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Chapter 1 %R (Limits)

T RURR R (limits) BARAI S8 — A48 (Newton), B /5 3% ZX W 78 (Cauchy)
B T A BHOX MR BAR, FER, BBURHMFHIT (Weierstrass) 45t T HRFR ¥
FeRg R . ERKBEE T EB B, VP A EABS (L. M. Ra%E)
R B RS R AL R,

1.1 1RBR#E= (The Notion of Limits)
AT 41 R O R A s SCHL4 Y BLAA) T

Definition 1.1.1 Let f(z) be a function defined on an open interval about
Zp, except possibly at zg itself. We say that the limit of f(z) is a number a as z
approaches zo (£ = #[EF zo B, f(z) BHRBRA «) if, for every number € > 0,

there exists a corresponding number § such that for all z
0<|z—z0| <d=|f(z)—a| <e,
and we write

lim f(z)=a.
Tr—Ig

Example 1.1.1  Use the definition to prove that lin%) a® =1, where a > 1.
Tr—

ER XHMELH e > 0, FUEFFAE 6 > 0 ff8
O<|z|<d=la"—1|<e.
AR, Ak 0<e<1. BT
a® —1|<eel-e<a®<l+eslog,(l—¢) <z <log,(l+e¢),

HX 6 = min{—log,(1 — €),log, (1 +¢)}, M2 0 < |z| < 6 &, BIATUERA. O
Example 1.1.2 Prove that if g > 0, then zligzl VZ = \/Tg.
HEFR  XHEREM e > 0, FiEfAE 0 W2

0<|z—1x0| <= |vVT—T0| <E.



2 Chapter 1 #&F& (Limits)

HT vz BIEXIRHA [0, +oo), BT, EH 6 > 0 14 (20 — 6,20+ 6) C [0, +00),
AMEL § < zo, FIMT >0, vz BEEX.

l I

r —Xo r—X9

T — /x| = < E;
I\/_ OI \/E—f- /o Vo

B |z — 20| < ey/To. R4 6 = min{\/Zoe, 20}, W2 0 < |z — z0| < & B, UEH5E
==Y O

z—3 1
Example 1.1.3 Use the definition to prove that lim2 1= 3

=2 T
iERR fEHL e > 0, FUEFFAEE 0 45

-3 1
0<|z—2|<d= = +-|<e
z+1 3
i
:L'—3+1 |3z —-9+4+x+1| | 4zx-8 ._él:c—2|
z+1 3| | 3(+1) T3z +1)| 3|z+1)

S — fE o B —1 MR HEF
r+1

o +1) = o243 >3- |z —2]l,

1

I EATS 6 < 1, BB |2 + 1| > 2, 31 = FEX. A 6<e, WEH

g3 Y A2 4 L. scls-2<s
z+1 3| 3lz+1] ~3 2" '
H#42 6 =min{l,e}, W 0 < |z — 2| < § BIL. O

It is possible for a function to approach a limiting value as x approaches from
only one side, either from the right or from the left. In this case we say that f has
a one-sided (either right-hand or left-hand) limit (B2 fMIRPREL A . ZZHRER) at
zg.

Definition 1.1.2 A function f(z) converges to a finite limit a on the right
side of z = ¢ if f(z) approaches a as z > z( and approaches zy. In this case, we say
that f has right-hand limit(&#&BR) a at zo, and denote

lim f(z)=a or f(zo+0)=a.

1‘—-’10

The left-hand limit(Z4%BR) at zo is defined similarly. Denoted as

lim f(z)=a or f(zog—0)=a.

T—T



1.1 #FE#EA (The Notion of Limits) 3

By the definition of the right-hand and left-hand limits, it is easily to see the
following theorem.
Theorem 1.1.1 A function f(z) has a limit as « approaches z¢ if and only if
it has left-hand and right-hand limits there, and these one-sided limits are equal:
lim f(z)=a < lim f(z)= hm flz) =
T—=do TEG z—zd

For example, the sign function, which is also called a step function,

1, z >0,
sgnz = ¢ 0, z =0,
-1, z<0.

