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FLE ZTEHERSF

RILER R TR — N B R RN R —— Tl I TEMR LFEH
BRZEZTEERFAN, TUERREXR E LA RRBEAN A TR0 RH,
B ZTTRE ZTURBBMR I EW AT ERE - TRBH N ER T & RE
MR EhTEEREEM, AEEMEREH EEIN, NERES - TREAE
RKABFKIXTH, RHFFEXFEAEAH TEEMEEZ TRBEN MR, TEE
JHLE T —JT R B A RR . A B A 4 2 T0 ek B S A B R = AUG3 2.

9.1 ZITeRBH)HEA K&

9.1.1 F&EHIA

EBENE n AR AEURIBEIEE.

EZRGIALKRER Oxyz 5, ZRINEA PH=ALEHMBROAEFRA
(%,y,2) —— X B, XEBA (2,7, 2) RERTEA P, FEAN=ZHEF 4
(2,y,2) RBRAEREFTARWES, BB SH. M) Z, 8 T HElEX.

EX9.1 RntBFEHA(x,%,,5,) (5, ER) A= n R/ (Hn
SEl) A n SR ESYM n EZEH,iICH R K(0,0,-,00KHF n
K= AR A.

B et i — 425 8] R, JUAT sk B3 Br A SE 3B (x,y) HEA N
HEzsa] R, JLAT R AR FE; B RS EME =425 [ R*.2 n>3 B, 254
R EFEMHWILAIER, BEMNZER ELRFEERN, LN, RATAETE K “Kw—2z5"
ZEEMESE.RIEEATLUEB T % =8 ERER =41 FrZSHE.

EX9.2 R FHEEWA A(a,,a,,,a,) M B(b,,b,,---,b,) [A] K BE B
p(A,B)HER

p(A,B)=,/(a,~b,)*+(a,~b,)*+---+(a,-b,)>.

X5 nfFMBRHEGER) MEXE BN SERKELIEH, & PP,
P, R=EAn B\ ME“=ZAFER".

p(P,,P,) <p(P,,P,)+p(P,,P,).

EX9.3 ®P,ER,EH6>0,MHKR" HFE




*2- EE ZLERBMSE

{P|p(P,P,)<5,PER"}
HR P, #6448k Uy(P,).

Uy (Py) BU Py 0,6 HERH“n HIR”ARMFTARMES LRMA
X042 8 MR/, RIBERK P, B4R, iCH U(P,) Q. U,(P,) BR A
P, B30 8 4R,

EN 9.4 WESECR,HP,ER",EI6>0,f8 U(P,) CE,MFK P, HE
MAREP, WEMBSBARERT EMNE  BAEAR
BFEWR(P, AIURBTFE,MWUARRET E), WK
P, RHEWARR.EWARRHEERRK E KR, C
HJoE(HE 9.1).

EX9.5 HESEMNBNABMEEHAL, MG
E RF#E.ZE E PEMPSEA E PRIMZE (R F
KEWERSE  WELERE x,=2,(1),i=1,2,,ni 9.1
HE)EE MR E (KR EEE EBAERIRERFARE. XEMENAR
9 3 4 Y 488 E X 3

EX9.6 #FIH0,FEFECU(0),Hp 0&R FHFEL0,0,-,
0), Wit EHFHR, FEME K57

B, { (x,y) |x+y>0} B R* P RERXIR, MES | (2,7,2) | 2+ +7 <1}
& R’ hH R K.

9.1.2 ZBILEAEH

RLAES, EFBBKREFEIRFENU LR R, 260 TF.
Bl1 —EFEBNEMEESENERp, KR VHEXEE T 26 A KE
E3 3

_RT
P=

HP RAEE
B2 KAKKERVHENK 2, Ty I 2 H85E -
V=xyz (x,y,z>0).
B3 BRALABRPHFELS, BRE  SHEHFRNSWALE x,y,z SR ¢, DL RS
RAFERE 7, ZKMANHEE o HX:

© BRXF“R"RAMS, A0, E D PTEN K" BB Py(a,,,a,) ER.HM ,50,i=
1,2, 0, AR (5,,,x,) | |5-a; |<n;,i=1,,n} H&E P 9 K" REH. BRE R WER
PAT I th K " AR AL, 20 K ™ TR 4B 4 P T4 L “ 3R R 4B 48



9.1 ZRLEBWESHES +3-

T=f(t,%,y,2,74,v).

