4 240A%) Jx}. (16. 2)
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