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Glossary of Notation

Non-alphabetic notation

G+H
"GVH
GOH
GaH, ArB
Gox
Goh
Ax B
A—B

i)
nyng

Y|X

adjacency relation
successor relation (digraph)
isomorphism relation
congruence relation
implication

floor of number

ceiling of number

{1, ...t}

absolute value of number
size of set

set description

infinity

empty set

union

intersection

subset

subgraph

subgraph of G induced by §
complement of graph or set
(planar) dual

kth power of graph

set of k-tuples from §

edge cut

source-sink cut

deletion of vertex

deletion of edge
contraction of edge

disjoint union of graphs
join of graphs

cartesian product of graphs
symmetric difference
vertex duplication

vertex multiplication
cartesian product of sets
difference of sets

binomial coefficient
multinomial coefficient

n-vector with all entries 1
conditional variable or event

Roman alphabet

A(G)

AdjA

B(G)

By

Cu

Cy

Cx

c(G)

c(G)

C(G)

c(e)
cap(§S,T)

7 | RO,
d(v),dg(v)
d*(v),d (v)
D

D(G)
d(u,v)
diam G
det A

E(G)

E(X)

e(G)

fr), f*(S)
), f7(S)
i

f
G

G?P
Hl(,n

K.s
L(G)
l(e)

adjacency matrix
adjugate matrix
bandwidth

bases of matroid
circuits of matroid
cycle with n vertices
power of a cycle
number of components
circumference
(Hamiltonian) closure
cost or capacity
capacity of a cut
degree sequence
degree of vertex
out-degree, in-degree
digraph

distance sum

distance from u to v
diameter

determinant

edge set

expected value

size (number of edges)
total exiting flow

total entering flow
function, flow

number of faces

graph (or digraph)
random graph in Model A
Harary graph
independent sets of matroid
identity matrix
matrix of all 1’s
complete graph
complete bipartite graph
line graph

lower bound on flow



1(D)

I(F)

Igx

Inx

M

M(G)

M(G)

M‘

M.F

M|F

N

N
N(v)Ng (v)
Nlv]

N*(v), N"(v)
n(G)
O(f),o(f)
o(H)

P(A)

Pn
pdim G
qdim G
Ok

rad G
R(k,1)
R(G, H)
R

R2

maximum length of path
length of a face
logarithm base 2
natural logarithm
matching

incidence matrix

cycle matroid of G

dual hereditary system
contraction of M to F
restriction of M to F

set of natural numbers
network

(open) neighborhood
closed neighborhood
out-, in-neighborhood
order (number of vertices)
growth rate

number of odd components
probability of an event
path with n vertices
product dimension
squashed-cube dimension
k-dimensional hypercube
radius

Ramsey number

graph Ramsey number
set of real numbers

R xR

rank function of matroid
surface with y handles
spectrum (eigenvalues)
transpose of matrix

tree, tournament

Turan graph

size of Turan graph
uniform matroid

upper bound on flow
value of a flow f

vertex set

wheel with n vertices
weight of edge

set of integers

integers modulo p

Greek alphabet

a(G)
a'(G)
B(G)
B'(G)
y(G)
A(G)
AY(G), A™(G)
3(G)
8§7(G), 87 (G)
a(v)
€g(u)
o)
0(G)
0'(G)
k(G)

k' (G)
k(x,y)
K'(x,y)
k(r; G)
Alx,y)
A(x,y)
AlsovnsAp
U1 -evy Kn
u(e), u(G)
v(G)

[1

p(G)

Y,

0,7, T
o(v)

Om

7(G)
T(G)
¢(G; 1)
x(G)
x'(G)
x(G; k)
x1(G)
V(G )
Q(f), w(f)
w(G)

independence number
maximum size of matching
vertex cover number
edge cover number
genus, domination number
maximum degree
maximum out-, in-degree
minimum degree
minimum out-, in-degree
demand at a vertex
eccentricity of u in G
growth rate

clique cover number
intersection number
(vertex) connectivity
edge-connectivity

local connectivity

local edge-connectivity
local-global connectivity
max # disjoint paths
max # edge-disjoint paths
eigenvalues

eigenvalues

edge multiplicity
crossing number

product

maximum density
summation

permutation

supply at a vertex

span function

number of spanning trees
arboricity

characteristic polynomial
chromatic number
edge-chromatic number
chromatic polynomial
list chromatic number
minimum polynomial
growth rate

clique number
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Preface

Graph theory is a delightful playground for the exploration of proof tech-
niques in discrete mathematics, and its results have applications in many areas
of the computing, social, and natural sciences. The design of this book permits
usage in a one-semester introduction at the undergraduate or beginning grad-
uate level, or in a patient two-semester introduction. No previous knowledge of
graph theory is assumed. Many algorithms and applications are included, but
the focus is on understanding the structure of graphs and the techniques used
to analyze problems in graph theory.

