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Preface to the First Volume

In summer of 2001, we initiated a summer school program on the harmonic anal-
ysis and its applications in nonlinear partial differential equations, with special
emphases on nonlinear Schrédinger equations, kinetic equations of Bolzmann type
and classical fluid equations. Over the years, there have been many distinguished
mathematicians working in these fields who have come to help our program and
to give series of special lectures. The program has been shown to be particularly
helpful to young researchers and students. The lectures involved have gradually
turned into more formal and regular seminars on Analysis in Partial Differential
Equations at the Morningside Center of Mathematics Academy of Mathematics

and System Science, Chinese Academy of Sciences.

From June 2007 to January 2008, we held a special semester PDE— program.
We invited many mathematicians and experts in mathematical theory of fluid me-
chanics and quantum mechanics. The visitors during that period includes: Bresch
Didier, Carles Rémi, Jean-Yves Chemin, Desvillettes Laurent, Lopes Filho Milton
C, Nussenzveig Lopes Helena J. Novotny, Antonin, Chao-Jiang Xu, Chongchun
Zeng, Ping Zhang and Yuxi Zheng, who gave a series of lectures and provided ex-
cellent lecture notes. It is no doubt that these lecture notes would be very useful
for many researchers and students. In this volume, we have collected lecture notes
by M. C. Lopes concerning the boundary layers of incompressible fluid flow; by C.
J. Xu on the micro-local analysis and its applications to the regularities of kinetic
equations; by Y. X. Zheng on the weak solutions of variational wave equation from
liquid crystals, and by P. Zhang and Z. F. Zhang on the free boundary problem of
Euler equations. In addition,we also included the notes by F. Nier on the hypoel-
lipticity of Fokker-Planck operator and Witten-Laplace operator that were given
earlier in the summer of 2006.

We have planned to publish in the forthcoming volumes the other lectures
notes. Some are from past lectures at our program and some will be collected
from the newly scheduled seminars. We hope that the publication of these lec-
ture notes may provide valuable references and up-to-date descriptions of current
developments of various related research topics, that will benefit many young re-
searchers or graduate students. We wish to take this opportunity to thank the
Morningside Center of Mathematics, the Institute of Mathematics of AMSS that
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provides all necessary supports. We are particularly grateful to professor Lo Yang
for his constant help, supports and encouragements to our program. We also would
like to thank Guilong Gui for his careful preparations of the latex file of the entire
book. We finally appreciate for the financial support from the Chinese Academy

of Sciences.

Fanghua Lin in New York
Xueping Wang in Nantes
Ping Zhang in Beijing
On November 3, 2008



Preface to the Second Volume

This book is a sequel to the previous volume Lectures on the Analysis of Nonlinear
Partial Differential Equations, Vol. 1. In this second volume, we have collected
lectures by Marco Cannone, Chongsheng Cao and Jiahong Wu, Eduard Feireis],
Thierry Goudon, Jean-Claude Saut, Zhongwei Shen and Vsevolod A. Solonnikov.
We greatly appreciate their time and efforts to provide us with their excellent
lectures and notes. We believe these lecture notes will serve as valuable references
and up-to-date descriptions of current developments in various research topics in
nonlinear partial differential equations (PDE).

The notes collected here come from seminars on “Analysis in Partial Differ-
ential Equations” that were part of a special year-long program (from April to
November 2009), which took place at the Morningside Center of the Academy
of Mathematics and Systems Science, Chinese Academy of Sciences (CAS). We
thank the Academy of Mathematics and Systems Science as well as the Morning-
side Center of CAS for financial support. We also wish to thank several other
distinguished visitors who delivered excellent special lectures: Hammadi Abidi,
Jean-Yves Chemin, Demetrios Christodoulou, Hideo Kozone, Thomas Hou, Mar-
ius Paicu, and others.

Finally, we wish to thank Prof. Lo Yang, Prof. Lei Guo, and Prof. Yuefei
Wang, for their continued supports over all these years which were essential to
the success of this PDE program. We also thank Dr. Guilong Gui for the careful

preparation of the Latex files that make up this entire book.

Fanghua Lin in New York
Ping Zhang in Beijing
On June 26, 2010
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Harmonic Analysis and Navier-Stokes
Equations with Application to the
Boltzmann Equation

Marco Cannone*

Lecture I: Preliminaries

“It is therefore very desirable that the discussion of the foundations of mechanics
be taken up by mathematicians also. Thus Boltzmann’s work on the principles
of mechanics suggests the problem of developing mathematically the limit process
there merely indicated, which lead from the atomistic view to the laws of motion of
continua. Conversely, one may try to derive the laws of the motion of rigid bodies
by a limiting process from a system of azxioms.”

— Lecture delivered by David HILBERT at the International Conference of
Mathematics, Paris 1900

Hilbert’s Program

incompressible viscous compressible

Navier-Stokes egs. Navier-Stokes eqgs.

TS

~ ~

incompressible compressible
Euler egs. ideal Euler egs.