We have

li =-1, & = i
Jlim f(z) i f(z)

Since the two sided limits are not equal, il_rg f(z) does not exist.

Now we will give a new kind of limits. In analogy with our “e-§” definition for
ordinary limits, we make the following definitions for limits as z approaches co. The
definition of x — +o00 and © — —oo are similar, we omit here.

Definition 1.1.3  Let the function f(z) be defined on (—oo,+00). We say
that zlin;o f(z) = a if for € > 0 there is a corresponding number M such that

lz| > M = |f(z) —a| <e.

Example 1.1.4 Show that lim Ap =0.

r—00 T

MER XMERHR € > 0, PUEFFFE M (ER T UL

sinx sinx 1

x T

SlIliL'
— < €. O

T, 7T ZA8 EBAEZRNE LRI PBURRE T E, BRITEXH2T
XRR, A N* Rox BARBHIES.

Example 1.1.5 HFIRBH “e-N” & Xk

W {an} A—NEI, ENEE o, WR Ve >0,3IN e N*, F5Y4 n > N B,
H | an —a|< e BAL, WFREF {a,} FIRFRE o, RFAREF {a,} RUESEF, Ak
T a, iCHE

Hk, éM_— W |z| > M a]4%n,

lim a, = a.
n—+oo
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Remark (1) #BEXHF |a, —al<e, BH |an—al<e B |a, —al<ecs (e
R4 E IERH 8, HE SN

(2) 5 {an} RLA a HERBR < 30 > 0, X VN € N*, 3ng > N, F |an, —a| >
€o.

(3) ZEEXH, HFa=0, B nli.lfoo a, =0, WK {a,} AEFHNE.

(4) F “e-N” & SGEUEB S {a,} Bh a AR, KEBEMERLH /N > 0,
RHEEAERI N, Fn> NI, B |an—a|<e A, BEERECMEZE | an—a
BEHBKR, B | an —a |< an, o, HEE n BWRERX, REH o, < KFEHIT®
ER N BB RE, IRMEAERERSBE LS LK.

Example 1.1.6 HFITLFH KEH)E X.

W {an} A—ANEF, MR YM >0, INe N, B4 n>NHN, Ha, >M
FRAL, WIFFEF {a,} RIELHKE, BHK {a.} FIHRBRZ +oo. E1E

lim a, = +o0.
n—-4-00

K, R VM >0, 3IN e N*, B4 n> N B, B a, < —M L, WFHRE
5l {a,} RALHFKE, K {a,} FIHREBR —oco. iafE

lim a, = —occ.
n—+oo
Remark —/N H %R
0, la] <1,
1, =1,
lim a™ = “ '
o0 00, la] > 1,
Z:ﬁazv a= —1

'S BEE+AHiHR

Example 1.1.7(2013 4E “4£21° D) &¥5 {a,} TR EH, BIHERN
n € N* {2 ant1 = an + ca? (c > CHEE).
(1) KiE: X} FAERER M, FE NeN*, ¥ n> N NHEH a, > M.

(2) B b = 1, S, & {ba) B 0 R, RIE: RHERE d > 0, 4 N € V",

. 1
An>NHE,Ho<|S, - —
cay

DLy RIBHERY . LERY . LK% FEBSEAKY. BRTEKE. @R A¥EMS
BARKFERZORAELT 8 EREBRSIR.

<d.




1.1 #EFR#EA (The Notion of Limits) 5

ERR (1) ot XEMT nllvl}}oo an = +00.
KA {a,} BT HELR, FTLL ani1 = an + ca > a,, FEHIML, a2 — a1 = cal.
NXEH e>0, FreA

an+1—an=cafl—ca,21_1+an—an_1 >ap —Qp-1 > >0 —ap,
HHA “ghk” 7

an:an—an-1+an_1—an_2+~-+az—a1+a1>(n—1)(a2—a1)=(n—1)caf.