EX9.7 BDE Oy FEHMAE, EXR:E5EDFHRER »,y ZHE—
MEBRR ,FHBED ABRE TR P(x,y) W, EXNRRAHEN 2 H
H2Z xR, M3z B2,y R (R) BE,IEH

z=f(x,y) (B z=f(P)).
TR z=f(x,y) R Oxy FHESRED B 2 fh LB f:D-R.FRx,y NEE
B.Rz:HEAER, SE D RAIKRBEE, BE

{z|z=f(x,y),(x,y) €D}
PR O 2% o B Y (R .

R z=f(x,y) TER Po(x0,7,) A B RBMEICH f(%,,50) BS(P,)-

FUH, AT LAE X n TCRREL. —u R o EM R BE R B TR M.

X F 20 R BN & S, S5 B 16 A ok 380K S SO I P SE PR B U SE , S
Hb B 7T ok B, S SO BE 2 E S 3 Rl P9 R B 45 B E oR BUEL B9 BT R BT R B
I REE.

B4 PRI z=In(x+y) WEXBR (2,y) [x+y>0} , EFHEMRLITRT
REZ x+y=0 G L FHEFE(ATZELR) ,BEFAFXI(HE 9.2).

Bl5 R =222y S/ - TR XER | (x,y) | (2-1)"+y" <
1,H «*+y*>1} ,F 93 hERAEWA FTHERSE.

y
Q
xty=0 *

&9.2 9.3

Bl 6 B u=./z-x"—y" +arcsin(x’+y’+2*) KB LML | (x,7,2) | s*+y* <z
B+ +l <1}  ESAHALHRTEUEANRO, 1 MERHREN, Ik
WY z=2"+y" LTS, RAFAXE(E9.4).

RMNSEEMBIWFEXE D EH TR

z=f(x,y), (x,y)€D
REER =%z R P HihE(E.S).
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9.4

Bildn, B2 EBAT LR, B 2= VR " -y ETE R R A R ,R R
BB EERE; W z=2"+ WEREREERYE; RE 2=+ WEER
B 4T ; B3 z=xy METE R W ; — kR R 3 Ax+By+Cz+D=0 HEE &
- .

BEHH N—TtE B ol ERNEM G LSS — S RN
ZH MEBITBRBZEZRAKR, HiTIE LT RN B L TRy .

9.1.3 ZETAEBNBMREELE

REHRECR, AP, ER" R P, WIEMBHEFBAEFTENMNRRBTE,
W#R P, ARB EN— I RRARAAEGURET E, WAIEART ELEGHN
RPRRRAFSTRERRS, BWATEAL.

EX9.8 Bu=f(P),PED,P,EDHRI AREHMAEVe>0,36=
8(e)>0,fF18 %Y PED,H 0<p(P,P,) <5 Bt ,fHF

|f(P)-A|<s,
W ¥ P—P, B, BB S(P) L A H4RBR ,ICHE
Amf(P)=4.
HPRIMER,DHN B, E Po(x,y,) 2 D KRR, ERBRICH
lim  f(z,y)=4 = limf(x,y)=A.

(z,7)—=(x0.70)
Y—*JYo

ZILRPEEBRHEER: REL P(PED)B P, WER p(P,P,) 0,3
£ f(P)—A.

1
w7 ﬁtﬁE( lim (x’+y*)sin —=0.
xy

z,y)—(0,0)

iERR HH



9.1 ZTLABMERMS .5

(x2+y2)sin L—O = (x2+y2) &in L‘ sz_{_yz =p2 ,
xy xy
BTEL, V £>0, B 6=y , 1|24 0<p<8(xy=0) B ,fHH

<g,

1
(x*+y*)sin —-0
xy
[4

(x,y)—(0,0)

55 00T, AR 25 T R O 1 R 5 — T B R S SR 0 S e
£ —TRBAER AL BRAE N R B AR ELRR LAY, TR
PR PR LB EUERTAT BRI TR R R T Py 0 /(P) BA R, H
5. B

L INSRA P UBRAR HF RERBET P, B (P BT R, 0T
Wi limf(P) P EE.