Many textbooks have been written about graph theory. Due to its em-
phasis on both proofs and applications, the initial model for this book was
the elegant text by J.A. Bondy and U.S.R. Murty, Graph Theory with Applica-
tions (Macmillan/North-Holland [1976]). Graph theory is still young, and no
consensus has emerged on how the introductory material should be presented.
Selection and order of topics, choice of proofs, objectives, and underlying themes
are matters of lively debate. Revising this book dozens of times has taught me
the difficulty of these decisions. This book is my contribution to the debate.

The Second Edition

The revision for the second edition emphasizes making the text easier for
the students to learn from and easier for the instructor to teach from. There
have not been great changes in the overall content of the book, but the presen-
tation has been modified to make the material more accessible, especially in
the early parts of the book. Some of the changes are dlscussed in more detail
later in this preface; here I provide a brief summary.

e Optional material within non-optional sections is now designated by (*); such
material is not used later and can be skipped. Most of it is intended to be
skipped in a one-semester course. When a subsection is marked “optional”,
the entire subsection is optional, and hence no individual items are starred.

e For less-experienced students, Appendix A has been added as a reference sum-
mary of helpful material on sets, logical statements, induction, counting
arguments, binomial coefficients, relations, and the pigeonhole principle.
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e Many proofs have been reworded in more patient language with additional
details, and more examples have been added.

¢ More than 350 exercises have been added, mostly easier exercises in Chapters
1-7. There are now more than 1200 exercises.

e More than 100 illustrations have been added; there are now more than 400.
In illustrations showing several types of edges, the switch to bold and solid
edges instead of solid and dashed edges has increased clarity.

e Easier problems are now grouped at the beginning of each exercise section,
usable as warm-ups. Statements of some exercises have been clarified.

¢ In addition to hints accompanying the exercise statements, there is now an
appendix of supplemental hints.

o For easier access, terms being defined are in bold type, and the vast majority
of them appear in Definition items.

e For easier access, the glossary of notation has been placed on the inside covers.

e Material involving Eulerian circuits, digraphs, and Turan’s Theorem has been
relocated to facilitate more efficient learning.

e Chapters 6 and 7 have been switched to introduce the idea of planarity earlier,
and the section on complexity has become an appendix.

e The glossary has been improved to eliminate errors and to emphasize items
more directly related to the text.

Features

Various features of this book facilitate students’ efforts to understand the
material. There is discussion of proof techniques, more than 1200 exercises of
varying difficulty, more than 400 illustrations, and many examples. Proofs are
presented in full in the text.

Many undergraduates begin a course in graph theory with little exposure
to proof techniques. Appendix A provides background reading that will help
them get started. Students who have difficulty understanding or writing proofs
in the early material should be encouraged to read this appendix in conjunction
with Chapter 1. Some discussion of proof techniques still appears in the early
sections of the text (especially concerning induction), but an expanded treat-
ment of the basic background (especially concerning sets, functions, relations,
and elementary counting) is now in Appendix A.

Most of the exercises require proofs. Many undergraduates have had lit-
tle practice at presenting explanations, and this hinders their appreciation of
graph theory and other mathematics. The intellectual discipline of jus*ifying an
argument is valuable independently of mathematics; I hope that students will
appreciate this. In writing solutions to exercises, students should be careful in
their use of language (“say what you mean”), and they should be intellectually
honest (“mean what you say”).

Although many terms in graph theory suggest their definitions, the quan-
tity of terminology remains an obstacle to fluency. Mathematicians like to
gather definitions at the start, but most students succeed better if they use a
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concept before receiving the next. This, plus experience and requests from re-
viewers, has led me to postpone many definitions until they are needed. For
example, the definition of cartesian product appears in Section 5.1 with color-
ing problems. Line graphs are defined in Section 4.2 with Menger’s Theorem
and in Section 7.1 with edge-coloring. The definitions of induced subgraph and
join have now been postponed to Section 1.2 and Section 3.1, respectively.

I have changed the treatment of digraphs substantially by postponing their
introduction to Section 1.4. Introducing digraphs at the same time as graphs
tends to confuse or overwhelm students. Waiting to the end of Chapter 1 al-
lows them to become comfortable with basic concepts in the context of a single
model. The discussion of digraphs then reinforces some of those concepts while
clarifying the distinctions. The two models are still discussed together in the
material on connectivity.