FroAt FAER R M, FHE N = max{l, [%H] +1} EN', % n> N B

Ha, > M.
(2) H ant1 = an +ca? 8 ant1 = an + ca? = ay(can + 1), BT

1 an cal  any1—an 1 1

bn

= - b
1+ ca, An+1 CQpQn+41 CapQn+1 cay,  Cln+i

BTEA

Il

< 1 1
Su=3 b= .
" Z “Tcar cang

= > 0. HMEH (1) ATH apy1 > nca?, BrA 1

Can+1 Can41

1
Sp—— <

caq

e TR ATE 0 > 0, 4l N = max {1, B e

dc?a?

TR, H

Sn——%—<d. O

cay
Example 1.1.8(2011 4F “BEEHE" D)  &¥F| {a.} WE a1 = a,a0 = b,
2ap42 = Qny1 + Qp.

(1) B by = ang1 — an, IEB: 3 a # b, W {b,} RFLLF.

(2) %nlirgo(a1+a2+~~+an) =4, 3K a, b FIE.

0<

HERA (1) Hﬂ Eﬂfﬂ%ﬁ:ﬁfﬁ An42 — Ap41 = _%(an-f—l - an)a Epﬁ bn+1 = —%bn
TR, & a#b W {b,} —ELEF.
(2) BEIh

O s H" RIFILHE T A%, ERK¥E, KEBTRE. REAY. MRIRTVAY. EiETK
L RERE . FISFRERTEIE TV R #F R E R A 1T B B AR A TR,
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Qp=0p —An—1+An-1— -+ a2 —ar+a1

=ay+by+b2+--+bn
1 n—1

- (-3)

1 L ’
2

=a+(b—a)

T A

2
a1+a2+~~+an=na+—§(b—a) n——— 5
- ()

=[a+§(b_a)]n—g(b—a>+§(b—a) (—%)

BB A lim (a1 +ax+- - +an) = 4, A5 a+§(b—a) —0, —%(b-a) — 4,
Bl a =6, b= —3. O

In the end of this section, we will discuss infinitesimal and infinite of functions.

For conveniens, we only discuss infinitesimal and infinite using the limit as x — .

Jim f(z).

The result is same as the other limits, such as,

lm_f(@), lm f(z), lim_f(z), lim_f(@), lim f(z), and lim f(n).

Tz z—z

Definition 1.1.4 If mlinml f(z) =0, then we say f(x) is an infinitesimal (7t
BINE) as = — 0. '

It is easy to prove the following proposition.

Proposition 1.1.1  The following properties hold for infinitesimal.

(i) Suppose that f(z),g(x) are infinitesimals as z — x¢, then for any constants
a, B, af(xz) + Bg(z) is also an infinitesimal as z — xg, and so does f(z)g(z).

(ii) Suppose f(z) is an infinitesimal as x — zg, and g(z) is bounded on some

deleted interval about zy, then f(z)g(x) is an infinitesimal as x — xq.

Since lim z = 0, and

T—

1
sin —| < 1, by the Proposition 1.1.1 (ii), we have
T

. 1
lim z sin — = 0.
x—0 xr
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We know that lim f(z) = a & lim [f(z) — a] = 0, thus one has the following
T—ITo Tr—Io
theorem.
Theorem 1.1.2 lim f(z) =a < f(z) — a is an infinitesimal as z — z.
r—To

3

Consider the following infinitesimal z,z?%,2z% 2% as * — 0, their convergence

speeds are quite different (see Table 1.1).

Table 1.1
x 107! 1072 10-3 10—4 -0
z? 102 10~4 10—6 108 -0
222 21072 2.1074 2.10°6 2.10-8 -0
z3 10-3 10-6 10—9 1012 .. =0

So we classify the infinitesimal as the following.

Definition 1.1.5 Suppose that u(z),v(z) are infinitesimals as T — .

