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TENSOR ANALYSIS OF UNBALANCED
THREE-PHASE CIRCUITS

Y. H. KU®Q, Fellow AIEE

SYNOPSIS

This paper gives a tensor analysis of unbalanced three — phase
circuits in terms of all 3 sets of reference frames representing the
phase components, the symmetrical components, and the quadra-
ture components. While Krondid pioneer work in bringing the
phase components and the symmetrical components into one tensor
“group” and analyzing unbalanced faults by “connection tensors”,
the present paper attempts to add the Clarke components (a, £,
0 components) to the family and correlate all 3 sets of components
in the solution of unbalanced faults. Following the Second General-

@ Professor of Electrical Engineering (Visiting), M. [. T. Cambridge, Mass.
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ization Postulate of Kron, the concepts of “transformation”, “in-
variance”, and “group” are introduced simultaneously. The rela-
tions between the 3 sets of reference frames are established for the
complete “ invariance” of instantaneous power. The invariant
transformations form one “ transformation tensor ” for the
then correlated as impedance and admittance tensors. The different
unbalanced faults are solved by “connection tensors”. It is shown
in this paper that in the study of line-to-line fault and double-line-
to-ground fault under load, the use of network admittance matrices
and connection tensors between the old and new voltages gives sim-
pler results. It is found that not only the fault currents are readily
obtained, but also the division of currents between the parallel net-
works is given simultaneously .

INTRODUCTION

In a recent paper® the author showed how tensor analysis can be
helpful in organizing and correlating the solutions of problems involving
rotating machines, stationary networks, and transmission lines with
lumped or distributed constants. The present paper attempts to show how
tensor analysis gives a unified view for the solution of unbalanced three-
phase circuits in terms of all 3 sets of reference frames for the phase com-
ponents, the symmetrical or Fortescue components, and the quadrature

@  For numbered references, see Bibliography.
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or Clarke components.

The tensor analysis of three-phase circuits” correlating the phase
components and the symmetrical components was given by Kron.’How-
ever, as the Clarke components (a, S, 0 components)’ are becoming
more and more important in recent years*’, it is deemed worthwhile to
examine these components from the tensor point of view and bring them
into one “group” with the phase components and the symmetrical com-
ponents. An additional impetus to such an effort is offered by the corre-
lation of different components in the rotating reference frames®, known as
direct and quadrature components, and forward and backward compo-
nents in the study of synchronous machines.

Following the Second Generalization Postulate of Kron, the concepts
of “transformation”, “invarianec” and “group” must be introduced si-
multaneously. So the paper will start with the establishment of proper
tensor transformations between the 3 sets of components so that the in-
stantaneous power is completely “invariant”. When these invariant
transformations are found, the different sets of components so defined
will form one “group”. In this way, a matrix equation valid for one
particular reference frame is changed to an invariant equation valid for an
infinite variety of other reference frames of the same type. It is further
possible to correlate the invariant equation for a stationary type of refer-
ence frame to another type of reference frame, say the rotating reference
frame. So eventually we can organize the 3 sets of stationary reference

@ See Chapter 20, reference 2.
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frames and the 2 sets of rotating reference frames into one big family.

As these invariant transformations form one “transformation tensor”
for the “group”, any solution in terms of one set of components will au-
tomatically lead to solutions in terms of other sets of components in the
family. The knowledge gained from using one set of components can be
readily transferred in terms of other sets of components, and thus we may
visualize the whole physical problem not only form a general point of view
but also form various advantageous points of view.

Since impedance matrices and admittance matrices are correlated by
one “transformation tensor” in different forms, they become impedance
or admittance tensors for the whole system. For instance, if we know the
sequence impedance matrix or the sequence admittance matrix, it is a
routine matter to find the component impedance matrix or the component
admittance matrix in the reference frame for a, 3, 0 components, and
vice versa.

In the solution of unbalanced faults, it is further possible to trans-
form the original or primitive system into the new or resultant system by
means of “connection tensors.” These connection tensors between old
and new currents or voltages will transform the impedance or admittance
tensor in the old system to a corresponding tensor in the resultant system.
In the following examples, it will be found that if we choose a proper and
simple connection tensor, the results will be much simpler. For in-
stance, in the study of line-to-line fault or double-line-to-ground fault
under load, we have a choice between using the connection tensor for old

and new currents, and new voltages. It is found that the use of network
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admittance matrices and the connection tensor between old and new volt-
ages gives simpler results, It is further shown that not only the total fault
currents are obtained, but also the division of currents between the par-
allel networks is given simultaneously.

