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This book is primarily based on a course of ten lectures taught by Prof.
F. Xavier at the Nanjing University in the summer of 2005, on the interaction
between minimal surfaces and classical complex analysis. The original set of
notes was greatly enhanced by Prof. Chao, who added new material, most
notably a short introduction to the Colding-Minicozzi theory. Both authors are
indebted to Prof. F. Fontenele for allowing the inclusion in this book of his
previously unpublished joint work with Xavier. Finally, F. Xavier would like to
record his gratitude to the students who attended the course, as well as to the
Mathematics Department at the Nanjing University, for their warm support

and hospitality.

Frederico Xavier

Xjaoli Chao

June, 2010
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§1.1 HM&RIHE=E

B C: v = 1(s) £ R FI—KME, Kb s RIRNIMKRSHE, &
als) = 7/(s) BHZ% ¢ WRLIRES, F 20 RFRME ofs + As) 5

a(s) ZIRIFIJE A, InSRARKR

lim 20

As—0 As
TEE, MIFRECRIER C 78 p = 7(s) ALK BER, TR k(p). HZRERRTE
FAMHERE BRI, HIZEK, W e R B RiEK.
Bl 1.1, (1) TRy BELZE, W Ad=0, Frll k=0.

(2) WHR y B2E4%N R WE, W As = RAG, BTEA k=1/R.
ETE 1.1. %y & C2 HEMME (B Y(t) #0,V 1), MAAFFELGWE
A, mE
k= %

{ERE: B 5EE v = v(s) BRI AL, a(s+As) H a(s) ZH]



.2 F—¥ ZEFmmid

BTN A6, BH |a(s)| = |a(s+As)| =1, BTLA 2sin £2 = |a(s+As) —a(s)],
TE

: : ‘O‘(s + As) —_ a(s)l ! "
AW R T A, 2sin 42 Asmo As | (s)] = |7"(s)]

BEHER + 7E v(s) ARG, H k = |[7'(s)]. X v = v(t) BIEHMHSH
i E

, ,dt , 1
Ys = 7t£ =% ',Yll’
t
de L dt A )
no_ a2 ! — _J&t o\t Tt
733_7tt(ds) +7td82 |'7£|2 Ve |7£|4 3
H
k2 _| ”(S)|2 _ <'7&,7$£) _2<7#a’7£)2 + <7££7’Y£)2 - |’Y£ X ’Ygf 2
— T e e T e e
Tt "t Ve Yt
I
= e Xl 0
el

1. EXRJUEE S ZEBER R AL, RN, M 4, 5 44
IR, RZIMR; B S5 RS EAEIRIEE.

XFFPE LR, BABETLE LHMBHERSWT: & v =~(s) B—
P HEERL, IR k(p) # 0, WL REHIETE p AL BIIL 9 —Ml, kT
¥ o(s) EBEREE T FBER: 7/2 BBM—K—N5 ofs) IEAHHNL B
B B(s), 3XHE, Hr v(s) BRI T —NE FHRALEAREES {1(s); als), B(s)}.
# B(s) IEFFE M B2 A —mi, M k(p) > 0; & —A(s) IELFIR LR
Bl iy —MWl, B k(p) < 0. FRBAVNE & LA K RIES S AR
ZEE il

HVHEMERRTR y = f(z), ERARE R (BIER = WA @),
MEh & 5 f"(z) RS2, H k= /(1 + 2)%2; MPHMKR LUK
RSB, W k= dy/ds. IR MLE EF SR B, MFR 1|k FiZ
RAERIEEREAR 100 R; QR NRIER SN R, NI S AR B2 12 H
oo, BTLIEA R=1/|k|.



§1.1 HLHEE <3

AT FT AR 53 £ Sl B g T B 28 A i 3R %
Ce: pe :p+€f(p):3(p)’ peC,

He r. ¢ - R BEECHEER, C. KA C B FITHE. X4 || B/,
C. WRIGHEE, & L) £ C. WKE, WA

. L'(0)
—clgnm As

L'(0) =—/Ckfds, —k(p)

T35, Y 2R B ot FEeE — g iy, B
TEE 1.2. 3% h(s) € Clla,b], W) (EADE—ARIMIEZHT) GLAE—H B
v, BT h(s) By B ERK H s BHE v INKEAK
iERR: 4
a(s) = ag +/0 h(s)ds,

8

z(s) = zo + /Os cosa(s)ds, y(s) =1y +/0 sin a(s)ds,

W z(s), y(s) A o(s) Wi

dx dy ] do
2, = cos a(s), 2 = sin a(s), e h(s).

2 7(s) = (2(s),y(s)), W
l=/s\/.7:'2+y’2ds=/sds=s—a,
B v RLLVIKK 9S50, W H

k(&) = V@ + @ | = VIeE = | 22| = [h(s),

TR k(s) = L& = n(s). WIRFEHRMLA R R, WX &R AHE—
MM (HAE— PR E, 018 LE R EoH A FRE
M), O
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§1.2 MERIMHE

() RER R FIREREER R FHHE © RGBS
X: Q(c R?) — R® M, FHBH MR ES SARBERR 2, WPkl
H = ZIEAK.

FEEMA (u,v) &b, BT

W = | Xu A Xyl = VIXu2| X0 2 — (Xu, Xo)2 #0,
FrLATE R (u,v) AbBG BRI ) B AT LASE SN

Nz%Xu/\Xv.