If lim :Eg = 0, then we say u(z) is higher order infinitesimal(FM £ 35/)\
r—xo
8) of v(z) as £ — z¢. Denoted by u(z) = o(v(z)).
If lim 58;)) = ¢ # 0, then we say that u(z) is the same order infinitesimal([3]
T—Ig

MFEZ/N8) as v(z) as z — xz¢. Denoted by u(z) = O(v(z)).
If lim :Lg—; = 1, then we say that u(z) is equivalent infinitesimal (%t Tt %5
Tr—xo
/N8) with v(z) as * — zo. Denoted by u(z) ~ v(z).

If u(z) and (z — z9)*(k > 0) are the same order infinitesimal, then we say that

u(z) is k-th order infinitesimal(k-Mi L5 /&) as = — zo.
Theorem 1.1.3 The following statements hold for equivalent infinitesimal.
(i) If u(z) ~ v(x), then

u(z) — v(z) = o(u(z)) = o(v(z)).
(ii) If u(z) ~ v(z), and xli’n; (v(z)w(z)) exists, then
Jim (u(z)u(a)) = lim (v(z)u(z).

WERA (i)

lim &) () = lim ("(z) —1) =1-1=0.

z—xo v(z) v(z)

TRR u(@) —v(z) = o(v(z)). FEAR u(z) - v(z) = o(u(x)).
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(i)

lim (u(z)w(z)) = lim (u(x) v(a:)w(x))

T—To r—To ’U(.’E)
u(z)

Jim S i ()

Jim (v(z)w(a). o

This result implies that equivalent infinitesimal can be changed in limit product.
sinz — tanx

Example 1.1.9 Find lim ————.
z—0 z<arctanz

8 - 1
B ¥z 0ol, 5 sine~z, arctanz ~z Fl 1 — cosz ~ 53:2, Jd:nE=]

. 1
. sinz | 1—
sinx — tanz . CcosT
——— =1]im

z—0 z?arctanx z—0 3
(cosxz — 1) 1
— lim <OSZ _ 2
z—0 2 2 =

1—+/cosx

le 1.1.10 Find lim —————.
Example in m T = cos v2)

z—0t T

1
B B0l 558 1—cosz~§x2. 5]
1—+/coszx 1——cosz

= lim

lim

—! -_ - — 1
z—0t .’K(l COS\/E) z—0+t 517(\/5)2(1_'_\/0—&-5)
1
= lim 21 = —.
z—0+ 2 X _12 2 |:|

Definition 1.1.6 Let f be defined on an open interval about zg, except pos-

sibly at z¢ itself. If for every G > 0, there exists § > 0, such that
0<|z—x0| <d=|f(x)| > G,
then we called f(z) is an infinite(FTEFH X&) as x — =z, written by
Jim f@) =00 or f(2) oo (z — o).

If | f(z)| > G is replaced by f(z) > G, we get the definition

lim f(z) = +4o0.
T—To
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If replaced by f(z) < —G, we get

lim f(z)=—

Tr—XTo

Moreover, the limit such as
hm flz) =

can also be similarly defined.

The infinite limit has many properties similar to the usual finite limit.

Proposition 1.1.2 The following statements hold for the infinite.

(i) If lim f(z) =A >0, lim g(z) = +o0, then lim f(z)g(z) = %oo0.
r—To Tr—xo T—Ig

(ii) If lim f(z) = A, lim g(z) = to0, then lim (f(z) + g(z)) = +oo.
T—Tq Tr—To T—x0

(iii) If lim f(z) = 400, and lim g(z) = +oo, then lim (f(z) + g(z)) = +o0.
T—IT0 r—To T—ZTo

(iv) If f(z) < g(z), lim f(z) = 400, then lim g(z) =

Tr—To Tr—xo
(v) If lim f(z) = +o00, then lim (=f(z)) = —0

(vi) If hm f(z) = oo, then lim —— = 0; Conversely, if lim f(z) = 0, and

T—T0o (x) T—To
f(z) # 0, then zlun % =00
1.2 #HRMMREEE (Properties and Rules

of Limits)

A R B BRI R S I

Proposition 1.2.1[M—1% (Uniqueness)] If zlgr; f(z) exists, then it must
be unique. ’