This book contains more material than most introductory texts in graph
theory. Collecting the advanced material as a final optional chapter of “addi-
tional topics” permits usage at different levels. The undergraduate introduction
consists of the first seven chapters (omitting most optional material), leaving
Chapter 8 as topical reading for interested students. A graduate course can
treat most of Chapters 1 and 2 as recommended reading, moving rapidly to
Chapter 3 in class and reaching some topics in Chapter 8. Chapter 8 can also
be used as the basis for a second course in graph theory, along with material
that was optional in earlier chapters.

Many results in graph theory have several proofs; illustrating this can in-
crease students’ flexibility in trying multiple approaches to a problem. I include
some alternative proofs as remarks and others as exercises.

Many exercises have hints, some given with the exercise statement and
others in Appendix C. Exercises marked “(—)” or “(+)” are easier or more dif-
ficult, respectively, than unmarked problems. Those marked “(+)” should not
be assigned as homework in a typical undergraduate course. Exercises marked
“(!)” are especially valuable, instructive, or entertaining. Those marked “(x)”
use material labeled optional in the text.

Each exercise section begins with a set of “(—)” exercises, ordered according
to the material in the section and ending with a line of bullets. These exercises
either check understanding of concepts or are immediate applications of results
in the section. I recommend some of these to my class as “warmup” exercises
to check their understanding before working the main homework problems,
most of which are marked “(!)”. Most problems marked “(—)” are good exam
questions. When using other exercises on exams, it may be a good idea to
provide hints from Appendix C.

Exercises that relate several concepts appear when the last is introduced.
Many pointers to exercises appear in the text where relevant concepts are dis-
cussed. An exercise in the current section is cited by giving only its item
number among the exercises of that section. Other cross-references are by
Chapter.Section.Item.
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Organization and Modifications

In the first edition, I sought a development that was intellectually coherent
and displayed a gradual (not monotonic) increase in difficulty of proofs and in
algorithmic complexity.

Carrying this further in the second edition, Eulerian circuits and Hamilto-
nian cycles are now even farther apart. The simple characterization of Eulerian
circuits is now in Section 1.2 with material closely related to it. The remain-
der of the former Section 2.4 has been dispersed to relevant locations in other
sections, with Fleury’s Algorithm dropped.

Chapter 1 has been substantially rewritten. I continue to avoid the term
“multigraph”; it causes more trouble than it resolves, because many students
assume that a multigraph must have multiple edges. It is less distracting to
append the word “simple” where needed and keep “graph” as the general ob-
ject, with occasional statements that in particular contexts it makes sense to
consider only simple graphs.

The treatment of definitions in Chapter 1 has been made more friendly
and precise, particularly those involving paths, trails, and walks. The informal
groupings of basic definitions in Section 1.1 have been replaced by Definition
items that help students find definitions more easily.

In addition to the material on isomorphism, Section 1.1 now has a more
precise treatment of the Petersen graph and an explicit introduction of the
notions of decomposition and girth. This provides language that facilitates
later discussion in various places, and it permits interesting explicit questions
other than isomorphism.

Sections 1.2-1.4 have become more coherent. The treatment of Eulerian
circuits motivates and completes Section 1.2. Some material has been removed
from Section 1.3 to narrow its focus to degrees and counting, and this section
has acquired the material on vertex degrees that had been in Section 1.4. Sec-
tion 1.4 now provides the introduction to digraphs and can be treated lightly.

Trees and distance appear together in Chapter 2 due to the many relations
between these topics. Many exercises combine these notions, and algorithms
to compute distances produce or use trees.

Most graph theorists agree that the Konig-Egervary Theorem deserves an
independent proof without network flow. Also, students have trouble distin-
guishing “k-connected” from “connectivity k”, which have the same relationship
as “k-colorable” and “chromatic number k”. I therefore treat matching first and
later use matching to prove Menger’s Theorem. Both matching and connectivity
are used in the coloring material.

In response to requests from a number of users, I have added a short op-
tional subsection on dominating sets at the end of Section 3.1. The material
on weighted bipartite matching has been clarified by emphasis on vertex cover
instead of augmenting path and by better use of examples.

Turan’s Theorem uses only elementary ideas about vertex degrees and in-
duction and hence appeared in Chapter 1 in the first edition. This caused some
difficulties, because it was the most abstract item up to that point and students
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felt somewhat overwhelmed by it. Thus I have kept the simple triangle-free
case (Mantel’s Theorem) in Section 1.3 and have moved the full theorem to
Section 5.2 under the viewpoint of extremal problems related to coloring.