2. B P BULFTRRERAT Py B (P) BT Fl— A, 0BT R b
5 S(P) B
3. WRE A limf(P) FAE , U AT — K5 9K i B R R

1
lim (x*+y")sin —=0.
xy

B8 iLEE lim Yttt

s.y)—~(0.0)x’+y‘

B YR (x,y)HHK y=ks 5T (0,0) B,
lim f(x,y)=lim h # =lim LE

(,ks)—(0,0) Py L v Sy I A

NHEHL =0, 1F

(o'y}ig(lo,o)f(x,y)= }i_{gf(O,y) =0.
XA EAELRE TEAN ,(2,y) BETE.REWMN, EREHR f(x,y) K
ZABRMB HAIS (2, ) BT O0,0)HWFREFLFEMEER, Y (x,y) IR
Y& x=y BT (0,0)Ht,

lim  f(x,y)= lim—— =

(r2.9)—(0,0) =0yt 4yt 2

Bl 8 HEIRRAFLE.

2

R f(x,y) = %E x B4 R, R

B9.6, T yMinFR; XEy WEBRE, BEXT
AL ARTE y=0 Xt FK.
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— JT BR BOR AR BR Y 0 U 52 8k T | Sfe B o JU AR AT L4 T 3 25 0 oR B AR PR 12
B ER, ME— 4 AR PR SRR B R R A S A AR L

sin(xy) _ . sin(xy) _

%9 lim limy a (a#0).
x—0 2—0 xy
y—a y—a
2%y’
H110 Rlim——r—.
Ty -y

y—0

R e %S x=pcos 0,y =psin 0, (x,y) > (0,0) 4K p—0, X

2p cos fsin’@ 2, 2, 2
\” ‘< 2 P15 0 K%, Elim——=0, H iy e 57 o
1-p“sin" @ 1-p ~01-p

; (0<p<l) HEX
1-p

LB

) 2xy° . 2p cos fsin’g
lim 2 2 4=lllll 2 . 4 =0.
*-'gx +y"=y" =0 1-p°sin"@

-

IR H 2 (x,5) = (%0,50) B BHF 2 71y BAEN RHRLARF BT 2, 7
yo B, REEIEE AT E)E. I

2
X
limlim—2—=Tim0= 0
7020 5 +y y—0

541 8 Bk BRA B — [ 5.
EX9.9 WEREAP)WEXEHND,P, REDHRKMRP,€D,H
limf(P)=f(P,),
M VLR L f(P)TER P, A ZELE,HFFR P, B f(P)WEZER BN P, 2 fF(P)H
i B
#ig Au=f(P)-f(P,) ,p=p(P,P,) , K% u=f(P) 1 P, AL ELFEH T
limAu=0.

p—0

MR EE (PR E R — QA mELE, MR f(P) X E E&
%, H f(P)EC(E).

Blan, K f(x,y)=

2

Y e (x,y) T F AL HESE, RS (x,y) = —2—
ty x +y

1+x
1

2 2
—-x" -y

AR (0,0) b A FELE, %K f(x,y) = sin :

[E] B

EZEEEALRRT, FEXEKE ) nELERK z=f(x,y) WEERE
E FRITH—5K“ LTS % 22l T

Fl—mR—H, ZTELERBHN. 2 R E(IBART)RES
MEREZN. FEMEAZEENEAMEFRBELERRUNZENERKES,

AR «*+y" =1 _Fabsb



9.2 WERSHHMIK 7.

H—ITAFRENBBRANLZ T FRH, TN FRBEENE BB
MR AL ELE.

ARARE T EERBA N TEERR:

L [(RABR/MFER]IEFRAAXR EESHWRBLAER, BABKMEM
B®/IMH.

2. [MrEFESE I EAFAXE EESZNRBLERBIN FRXES B/
1B 2 8] B AEfTE.