MERR  FHRAEHE:. g hm f(z) = a, hm f(x)=b,a#b & e=
25} Ji{Bof(” = a, FFFLE 6 > 0 ﬁ@

|b—a|
2
0<|z—xz0| < = |f(x) —a| <e.
X lim f(z) = b, FFFLE 6, > 0, 177
0<|z—1z0| <d2=|f(z)—b| <e.
H%T4 6 = min{d, 6}, 715

0<|z—x0| <d=>|b—a|l<|f(z)—a|+|f(z) — b <2 =|b—al
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FRBBFE. il a=b. O
Proposition 1.2.2[F&8#E 5714 (Boundedness)] If lim f(z) exists, then
r—To
f(z) is bounded on some deleted interval about zo.

i Be=1 H lim f(2)=a, HFFLE § > 0,
0<|z—mz0| <6=|f(z) —al <1
BEMIXT 0 < |z — 20| < 0, F
|f(2)] < |f(z) —al +|a] <1+]al. O

Proposition 1.2.3 [BEEFH (Order Rule)] Suppose lim f(z) = a,
T—Tg
lim g(z) = band a < b, then f(z) < g(z) for all z in some deleted interval about z,.

T—x0

R Be="" i lm f(x) =0, SEEE 6 > 0, {8

2
b—a
0<|z—a0| <o = |f(z)—al < 7
i , ,
f(z) <a+ ;a___a;— g

N H Eli’rgog(x) =b, 5F7E 6, > 0, 1R
b—a

0<|z—mo| <d2=|g(z) —b| <

TRX ) b
—a a
g(z) >b— 5= =5

R%é 6= min{dl,ég}, )”JJXQ‘T‘ 0< I.’L‘ - .’Ilol <4,

f@) < 252 < g(). 0

Corollary 1.2.1 (1) If lim f(z) <0, then f(z) < 0 for all z in some deleted
interval about zg. o

(2) If lim f(z) =a, lim g(z) = b and f(x) < g(z) for all z in some deleted
interval ab(a)cl;;w.fco, then a ézl_)_j “

Theorem 1.2.1 The following rules hold if lim f(z) =a and lim g(zx) = b:

(1) Sum Rule: lim [f(z)+g(z)] =a+b; o o

(2) Difference Iz{ulzg: I&n;g[f(x) —g(z)] =a — b
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(3) Product Rule: .zlirfcl [f(z)-g(z)] =a-b;
(4) Constant Multiple Rule: lim kf(z) = ka (any number k);
r—To

(5) Quotient Rule: .L]i'nxl‘u % = %,b # 0.
iER BRATHIERIER (5). HARH RG]
W b # 0, Ib' >0. H hm gx) =b FIHFIE 6 >0FRB < |z — 20| <61 =

Ibl

lg() — bl < -, #Eif

l0(@)] = lo(@) ~ b+ b1 > o ~ lg(a) ~ bl > 1.
SHER € > 0, F71E 62 > 0, {15

0 < |z — 20| < 65 = |g(x) — b| < .
X lim f(z) = a, RFFHE 03 > 0, R

0<|z—xz0| <d3=|f(z)—a|<e.

ﬁx% 0= min{61,62,63}, IJIJJ 0< I(II = :Eol < (5, ﬂtﬁﬁ

T8 5| = [PHosa8 < il ) - ol + lallalo) — b < s8]+ ale
XHE—IES —[|b] + |alle, ETERKAL. O

|b|2
Z IR (Limits of Polynomials) If P(z) = a,a™ +a,— 12" 1+ +ap,
then
lim P(z) = P(z0) = anZ§ + an-175 ' + - + ao.

r—Io

BHEER PR (Limits of Rational Functions) If P(z) and Q(z) are poly-
nomials and Q(z¢) # 0, then

P) _ P(ao)
A% Q@) ~ Qo)

HESBEF% (Eliminating Zero Denominators Algebraically) The

above theorem applies only when the denominator of the rational function is not

zero at the limit point xo. If the denominator is zero, canceling common factors

in the numerator and denominator will sometimes reduce the fraction to one whose