The chapter on planarity now comes before that on “Edges and Cycles”.
When an instructor is short of time, planarity is more important to reach than
the material on edge-coloring and Hamiltonian cycles. The questions involved
in planarity appeal intuitively to students due to their visual aspects, and many
students have encountered these questions before. Also, the ideas involved in
discussing planar graphs seem more intellectually broadening in relation to the
earlier material of the course than the ideas used to prove the basic results on
edge-coloring and Hamiltonian cycles.

Finally, discussing planarity first makes the material of Chapter. 7 more
coherent. The new arrangement permits a more thorough discussion of the
relationships among planarity, edge-coloring, and Hamiltonian cycles, lead-
ing naturally beyond the Four Color Theorem to the optional new material on
nowhere-zero flows as a dual concept to coloring.

When students discover that the coloring and Hamiltonian cycle problems
lack good algorithms, many become curious about NP-completeness. Appendix
B satisfies this curiosity. Presentation of NP-completeness via formal languages
can be technically abstract, so some students appreciate a presentation in the
context of graph problems. NP-completeness proofs also illustrate the variety
and usefulness of “graph transformation” arguments.

The text explores relationships among fundamental results. Petersen’s
Theorem on 2-factors (Chapter 3) uses Eulerian circuits and bipartite match-
ing. The equivalence between Menger’s Theorem and the Max Flow-Min Cut
Theorem is explored more fully than in the first edition, and the “Baseball Elim-
ination” application is now treated in more depth. The k — 1-connectedness of
k-color-critical graphs (Chapter 5) uses bipartite matching. Section 5.3 offers
a brief introduction to perfect graphs, emphasizing chordal graphs. Additional
features of this text in comparison to some others include the algorithmic proof
of Vizing’s Theorem and the proof of Kuratowski’s Theorem by Thomassen’s
methods.

There are various other additions and improvements in the first seven
chapters. There is now a brief discussion of Heawood’s Formula and the
Robertson—Seymour Theorem at the end of Chapter 6. In Section 7.1, a proof
of Shannon’s bound on the edge-chromatic number has been added. In Section
5.3, the characterization of chordal graphs is somewhat simpler than before by
proving a stronger result about simplicial vertices. In Section 6.3, the proof of
the reducibility of the Birkhoff diamond has been eliminated, but a brief dis-
cussion of discharging has been added. The material discussing issues in the
proof of the theorem is optional, and the aim is to give the flavor of the approach
without getting into detailed arguments. From this viewpoint the reducibility
proof seemed out of focus.

Chapter 8 contains highlights of advanced material and is not intended for
an undergraduate course. It assumes more sophistication than earlier chapters
and is written more tersely. Its sections are independent; each selects appeal-
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ing results from a large topic that merits a chapter of its own. Some of these
sections become more difficult near the end; an instructor may prefer to sample
early material in several sections rather than present one completely.

There may be occasional relationships between items in Chapter 8 and
items marked optional in the first seven chapters, but generally cross-references
indicate the connections. The material of Chapter 8 has not changed substan-
tially since the first edition, although many corrections have been made and
the presentation has been clarified in many places.

1 will treat advanced graph theory more thoroughly in The Art of Combina-
torics. Volume I is devoted to extremal graph theory and Volume II to structure
of graphs. Volume III has chapters on matroids and integer programming (in-
cluding network flow). Volume IV emphasizes methods in combinatorics and
discusses various aspects of graphs, especially random graphs.

Design of Courses

I intend the 22 sections in Chapters 1-7 for a pace of slightly under two
lectures per section when most optional material (starred items and optional
subsections) is skipped. When I teach the course I spend eight lectures on
Chapter 1, six lectures each on Chapters 4 and 5, and five lectures on each of
Chapters 2, 3, 6, and 7. This presents the fundamental material in about 40
lectures. Some instructors may want to spend more time on Chapter 1 and omit
more material from later chapters.

In chapters after the first, the most fundamental material is concentrated
in the first section. Emphasizing these sections (while skipping the optional
items) still illustrates the scope of graph theory in a slower-paced one-semester
course. From the second sections of Chapters 2, 4, 5, 6, and 7, it would be bene-
ficial to include Cayley’s Formula, Menger’s Theorem, Mycielski’s construction,
Kuratowski’s Theorem, and Dirac’s Theorem (spanning cycles), respectively.

Some optional material is particularly appealing to present in class. For
example, I always present the optional subsections on Disjoint Spanning Trees
(in Section 2.1) and Stable Matchings (in Section 3.2), and I usually present
the optional subsection on f-factors (in Section 3.3). Subsections are marked
optional when no later material in the first seven chapters requires them and
they are not part of the central development of elementary graph theory, but
these are nice applications that engage students’ interest. In one sense, the
“optional” marking indicates to students that the final examination is unlikely
to have questions on these topics.