* Université Paris-Est Marne-la-Vallée, Labcratoire d’Analyse et de Mathématiques Ap-
pliquées, UMR 8050 CNRS, 5 boulevard Descartes, Cité Descartes Champs-sur-Marne, 77454
Marne-la-Vallée cedex 2, France. E-mail: marco.cannone@univ-mlv.fr



2 Marco Cannone

Simple: these problems are locally in time well-posed (Cauchy-Lipschitz).
Difficult: global in time existence for general data ? uniqueness ? regularity ?
stability ? blow-up ?

Non-linear ordinary differential equations

We solve % = y* with initial condition y(0) = yo.
If @ =2 and yp = 1, then there is only one solution

y(t) = l—t

which blows up at finite time.
Ifa= % and yo = 0, then for ¥c > 0 there are infinitely many C* solu-

tions (t c)2
=  t>ec
= 2 -
ye(t) { 0 : t<e

but uniqueness holds in the subclass of C? solutions (i.e. when ¢ = co and Yo = 0).
o= % and yp = 1, then there exists a unique solution

_ (&t
y@‘{ 0 : t<-2.

Non-linear partial differential equations

Different types of solutions (i.e. derivatives)

exact

classic

weak

strong

mild
renormalized

Difficulty:

dg 99
6:1:+

gnl(z,t) = exp(m(z —1%)) solution Vn

=lgI* - 1,

but g, — 0 weakly if n — oo and 0 is not a solution.

The Navier-Stokes equations

Problem 15 (on 18) for this century

«...the solution of this problem might well be a foundamental step toward the very
big problem of understanding turbulence ...”
— Steven SMALE, 1998
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Problem 6 (on 7) of the Clay foundation for this millenium

hitp://www.claymath.org/millennium/

— Charles FEFFERMAN, 2000

,Loss of uniqueness 7 blow-up in finite time?

We will solve

%—yAv=—(v-V)v—Vp+F,

V-v=0,
’U(O)Z’Uo,

where v velocity, p pressure, v viscosity, F' ext force, vg initial data.

L]. FOURIER (transform) + K. YOSIDA (semi-groupe) = T. KATO'’s methocﬂ

t ¢
v(t,z) = Sg *x vy — / S %PV - (v@u)dr +/ Si—r x PFdT
i 0

3
p=— > RjRi(vjug)+c*
Jik=1

where € R%,t > 0 and ¢! is an arbitrary constant.
Riesz’s transformation

R; = —if,,(—A)" 3,
7 i(=8) (j=1,2,3 and 2 = —1).

ey = S f
Leray’s projection
P=T-R®R,
— 3 §€
Po); (&) = (05 — ﬁ?)«fk(a) (G=1,2,3).
k=1

Fourier’s heat semigroup

3 |z|?
Si(z) = (4rt)™ 2 exp(———),

N 4t
S¢(€) = exp(~t[¢[*).
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The fixed point theorem

Solve

Lv(t) = S xvg + B(v,v)(t) + LF(Q'

Theorem. (Banach fixed point) X Banaech, B : X x X — X bilinear. If
moreover B is bi-continuous, say ||B(z1,z2)|| < nllzi||l|z2)l, then Vy € X such
that 4n|ly|| < 1, the equation © = y + B(z,z) has o solution £ € X such that
=]l £ 2|ly|l. Uniqueness holds if ||x| < ﬁ; in particular of ([z|| < 2|ly|.

Thus if
Ho@ )l = sup [lv(t,)lx
0<t<T

then main issue is to establish
1B (w, v}l < n(@)[lll[v]f-
If for simplicity, we put F' = 0, then Banach’s fixed point applies if

An(T) sup ||S; *xwollx < 1.
o<t<T

Now, if the norm in X is invariant by translations, it is easy to show that

sup ||St * vollx = ||vof|x,
o<t<T

so that

[4n(T)[vo]lx <1]

If limg—o 7(T) = 0, LOCAL EXISTENCE in time for ARBITRARY DATA.
If n(T) = C, GLOBAL EXISTENCE in time for SMALL DATA.
Uniqueness holds if supy.;<p [|[v(8)] x < 2|vollx.

Uniqueness

In general uniqueness is lost as shown by the simple model equation z = y + nz?,
that if 4ny < 1 has two distinct real solutions.
But,

v =5 xvg + B(v,v),
1~) = St *’U()+B(17,’l7),

[l = 3l < n(@)(lol] + Bl ille — a1l

Thus uniqueness holds in C([0,T"); X) provided limz_,q n(T") = 0.
Summarizing, if

Blu,v)(t) = /st -+ PV (u®v)(r)dr
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is such that

sup || B(u,v)x < n(T)( sup lullx)( sup |lvllx)
0<t<T 0<t<T 0<t<T

with limz_0 T}(T) = 0.

Then, Yvg € X, V -vg = 0, there exists a unique solution v(t) €
C([0,T); X) to the Navier-Stokes eguations.