WNSRE B AT LARE SO R B, WIFRIX - IE AL 2 AT € [ A9, Xk
B N R A il T — e .
BT [N =1, BATATLIRE N P08 @ B RS AR BRI B

N: Q — §% C R3,

FRECTENTE & B Gauss BUST(ERIABU . BRETBRST), N(Q) R = AIER
.
WA 1.1. SAeestedue s 2 AAER a9 K Mnk 4T

iERR: 1T dN BREMR, BRI RFIEH

(dNP(wl)’w2) = ('UJ]_,de(’U)2)>, v peE Za

ﬁ':F‘wl,wg % sz B‘J—‘?ﬂg ﬁ X('U:,'U) %Eﬂiﬁ P E y/ &tm%ﬁ'f‘t, Xu, Xy
2 T,E B—8HE, o) = X (u(t),v(t)) BHETE E25d p = (0) Hh£R, M

dN,(e/(0)) = dNp(Xu (0) + X' (0))
d

= ﬁN(u(t), ’U(t)) |t=0

= N,u'(0) + N,v'(0).



§1.2 HEMEHE "5

FTEE
dNy(X,) = Ny, dN,(X,) = N,.

(Nv, Xu) + (N: Xuv) = 01

(Nu, Xlu> + (N, Xu/v) = O-

B
(de(Xu)aXv) = (Nu,Xv) = —(N’ Xuv) = (Nv,Xu> = (Xu,de(Xv»a

B dN, JEAERERY. O
HE * R ARE XN

A(X) = / dA = / W dudv,
z Q

HH dA = # dudv = | Xy, A Xo|dudv FRF = TEFRIT.

InfsRHiE RS FRTEE RS P RSHEREY? — N HETRINE
AEREMEAEER N BIFISERR, Bk m B a4 ML,
TREMSIABEHERET: & = 2 R PHRAME, NV 2HE = 8
HfigmE, Vpe s, Ve Ty, BX S(v) = —D,N, MFREHBE T 5 Hyih
H T BERE T, EZIE T thEE— SN SN SE T m S R,
R x BVE, N Ss=o0 R = BENMEAMET, T LEHNE—K
b, BT B ERAE R R N A N, AR TERE TR A2 — A
S IRMERATER A, W N AREELSHE LR L, HEE
HIRREFTLAE L), BRI Y g € =, BHFTE ¢ HBNEIR U, #78 X: U, - R3
BB, FTUBREFHA LUIE XFE U, L. 55, i XrT#E

S(X,) = —N,, S(X,)=—N,.
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REBREF T L ZIE AR R E SRR, BRITERA
LR — N SEM RECRZIE, BRIt m A, & = B m i, v
£ T MR, o £ T —NERYINE, 4 P, = spanf{o, N} B2—MER
m, W C, = PN B2—FEMZE, HHMZIN k, (= S@v)-v), K Ry = L]kl
ST T R FHM o B EEE 2 N BN (BPshmEikm N
i) B, BU R, > 0, EREK R, < 0. 4R &y = 0, WIFR v BB T7 1], ISR
b E A E i 2 E R — T 5 el R R T T, )RR A i
HIBTT 2k
Bl 1.2. XHMERRBRA TR, BRE S2(r) WEHERRY -1/

EX 1.1. FF ky = maxjy_1 ky F ky = miny -y k, HHE = B EME, K
K = kikg, H = (k1 + ko)/2 5330 HITH © 1) Gauss HIZEF Fi =K.

BE EhFW T ERA £HE, ENAEBRERY EE8E. he
XATH, ZREE SR FEEE BAEX TEE b RS kA
A o, W k, = ki cos? p + kysin® p. BIL, X FFH MR Gauss IR EH
H?—K>0 M EWHE H2 - K =0 B k) = &y BISFRA BFA.

WN: - 52 R Gauss B}, pe Dc s, M

Ko = o Y
(HHA Ny AN, = K(Xy A X)), B N 75 oD B RABUIES (" 1.2.1).

BT KBRS p=p+tf@)N(p), pe =, X |t| /N, =, B2

JEIEH), B A@) N o, BIEAR, N

A(0) = —2 /Z HfdA. (1.2.1)

B8 (Lagrange, 1760): 455 R® FHIDGIRAIML C, BEFEL ¢ X
L F AR B/ NIRRT 27
H (1.2.1) HA, ZRENESHYHME H=0 3L ZF s EER
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H121

[RIBREA, WISHERR f FHER/DK ¢, &

A(S) 2 A(T) = %A(Zt)\t=0 —0

= /HfdAzO
z

= H=0.

BR3P, HHEEPBU EH>0, M >0 >0V CU
b f=0%FS\U L, WiF [[HfdA >0, FJE.
EX 1.2. R 7P H =0 @Ry B .
TRENBRE
B 1.2. AARBARGABE P EREI N IE—TZB I HE.
R® sk E RS BI-F:
1. T (Lagrange, 1760).
2. B MR/NE 2 = f(x,y) (Meusnier, 1776):
(1) BEEW (B 1.2.2(a)): H yz LHRHE EHBIZ y = acosh 2 (a > 0)
%% . WiEEE AR, HBEcRR N

X (u,v) = a(coshucosv, coshusinv, u), u€R, ve[0,2n).