9.2 WIRBEERBESE

9.2.1 REH

TSR EEFTETH I ZEZHEAERHANE  EHMEREEAEHE
OF AR BREE XREAMARZ TR BELMETRRE
EARZE, KR — 1 B BRI R —AR T 3R

EX9.10 BB z=f(x,y) TR (x,,7,) IHESBHAEE L, BEE y=1,,
% %, AR Ax,FR

A z=f(x,+Ax,5,) ~f(%0,¥,)
R f(x,y) TR (%,5) AR T « K IRIER. E KR

Az
hm—=11m [f(xo+Ax ¥o) f(%4,%,) ]

A0 Ax Az
ﬁz:g,mmntmafaw@ﬁz=f<x,y>zz,¢a<xo,yo>at;ea=xmﬁsﬁ,iaﬂq
= R £1(20.70) D
(xq,79)
RIRERE X 2=f(x,y) 225 (o, yo>at;e$yaqﬁ5aw
z A
Tl =)= s lim gt AY) (20170 1.
ay (=0.70) Ay Ay—~0
nu%&ziwmﬁ—ﬁ(x,mm&z-f(x,y);eﬁmﬁsﬁ&ﬁsﬁﬁ,ﬂrz
LAXAMRSERE E WA (x,y) KRB FRZ N 2=f(x,y) % F » RS B,
et x RS, TN
9z af(x,y)

’ il NI B ’ .
Zo oo . B fi(x,y)

O —TEBS(=) WY AR " RA.BTREK S(2,y) R, Tl TRt B4 H LR
KRG, ATLAE R 0 £, (x0,50) T fl2,y) FER (20,70 KT = HRIFE.



~ B BhE ZLEBMSE

F#E,z=f(x,y) 3 y WIRT (B ) W ,icH
, o af(x,y) :
o a_y’ ay 17 f,(xJ)~
- RS (2, y) ZE AR (%0,70) AEHOME, R R BB B S (%,7) FERR (%0,70) LR TF
x FIR RS (%0,70)-
Xt — M 2 0 R AT LA U3t AR 2 IR B w=1(x,y,2) TR (2,70,
7)) R TF = HR A
ou
PR E LA, ZTTRBENEN BEBHRSFB AR EH M TR
HER,FERBEN XN AERENTBAEFUAA - TRENIBEARS
®EL, R ERSET.
Bl 1 3R z=2"y+sin y ZEH(1,0) BB ANMR T H.

1
=f1(%0,Y0:%)= }imoA_[f(xo*’Axyyo o2 ) %y . ¥pv8) 1.
—0A%

® BT
9z 0z
—=2xy, —=x’+cosy,
0x ay
[iv¢

) a

= =2xy| =0, = = (2’ +cos y) =2.

9% | (4,0 97 | (1,09 =1

=0 y=0

B2 R f(x,y,2)= (2-a”)sin In 2* £/ (1,0,2) LB =R TR
M ORI — SR, AT LR b R B EAA B — TR,
RI, HEBEE.

2
f1(1,0,2)= (sin In z%)" | ,=1=7cos Inx*| _, =2,

f;(110,2)=0’|y=0=09 f:(1,0’2)=0,|x=2=0'
B3 3K z=x(2>0) KR FH.
B z=yx ",z =x"Inx.
B4 EHEFR,,R,,R, FEREFRAHEN
1 1 1,7
*~(rwm)
# R >R,>R,>0, A1 = e BH P i B8R — A, Xt 520 B B R BB K.
B AN
R _R* B8R R* 4R R’

3R, R}’ 4R, R}’ 4R, R?’

R, B/h ,Efu:%ﬁjc.&i&ﬂ% R, % R B HRA.



9.2 MIFPFSEMRMIH

5 kKT
xy2
T ,y)#(0,0),
fay= [ (B0 #(0.0)
07 (xJ’)=(O,0)
R (0,0) B PR -F 2L
W XBELAHRSEESGHE
£1(0,0)= i OHARO SO0y, O o
Az—0 Ax Ax—0Ax
£40,0)= 1l AN SO0 D g,
y Ay—0 A}' A,_.oAy

PR R BB 7E, B 9. 1 Wi 8 A1, % (x,y) —(0,0) B XA R B AR R, B

A7 (0,0) b AL

—JLRR AT AL E L AN BT R, I R B, RBCRLF R, ER

R T gt
S T — He 338 0 5 — [ 051, 6 28 00 S 0 B L7 3 .