Navier and Stokes meet Fourier

B(u,v)(t) := — /t Si—r ¥ PV - (u @ v)(7)dr,
0
Qt—‘r =8 xPV = {q.;_cl(t - T)}a
qf@?T)(ﬁ) = e (I (5 — %)&,

e
VI=TQue, = (=)
P=10) i) = - e,
9eL*nL™, 6(¢) ~ |ele 18",
Summarizing
v(t):St*vo—/Ot(t—s)_ZH (\/ti__s) x (v @ v)ds

-0 e P s (35

0(6) ~ lele—e" el NN g, _

2 e
n_.

o =2%p(2")

i = 2992
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Littlewood-Paley decomposition
Let ¢ and ¥ be defined as before, then the Littlewood-Paley decomposition is

o =  @;=29p(2) =  Si=p;*
4 4

P =2%p(2)) — p(-) ¥j = 229;(2) — ¢;(-) Aj = Sjt1 — 5;
4 4 4

v P =299(20) = A=tk

In such a way that

I=So+) A,

320
and
I= Z A (modulo polynomials).
JEZ
Besov spaces

Proposition. Let 1 < p,q < o0 and a > 0, then the quantities:

[Z(T“jllAj *flla)?| s

JEZ

g

[Z(Z'“jllsj *fllg?| s

JEZ

TGEER P g

I w(tallet*fw%r

are equivalent and will be referred by | f]| By where Bq“ ®P 4s a homogeneous

Besov space of negative order.
In particular if p = 00, > 0 and 1 < ¢ < o0,

1711520 2 supt*/Z[[ Sy # £l

Moreover, Young’s inequality gives

IS¢ * Fllg < ISell-lIFll, = Ct= 2D £,

withlSquSooand%=%+:—,—l. Thus

3-8, % fllg < ClIflls,
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a=1-2 3<q<oo: |fllpae <Cllflls

ie.

L3 — Byoee |,

More generally, if 3< ¢ < ¢y < 00,5 =1 — %, then the following
EMBEDDINGS hold:
L3 PN Bq—lal,oo s E"pq;az,oo s B;I,OO’
this follows from Bernstein’s inequality,

2772 A * fllga < C277%|| A  fllgs < CllA; % flla < Clifls-
HOMOGENEOUS FUNCTIONS:
|27 € By, V3<g<o,
but |z|~! ¢ L3; in fact let |z|~ = f, then

: —aq 3_
sup279%|1S; * flg = sup 27TV % fllg = [1So * fl,-
JEZ JE€Z

Lecture II: Existence
Mild Navier-Stokes equations
v(t) = Sy x vy + B(v,v)(#),

B0 = - [ ¢~ 57

) * (u ® v)(s)ds.

7 .

t—s

Lebesgue spaces
v € C([0,T); LP).

Young’s inequality gives (p > 2) with % + % = % +1:

1B YOl < C16ly(sup ) sup o) | (¢ = 5)72+ s,

and if p > 3,
T% 1—%
(sup | B(u,)lp) < O3 (sup [ullpsup oll),
P

thus Vg € LP, 3! solution v(t) € C([0,T); L?),p > 3 and T = T'(||v||p)-
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The same idea applies in other super-critical spaces.

Definition. (Well-suited spaces) A Banach space is well-suited if 3 n; € Ry such
that

1A (FOllx < nllfllxligllxs

22—“'771' < oo.

Jj€Z
Example: X = LP(R3),n; = ||v;]|q = C2%/P = p > 3.
Theorem. Let X be a well-suited space, Yvg € X, V-vy =0, 3 T(||wo]]) and a
unique solution v(t) € C([0,T); X) to the Navier-Stokes equations.
Sketch of the proof
||t_20(ﬁ) * (u®)llx < w®)lullx|vlx, Vt € (0,1] and Vf,g € X, where X

well-suited and with fol w(t)dt < C) icq 2~ lily;.,

Evaluating n; J.M. Bony’s paraproduct
;% (f9) = (B % )(Sj—2 % 9) + (B % 9)(Sj2 % [) + 85O Ax % fAx * g).
[ 24]
Example X = M%(R?) Morrey-Campanato: @, is a cube with wide 2~™, f €
M} & ||Soflloo < C and [, (Fjom 185 % fI?) < c2-™B3-3),

It is easy to get n; = 2% and finally

Theorem. Let p > 3, then Yug € MY,V - vy = 0, then 3 T(||vo||) and a unique
v(t) € C([0,T); ME) solution to the mild Navier-Stokes equations.

Improving smoothness
The solution obtained in the above mentioned theorem can be written in the form

v(t, z) = S(t) * vo + w(t, z),
i.e. TENDENCY (heat eq.) + FLUCTUATION (zero integral).

Moreover, w(t,z) is more regular than v(¢,z), in fact one can prove that
w(t,z) € C([0,T); BYY).

Examples: ]

X =IP(R%), p>3,we By,

X=H'R3), s> weH 3¢ (if§<s< ), we B (if s > 3),
X =C*R3), a >0, w € C**! (Holder-Zygmund).

See also P. Zhang (2008).