Graduate courses skimming the first two chapters might include from them
such topics as graphic sequences, kernels of digraphs, Cayley’s Formula, the
Matrix Tree Theorem, and Kruskal’s algorithm.

Courses that introduce graph theory in one term under the quarter system
must aim for highlights; I suggest the following rough syllabus: 1.1: adjacency
matrix, isomorphism, Petersen graph. 1.2: all. 1.3: degree-sum formula, large
bipartite subgraphs. 1.4: up to strong components, plus tournaments. 2.1: up
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to centers of trees. 2.2: up to statement of Matrix Tree Theorem. 2.3: Kruskal’s
algorithm. 3.1: almost all. 3.2: none. 3.3: statement of Tutte’s Theorem, proof
of Petersen’s results. 4.1: up to definition of blocks, omitting Harary graphs.
4.2: up to open ear decomposition, plus statement of Menger’s Theorem(s).
4.3: duality between flows and cuts, statement of Max-flow = Min-cut. 5.1
up to Szekeres-Wilf theorem. 5.2: Mycielski’s construction, possibly Turdn’s
Theorem. 5.3: up to chromatic recurrence, plus perfection of chordal graphs.
6.1: non-planarity of K5 and K33, examples of dual graphs, Euler’s formula
with applications. 6.2: statement and examples of Kuratowski’s Theorem and
Tutte’s Theorem. 6.3: 5-color Theorem, plus the idea of crossing number. 7.1:
up to Vizing’s Theorem. 7.2: up to Ore’s condition, plus the Chvétal-Erdés
condition. 7.3: Tait’s Theorem, Grinberg’s Theorem.

Further Pedagogical Aspects

In the revision I have emphasized some themes that arise naturally from
the material; underscoring these in lecture helps provide continuity.

More emphasis has been given to the theme of TONCAS—*“The obvious
necessary condition is also sufficient.” Explicit mention has been added that
many of the fundamental results can be viewed in this way. This both provides
a theme for the course and clarifies the distinction between the easy direction
and the hard direction in an equivalence.

Another theme that underlies much of Chapters 3—-5 and Section 7.1 is that
of dual maximization and minimization problems. In a graph theory course one
does not want to delve deeply into the nature of duality in linear optimization.
It suffices to say that two optimization problems form a dual pair when every
feasible solution to the maximization problem has value at most the value of
every feasible solution to the minimization problem. When feasible solutions
with the same value are given for the two problems, this duality implies that
both solutions are optimal. A discussion of the linear programming context
appears in Section 8.1.

Other themes can be identified among the proof techniques. One is the
use of extremality to give short proofs and avoid the use of induction. Another
is the paradigm for proving conditional statements by induction, as described
explicitly in Remark 1.3.25.

The development leading to Kuratowski’s Theorem is somewhat long. Nev-
ertheless, it is preferable to present the proof in a single lecture. The prelim-
inary lemmas reducing the problem to the 3-connected case can be treated
lightly to save time. Note that the induction paradigm leads naturally to the
two lemmas proved for the 3-connected case. Note also that the proof uses the
notion of S-lobe defined in Section 5.2.

The first lecture in Chapter 6 should not belabor technical definitions of
drawings and regions. These are better left as intuitive notions unless students
ask for details; the precise statements appear in the text.
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The motivating applications of digraphs in Section 1.4 have been marked
optional because they are not needed in the rest of the text, but they help clarify
that the appropriate model (graph or digraph) depends on the application.

Due to its reduced emphasis on numerical computation and increased em-
phasis on techniques of proof and clarity of explanations, graph theory is an
excellent subject in which to encourage students to improve their habits of
communication, both written and oral. In addition to assigning written home-
work that requires carefully presented arguments, I have found it productive
to organize optional “collaborative study” sessions in which students can work
together on problems while I circulate, listen, and answer questions. It should
not be forgotten that one of the best ways to discover whether one understands
a proof is to try to explain it to someone else. The students who participate find
these sessions very beneficial.
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will be made between printings of this edition.

I maintain a web site containing a syllabus, errata, updates, and other
material. Please visit!

http://www.math.uiuc.edu/~west/igt

I have corrected all typographical and mathematical errors known to me be-
fore the time of printing. Nevertheless, the robustness of the set of errors and
the substantial rewriting and additions make me confident that some error
remains. Please find it and tell me so I can correct it!

Douglas B. West
Urbana, Illinois
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