It is the purpose of this paper to bring the Clarke components into
the tensor “group” and apply the modified components to the crucial
tests of different unbalanced faults. In the different examples, it is
shown that a solution in one reference frame will automatically lead to a

correct solution in any other reference frame in this “group” .
THE SYMMETRICAL COMPONENTS

We shall start with the symmetrical components and examine how
these components and the phase components form one “group”, as the
quadrature components are eventually to be brought in as an additional
member of the family.

The symmetrical components as defined by Fortescue’ are related to
the phase components as follows:

i0=% (iy +1ip +i¢) . .
1A=10+11+12
= Gutaig+aic)[ (la)  in=ip+a +ai | (1b)
1 s ic =1 +ai +8°h
i2=§ (iA+§iB+§iC)J

where i,, iz, ic represent phase quantities (see List of Symbols),
iy, I, 1, represent zero-sequence, positive-sequence, and negative-se-

quence components, a= e¢*>and a° = e **?. The transformations are

I fadich =
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the same for voltages.

The instantaneous power is given by

P=vVals + Vplg + Veic (2a)
P=3 (vip + viip + V21;) (2b)
This is invariant except for a constant factor 3, and may be termed “par-

tial invariance” of power.

From the tensor point of view, “complete invariance” is necessary
in order to get perfect transformation between the different sets of compo-
nents. Since iy, 1,, I, and vy, v,, v, are too small for “complete in-

variance” of power, it is logical to make the following modifications

. 1 .. .

10=J—§ (1A+1B+1C) iA=i3 (i0+il+i2)

S . .

W=7 (i + aip +§21c)r(3a) ing% (ip + 2’1, +§i2)r(3b)
. 1 ,. . .

I =:/~§ (i, + a%ip + aic) ic:% Gio + ai, + 21,)

The same transformations hold for voltages. Then we get
P=V0io+vli2 +inl (2(.)

which shows “complete invariance” of instantaneous power.

The modified set of transformations satisfy the following conditions as

required by tensor analysis;

(1) The cument and voltage transfomations are the same.

(2) The instantaneous power is completely invariant.

@ The same discussion applies to f, b, o components. P =3 (v,i, + viv, + vpi;) corre-
sponds to eq. (2b).
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(3) The conjugate transpose of the inverse matrix is equal to the
transformation matrix.
These criteria for tensor transformations were first discussed by Kron®in

1935 and formed the basis of Concordia components.’

THE QUADRATURE COMPONENTS

The Clarke components® are related to the phase components as fol-

lows:
1‘,=% (iy +1ip + i) =+
S . IS PR
15=‘3_ (21A—i3_1c) r (4a) BZ 2T 2® (4b)
.. 1. 3.
iB=_31— (i - ic) =Tk T

where i, and i; are known as aplha and beta components. The same
transformations hold for the voliages. The relation between these quadra-
ture components and the symmetrical components as defined in eq. (1)

is hence
. 1 ..
jo =iy +ig i =5 (i +ig)
} (5a) (5b)
jp = il - iz l

b= (i, = jig)
The same transformations hold for voltages.
Substituting these quadrature components into the power equation,

there is
P=v,iy + vpig +veic =3 (vlp) + (372) (v,i, +v4i;)  (6a)
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Obviously, the power expression is not invariant. ® This was pointed out
by Boyajian in the discussion of Kimback’s paper'®as follows; “The Clar-
ke matrices have the distinction of being identical for currents and voltag-
es. This is secured, however, at the expense of the vector power
equation, because the current and voliage transformation matrices are not
the tensorial inverse of each other.”

This is perhaps the reason why two other sets of matrices were sug-
gested: Kimbark components (x, y, z components) giving “partial
invariance” of power and Boyajian components (a, B, o components)
giving “complete invariance” of power. However, in the two new sets
of transformations, the matrices are not identical for currents and voltag-
es.

In examining the Clarke components, one finds that the sum (v, i,
+vgig) is too big to be consistent with the product (v,i,). K i,, i,
Vo, OF vg is each reduced by a factor 1 v//2, there is

P=3 (v,i, +v,i, + vgig) (6b)
This is similar to eq. (2b) with the same constant factor 3. It takes a
further step similar to eq. (3a) to reduce eq. (6b) to

P=v,i, + v.i, + vgig (6¢)
Such modified components satisfy the criteria of tensor transformations as
given by Kron in reference 8 and may be called Concordia components as
they were first given by Concordia in reference 9.

@ The same discussion applies to d, q, o components. The power equation gives P=3 (vi)
+ (372) (va +ig + vgig) .
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