B A2 H S (%0,7,) B —TEeRE f(x,y,) & x, LB FH, BT UL E

Fulxo,y,) B z=1(x,y) 5F@E y=y, #
LR z=f(x,5,) TR (%0,50.0(%0,%0) ) &L I ]
&t x B R TR 1 (2,,7,) BAli@E 2=
fla,y) 5 FEx=2, LR z2=1(x,,7) FER
(%0,70,/(%0,70) ) REBI IR X ¥ A FLER (I
& 9.7).

HAMWRFE S (%0,7,) NG RE z=f(=,y)
e y=y, LBERR.f(%,5,) 105 z=1(x,y)
Ex=x, FEARX, 5(x,,5,) BEA ALK
LRI RBUET R, BT LUR 5 B FE7E A BB AR E
oR B0 R PR

Bl 6 mHEESKNREITR pV=RT,#

®9.7

MRS EFH AKX

iERR HR
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op_ RT aV_R aT_V

P A

ﬁJﬁﬂi%{ﬁ%ﬁﬁ%E Ei#ﬁ%ﬁﬁiﬂ’% A BB R — IT bR 30 = BOIR H B AR

oL B
9.2.2 EHREE
W z=f(x,y) EXH E HFHEWIFE
0z , ﬁ: '
'a_x—f,(x’y)s ay fy( ,J'),

ENTR EW «,y KR W0 R EMU5H =280 AR E AT H -3 202 58 5
=fx, ) N MW, ZCRB z=f(x,y) TAA WO TF WA =B W
IR

a(a’)=%—f"<x,y> a("’*’)=a = (x,y)= 2"

ox\ ox dy\ dx] 9dxdy
0 (0z , d [0z 6z
o _—__ : (x1 Z ( ) =f" x, 2] ’
ax(ay) ayan =) o] oy I T

Ko f,(x, ) [ (x,y) RAREZHRIE.
3% HE b T LLSE SC& B R F50, B F B DL E R S BUSERR D ' B R S
B17 BH z=In(s"+y) , REMAS K RFH.
# BT
9z 2x 0z 1

g_xz+y, a9y x2+y,

5.
622_2(x2+y)—4x2_2(y—x2) 822_ -2x
()t ()P amdy (xP4y)®
3’z -2x 3’z =

dydx (x*+y)2" oy’ (aP+y)?
B 7T HENMEE B RIFEES, —BEATXBEARLRN, HE —ER
4T B
EEI1 MRES(2,y) WEHANE z=1(2,y) WIRFE 2z, ,2, & 27 &
FE B TER(x,y) b ELE AR ERIE . ES (2,y) o tBFE B



9.3 £ WM & -11 -

(iE B % )
— i, ZTTRBKES W FRIMRELE, M5 RIFERFEX.
#8 &% u=e”sinz,3Ku”_ ,u",.
8 u.=ye”sin z,u” =y e”sin z,u”,=ye7cos z,u"”, =y e7cos z. A K u" ,u"FF
e, H vl %5, BT LA
u” =u"_ =y'e” cos z.
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R z=f(x,y) TER P(x,y) WELBRAE E XL, P' (x+Ax,y+Ay) RIEH
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Az=f(x+Ax,y+Ay) ~f(x,y) (1)
HEPER P(x,y) b LEE.

ZHRBE—-RNEEER Ax, Ay KRB — RUK, Az B Ax, Ay WBRE
ZEEE YT RNER Ax, Ay BB T, BERBZ BRI MM —ITE
BOIRHE, H Ax, Ay MR BORIE MU Az, (IR R

Az =AAx+BAy+o(p)

= (4 B>(§;) +o(p) (2)

Heo A,B RKBT Ax,Ay,p=+/(A2)*+(Ay)" . XB=4 T M3 HEE.

EX9.11 EHRBz=f(x,y) R P(x,y) 2R (1) BBRAMR(2) B
T, W BE R E z=f(x,y) TE R P AL AT, R AAx+BAy R EFE A P AL HI 26
5,12 dz 5 df, Bp

dz=AAx+BAy= (A B)(Ax). (3)
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